Chapter 36

C h a pte r Diffraction & Wave theory of light

Diffraction by single and double slit

3 6 Diffraction Gratings

Diffraction



36-1 Single-Slit Diffraction

When waves encounter an edge, an obstacle, or an aperture the size of which is
comparable to the wavelength of the waves, those waves spread out as they travel
and, as a result, undergo interference. This type of interference is called diffraction.

To see the cancellation,
group the rays into pairs.

Waves passing through a long
narrow slit of width a produce,
on a viewing screen, a single-
slit diffraction pattern that
includes a central maximum
(bright fringe) and other
maxima. They are separated by
minima that are located relative
to the central axis by angles 6.
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(a) Waves from the top points of four zones of width
a/4 undergo fully destructive interference at point P..
(b) For D >> a, we can approximate rays ry, rp, I3, and
r4 as being parallel, at angle 6 to the central axis.



comparison between single and double slits diffraction
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IZ' Checkpoint 1

We produce a diffraction pattern on a viewing screen by means of a long narrow
slit illuminated by blue light. Does the pattern expand away from the bright center
(the maxima and minima shift away from the center) or contract toward it if we
(a) switch to yellow light or (b) decrease the slit width?

(a) expand; (b) expand
asin § = maA, form=1,2,3,...

Ex: What is the distance on the viewing screen between adjacent minima near the
center of the interference pattern? The light has wavelength A = 546, the slit width is
a = 0.12, and the slit-screen separation is D = 55.0 cm.

sinf ~ tanf ~ 0.
| a tan @ = y;,,,
D
Ym ] 2D
0 = yl Ay = Y+l = Vm = d

(546x107m) (55%10~*m)

= - = 2.5mm.
. D . 0.12x10*m

mA mA
inf = — =—.
sing = — # 0=—

_ miD (m+ 1)AD
Ym = T # Ym+1 = T



Sample Problem 36.01

A slit of width a is illuminated by white light.

(a) For what value of a will the first minimum for red light of
wavelength A = 650 nm appear at § = 15°?

KEY IDEA

Diffraction occurs separately for each wavelength in the
range of wavelengths passing through the slit, with the loca-
tions of the minima for each wavelength given by Eq. 36-3
(asin 8 = mA).

Calculation: When we set m = 1 (for the first minimum)
and substitute the given values of #and A, Eq. 36-3 yields

mA  (1)(650 nm)
sin 15°

= 2511 nm = 2.5 pum.

a=—
sin @

(Answer)

For the incident light to flare out that much (£15° to the first
minima) the slit has to be very fine indeed—in this case, a
mere four times the wavelength. For comparison, note that
a fine human hair may be about 100 um in diameter.

(b) What is the wavelength A" of the light whose first side
diffraction maximum is at 15°, thus coinciding with the first
minimum for the red light?

Single-slit diffraction pattern with white light

KEY IDEA

The first side maximum for any wavelength is about halfway
between the first and second minima for that wavelength.

Calculations: Those first and second minima can be locatec
with Eq. 36-3 by setting m = 1 and m = 2, respectively. Thus
the first side maximum can be located approximately by
setting m = 1.5.Then Eq.36-3 becomes

asin = 1.5)".
Solving for A" and substituting known data yield

asin# (2511 nm)(sin 15°)
1.5 1.5
= 430 nm.

A=

(Answer

Light of this wavelength is violet (far blue, near the short
wavelength limit of the human range of visible light). Fron
the two equations we used, can you see that the first side
maximum for light of wavelength 430 nm will always coin
cide with the first minimum for light of wavelength 650 nm
no matter what the slit width is? However, the angle # a
which this overlap occurs does depend on slit width. If the
slit is relatively narrow, the angle will be relatively large, anc
conversely.



36-2 Intensity in Single-Slit Diffraction

The intensity of the diffraction pattern at any given angle 6
IS

16 =1, ( = ")“,

a

where, /. is the intensity at the center of the pattern and

The plots show the relative intensity in single-slit
diffraction for three values of the ratio a/A. The wider the
slit is, the narrower is the central diffraction maximum.

Z Checkpoint 3

Two wavelengths, 650 and 430 nm,

are used separately in a single-slit dif-
fraction experiment. The figure
shows the results as graphs of inten-
sity 7 versus angle #for the two dif-
fraction patterns. If both wavelengths
are then used simultaneously, what
color will be seen in the combined
diffraction pattern at (a) angle A
and (b) angle B?

