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Why Complex Numbers in Quantum Computing?

The Foundation of Quantum Mechanics

Quantum amplitudes: State |¢)) = «|0) + §|1) where o, 5 € C
Probability: P(0) = |a|?, P(1) = |3]? with |a]? +|8]* =1
Phase matters: |+) = \/Li(|0> +11)) vs |—) = \/Li(|0> — 1))

e Unitary operations: Quantum gates preserve normalization via complex rotations

Basic Operations

Core Complex Arithmetic

Let z = a + bi where 2 = —1
Operation Formula
Addition (a+bi)+ (c+di)=(a+c)+ (b+d)i
Multiplication | (a + bi)(c + di) = (ac — bd) + (ad + be)i
Conjugate a+bi=a—bi
Modulus la + bi| = va? + b2
Division 2=

QC Example: For a = \/LE + LQ, we have |a|? = § + 1 =1 (normalized)

Euler’s Formula and Polar Form

Euler’s Formula

e’ = cosf +isinf z=re" =r(cosf +isin)
Key Values: Conversions:
e =1 6“'/2:7; .r:|z|:\/m
jicpin Pt - 0= arg(2) = atan2(.0)
© T c S Ve e a=rcosf, b=rsinf

Multiplication in polar form: z; - zo = r179¢'(?11%) (multiply magnitudes, add phases)

Quantum Gates as Complex Operations

Common Gate Phases

Bloch Sphere

General qubit state:
Gate | Action Phase
X Bit flip Real (£1) |4h) = cos €|0> + €™ sin €|1>
Y Bit + phase flip | ¢ 2 2
Z Phase flip +1 e §: polar angle (0 to )
S VZ e/ =4 o
e Vi Jin/4 e ¢: azimuthal angle (0 to 2)
H Superposition \% e Poles: |0) (north), |1) (south)
L J e Equator: equal superpositions
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Essential Identities and Common Values

Powers of i QC States

Key Properties

0

r=1 o |21 2] = |z] - |2 +) = 7<|o>+|1>>
it =i ® 21 22=721"22

s |-) = 7(|0> 1))
1 1 Y §:|Z|2 \[

i3 = —i

Pattern: % = j»mod4 . 7( )

Quadratic Formula and Complex Solutions

When Real Numbers Aren’t Enough

For az? + bz + ¢ = 0:
_ —bxVb? —dac
N 2a
Discriminant A = b? — 4ac:
e A > 0: Two real solutions
e A = 0: One real solution
e A < 0: Two complex conjugate solutions
Example: 22 +z + 1 =0 gives 7 = %‘/j” =-1+ @z
QC Connection: These complex roots represent rotations on the unit circle, similar to quantum phase gates

Complex Arithmetic in Quantum Circuits

Matrix Exponentials & Rotation Gates

Fundamental Formula: For Hermitian matrix H with H? = I:
e — cos(0)I + isin(9)H
Common Exponential Values:

Pauli Rotation Gates:
Angle | Exponential

Ro(6) = e~ i0%/2 cosd  —ising e cos g +ising
* —isin?  cos? )h 14¢
2 2 V2
) ) eim/3 1+;\/§
R,(0) = e 10Y/2 C?Sg Sm92 0i27/3 —1+iv/3
sin 5 COS 5 2

o Useful Relations:
—i0 €
R.(0) =e 42 = ( 0 ei0/2)

Special Values:

eiae—ie =1

o ci0+d) — ¢ifcio

J ( ) e ° (eie)n :eme
() = —i

Ry(m) = —iY -
R.(m) = —iZ -

R.(n/2)=S o€ = —H for Pauli matrices
o Ri(2m)=—1I, Rj(4m) =1
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