Answer
(a) 650 nm
(b) 430 nm
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Sample Problem 36.02

Find the intensities of the first three secondary maxima
(side maxima) in the single-slit diffraction pattern of Fig. 36-1,
measured as a percentage of the intensity of the central
maximum.

KEY IDEAS

The secondary maxima lie approximately halfway between
the minima, whose angular locations are given by Eq. 36-7
(a = mr). The locations of the secondary maxima are then
given (approximately) by

a=(m+%)7r, form=1,2,3,...,

with « in radian measure. We can relate the intensity / at
any point in the diffraction pattern to the intensity 7, of the
central maximum via Eq. 36-5.

Calculations: Substituting the approximate values of « for
the secondary maxima into Eq. 36-5 to obtain the relative

Intensities of the maxima in a single-slit interference pattern

intensities at those maxima, we get

I (m + %)W

o (84

. 5 : 1y, \2
I :(sma) :(Slﬂ(m+2)w), form=1,2,3,....

The first of the secondary maxima occurs for m = 1, and it

relative intensity is

L (sin(l + %)w)z N (sin l.57r)2
L, \ (1+hH7 1.5

=450 X 1072 = 4.5%.

Form = 2 and m = 3 we find that

I I
—2 =1.6% and I—" = (0.83%.

Im m

(Answer

(Answer

As you can see from these results, successive secondar
maxima decrease rapidly in intensity. Figure 36-1 was delit

erately overexposed to reveal them.



36-3 Diffraction by a Circular Aperture

Diffraction by a circular aperture or a lens with
diameter d produces a central maximum and
concentric maxima and minima, given by

. A
sin @ = 1.22 —  (first minimum — circular aperture).

d

The angle 6 here is the angle from the central
axis to any point on that (circular) minimum.

Courtesy Jearl Walker

_ The diffraction pattern of a circular
sin § = —  (first minimum —single slit),

a aperture. Note the central maximum
and the circular secondary maxima.
which locates the first minimum for a long The figure has been overexposed to
narrow slit of width a. The main difference is bring out these secondary maxima,
the factor 1.22, which enters because of the which are much less intense than the

circular shape of the aperture. central maximum.



36-3 Diffraction by a Circular Aperture

Resolvability The images of two point sources

(stars) formed by a converging
lens. At the bottom,
representations of the image
intensities. In (a) the angular
separation of the sources is too
small for them to be
distinguished, in (b) they can be
marginally distinguished, and in
(c) they are clearly
distinguished. Rayleigh’s
criterion is satisfied in (b), with
the central maximum of one
diffraction pattern coinciding with
the first minimum of the other.

Rayleigh’s criterion suggests that two objects are on the verge of resolvability if the
central diffraction maximum of one is at the first minimum of the other. Their angular
separation can then be no less than

Courtesy Jearl Walker

(a)

Copyright © 2014 John Wiley & Sons, Inc. All rights reserved.

A
6 = 1.22 ] (Rayleigh’s criterion).

in which d is the diameter of the aperture through which the light passes.



36-3 Diffraction by a Circular Aperture

Pointillism

Maximilien Luce, The Seine at Herblay, 1890. Musée d’Orsay, Paris, France. Photo by Erich Lessing/Art Resource

Z Checkpoint 4

Suppose that you can barely resolve two red dots because of diffraction by the
pupil of your eye. If we increase the general illumination around you so that the
pupil decreases in diameter, does the resolvability of the dots improve or diminish?
Consider only diffraction. (You might experiment to check your answer.)

Rayleigh'’s criterion can explain
the arresting illusions of color in
the style of painting known as
pointillism. In this style, a
painting is made not with brush
strokes in the usual sense but
rather with a myriad of small
colored dots. One fascinating
aspect of a pointillistic painting
is that when you change your
distance from it, the colors shift
in subtle, almost subconscious
ways. This color shifting has to
do with whether you can resolve
the colored dots.

6 = 1.22 % (Rayleigh’s criterion). d i m i]:] iS h



Sample Problem 36.04 Rayleigh’s criterion for resolving two distant objects

A circular converging lens, with diameter d = 32 mm and focal
length f = 24 cm, forms images of distant point objects in the fo-
cal plane of the lens. The wavelength is A = 550 nm.

(a) Considering diffraction by the lens, what angular separa-
tion must two distant point objects have to satisfy
Rayleigh’s criterion?

KEY IDEA

Figure 36-14 shows two distant point objects P; and P,, the
lens, and a viewing screen in the focal plane of the lens. It
also shows, on the right, plots of light intensity / versus
position on the screen for the central maxima of the images
formed by the lens. Note that the angular separation 6, of
the objects equals the angular separation 6, of the images.
Thus, if the images are to satisfy Rayleigh’s criterion, these
separations must be given by Eq. 36-14 (for small angles).

Calculations: From Eq.36-14, we obtain

A
0, =6 =0 =122—
(o} i R d
1.22)(550 X 107°
= ( 3)2( 10> m ) = 2.1 X 107 rad. (Answer)

Each central maximum in the two intensity curves of Fig.
36-14 is centered on the first minimum of the other curve.

Focal-plane
screen

(A
P, 5

[
2

Figure 36-14 Light from two distant point objects P; and P, passes
through a converging lens and forms images on a viewing screen i
the focal plane of the lens. Only one representative ray from each
object is shown. The images are not points but diffraction patterns
with intensities approximately as plotted at the right.

(b) What is the separation Ax of the centers of the images |
the focal plane? (That is, what is the separation of the ce
tral peaks in the two intensity-versus-position curves?)

Calculations: From either triangle between the lens ar
the screen in Fig. 36-14, we see that tan 6,/2 = Ax/2
Rearranging this equation and making the approximatic
tan # = 0, we find

Ax = f6,, (36-1¢
where 6;is in radian measure. We then find
Ax = (0.24 m)(2.1 X 1073 rad) = 5.0 um. (Answe



36-4 Diffraction by a Double Slit

Waves passing through two slits produce a combination of double-slit interference
and diffraction by each slit.

Relative[intensity
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(a) The intensity plot to be expected in a double-slit interference experiment with vanishingly narrow slits. (b)
The intensity plot for diffraction by a typical slit of width a (not vanishingly narrow). (c) The intensity plot to be
expected for two slits of width a. The curve of (b) acts as an envelope, limiting the intensity of the double-slit

fringes in (a). Note that the first minima of the diffraction pattern of (b) eliminate the double-slit fringes that
would occur near 12° in (c).



Waves passing through two slits produce a combination of double-slit interference

and diffraction by each slit.
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—double-slit bright fringes.

For identical slits with width a and center-to-center
separation d, the intensity in the pattern varies with the

angle 6 from the central axis as

1(6) = I,(cos*B) ( Sn;a ) (double slit),
in which
B = WTd sin 6
and

m
a = ——sin 6.

Note carefully that the right side of double slit equation is the product of /., and two
factors. (1) The interference factor cos?g is due to the interference between two slits with
slit separation d. (2) The diffraction factor [(sin a)/a]? is due to diffraction by a single slit of

width a.



36-5 Diffraction Gratings

|
A diffraction grating is a series of “slits” used to '
separate an incident wave into its component '
wavelengths by separating and displaying their
diffraction maxima. Diffraction by N (multiple) slits '
results in maxima (lines) at angles 6 such that l

dsin 8 =mA, form =0,1,2,... (maxima—Ilines),

Intensity
Aline’s half-width is the angle from its center to the ~ae
point where it disappears into the darkness and is |
given by

A6, (half-width of line at 6).

- Nd cos 6

0°
Note that for light of a given wavelength A and a given ruling separation d, the
widths of the lines decrease with an increase in the number N of rulings. Thus, of
two diffraction gratings, the grating with the larger value of N is better able to
distinguish between wavelengths because its diffraction lines are narrower and
so produce less overlap.



a diffraction grating in monochromatic red light. (a) Is

The figure shows lines of different orders produced by I
the center of the pattern to the left or right? (b) In

This is the center
of the pattern.

The higher orders are
spread out more in angle.

emission lines of cadmium,
as seen through a grating
spectroscope.

Checkpoint 5

=0 { m=1 \ r m=2 \ m=4 \
! | ! | | | | ! |
0° 10° 20° 30° 40° 50° 60° 70° 80°
I
) Figure 36-24 The zeroth. first, second. and fourth orders of the visible emission lines from
hydrogen. Note that the lines are farther apart at greater angles. (They are also dimmer
and wider, although that is not shown here.)
5
L
s Figure 36-25 The visible

Department of Physics, Imperial College/Science Photo Library/

Photo Researchers, Inc.

monochromatic green light, are the half-widths of the lines produced in the same or-
ders greater than, less than, or the same as the half-widths of the lines shown?

(a) left:

(b) less




36-6 Gratings: Dispersion and Resolving Power

The dispersion D of a diffraction grating is a measure
of the angular separation A6 of the lines it produces for
two wavelengths differing by AA. For order number m,
at angle 6, the dispersion is given by

A6 m

o AA - dcosé

( di SpCI‘SiOH) . Kristen Brochmann/Fundamental Photographs

The fine rulings, each 0.5 um

: : : : wide, on a compact disc
Thus, to achieve higher dispersion we must use a function as a diffraction grating.

grating of smaller grating spacing d and work in a When a small source of white
higher-order m. Note that the dispersion does not light illuminates a disc, the
depend on the number of rulings N in the grating. The  diffracted light forms colored

Sl unit for D is the degree per meter or the radian per  “lanes’ that are the composite
meter. of the diffraction patterns from

the rulings.



36-6 Gratings: Dispersion and Resolving Power

The resolving power R of a diffraction grating is a

measure of its ability to make the emission lines of two

close wavelengths distinguishable. For two wavelengths

differing by AA and with an average value of A, the
resolving power is given by

A&Vg

R =

Table 36-1 Three Gratings?

Grating N d (nm)
A 10 000 2540
B 20000 2540
C 10 000 1360

“Data are for A = 589 nmand m = 1.
Copyright © 2014 John Wiley & Sons, Inc. All rights reserved.

AA

13.4°
13.4°
233"

Nm

D (°/um)

282
232
46.3

R

10 000
20000
10 000

Intensity

Grating
A
- L |
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0 (degrees)

e

0 (degrees)

Grating
C
_ | |

25.5°
0 (degrees)

Copyright © 2014 John Wiley & Sons, Inc. All rights reserved.

0

- Intensity

Intensity

()

The intensity patterns for
light of two wavelengths sent
through the gratings of Table
36-1. Grating B has the
highest resolving power, and
grating C the highest
dispersion.



Sample Problem 36.06 Dispersion and resolving power of a diffraction grating

A diffraction grating has 1.26 X 10 rulings uniformly spaced
over width w =254 mm. It is illuminated at normal inci-
dence by yellow light from a sodium vapor lamp. This light
contains two closely spaced emission lines (known as the
sodium doublet) of wavelengths 589.00 nm and 589.59 nm.

(a) At what angle does the first-order maximum occur (on
either side of the center of the diffraction pattern) for the
wavelength of 589.00 nm?

KEY IDEA

The maxima produced by the diffraction grating can be deter-
mined with Eq.36-25 (d sin 8 = m)).

KEY IDEAS

(1) The angular separation A# between the two lines in the
first order depends on their wavelength difference A and
the dispersion D of the grating, according to Eq. 36-29
(D = A6/A)). (2) The dispersion D depends on the angle #
at which it is to be evaluated.

Calculations: We can assume that, in the first order, the
two sodium lines occur close enough to each other for us to
evaluate D at the angle # = 16.99° we found in part (a) for
one of those lines. Then Eq. 36-30 gives the dispersion as

m 1
D p ps
dcosf (2016 nm)(cos 16.99°)

= 5.187 X 10 4 rad/nm.

From Eq.36-29 and with A) in nanometers, we then have

Af = D Ax = (5.187 X 10~* rad/nm)(589.59 — 589.00)
= 3.06 X 10 *rad = 0.0175°. (Answer)

You can show that this result depends on the grating spacing
d but not on the number of rulings there are in the grating.

Calculations: The grating spacing d is

W 254 X 103 m

N 126 x 10*
=2.016 X 10°°m = 2016 nm.

The first-order maximum corresponds to m = 1. Substituting
these values for d and m into Eq. 36-25 leads to

., mA . _y (1)(589.00 nm)
sin sin 20161

d:

= 16.99° = 17.0°.

(b) Using the dispersion of the grating, calculate the angular
separation between the two lines in the first order.

(Answer)

(c) What is the least number of rulings a grating can have
and still be able to resolve the sodium doublet in the first
order?

KEY IDEAS

(1) The resolving power of a grating in any order i is physi-
cally set by the number of rulings N in the grating
according to Eq. 36-32 (R = Nm). (2) The smallest wave-
length difference A) that can be resolved depends on the
average wavelength involved and on the resolving power R
of the grating, according to Eq.36-31 (R = A,,,/AA).

Calculation: For the sodium doublet to be barely resolved,
A) must be their wavelength separation of 0.59 nm, and A,,,
must be their average wavelength of 589.30 nm. Thus, we
find that the smallest number of rulings for a grating to
resolve the sodium doublet is

A
N = _ avg
m m AA

589.30 nm
= ~ 999 rulings.
(1)(0.59 nm) FHnes

(Answer)



36-7 X-Ray Diffraction

X rays are electromagnetic radiation whose
wavelengths are of the order of 1 A (=101 m).
Figure (right) shows that x rays are produced

when electrons escaping from a heated filament
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The extra distance of ray 2
(0 determines the interference.
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3 2 1

Inciden L.
X rays
0 0

(b)

(d)

(a) The cubic structure of NaCl, showing the
sodium and chlorine ions and a unit cell
(shaded). (b) Incident x rays undergo
diffraction by the structure of (a). The x rays
are diffracted as if they were reflected by a
family of parallel planes, with angles
measured relative to the planes (not relative
to a normal as in optics). (c) The path length
difference between waves effectively reflected
by two adjacent planes is 2dsin 6. (d) A
different orientation of the incident x rays
relative to the structure. A different family of
parallel planes now effectively reflects the x
rays.



36-7 X-Ray Diffraction

As shown in figure below if x rays are directed toward a crystal structure, they
undergo Bragg scattering, which is easiest to visualize if the crystal atoms are
considered to be in parallel planes.

For x rays of wavelength A scattering from crystal planes with separation d, the
angles 8 at which the scattered intensity is maximum are given by Bragg’s law:

2d sin 0§ = mA., torm =1,2,3,... (Bragg'slaw).

(a) The cubic structure of NaCl, showing the
sodium and chlorine ions and a unit cell
(shaded). (b) Incident x rays undergo diffraction
by the structure of (a). The x rays are diffracted
as if they were reflected by a family of parallel
planes, with angles measured relative to the

Ray 2 Ray planes (not relative to a normal as in optics). (c)
The path length difference between waves
effectively reflected by two adjacent planes is
2dsin 6. (d) A different orientation of the incident
x rays relative to the structure. A different family
of parallel planes now effectively reflects the x

Copyright © 2014 John Wiley & Sons, Inc. All rights reserved. ra yS .

The extra distance of ray 2
(0 determines the interference. (d)




A standard optical diffraction grating cannot be used to discriminate
between different wavelengths in the x-ray wavelength range. For A =1A
(= 0.1 nm) and d = 3000 nm, for example, Eq. 36-25 shows that the first-order
maximum occurs at

_ _]ﬂ: . (1)(0.1 nm) _ .
¢ = sin 7 SIn 3000 nm 0.0019°,

This is too close to the central maximum to be practical. A grating with d = A is
desirable, but, because x-ray wavelengths are about equal to atomic diameters,
such gratings cannot be constructed mechanically.



36 Summary

Diffraction

« \When waves encounter an edge, an
obstacle, or an aperture the size of
which is comparable to the
wavelength of the waves, those waves
spread out as they travel and, as a
result, undergo interference.

Single-Slit Diffraction
A single-slit diffraction patterns
satisfy

asinf=mA, form=1273,... Eq 36'3

« The intensity of the diffraction
pattern at any given angle @ is

0-n(®<),  Eq.365

where __ 7‘;’ sin 0 Eq. 36-6

Circular Aperture Diffraction

« Diffraction by a circular aperture or
a lens with diameter d produces a
central maximum and concentric
maxima and minima, with the first
minimum at an angle 6 given by

sin § = 1.22 2 Eq. 36-12

Rayleigh’s Criterion

» Rayleigh’s criterion suggests that
two objects are on the verge of
resolvability if the central diffraction
maximum of one is at the first
minimum of the other. Their angular
separation can then be no less than

Oy = 1.22% Eqg. 35-14



36 Summary

Double-Slit Diffraction X-Ray Diffraction

« Waves passing through two slits, each * Diffraction maxima (due to constructive
of width a, whose centers are a interference) occur if the incident
distance d apart, display diffraction direction of the wave, measured from

patterns whose intensity / at angle 6is  the surfaces of these planes, and the
wavelength of the radiation satisfy

1(6) = I(cos* B) ( L ")1 Eq. 36-19 Bragg’s law:

(44

Diffraction Gratings 2dsin 8 =mA, form=1,23,... Eq.36-12
« Diffraction by N (multiple) slits
results in maxima (lines) at angles 6

such that
d sin 8 = mA, form=0,1,2,... Eq 36-25

with the half-widths of the lines

iven
GVeNbY - A Eq 3628

and p=30--"_  Eq.36-29830

R= e _ Eq. 36-31&32
AA



