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Chapter 1

Vector Analysis

Problem 1.1

(a) From the diagram, |B + C|cos 3 = |B|cosf; + |C| cos f2. Multiply by |A].
|A||B + C|cosf3 = |A||B]| cos by + |A||C]| cos 5.

|C|sin 62
So: A:(B+ C) = A-B+ A-C. (Dot product is distributive) 1
Similarly: |B 4 C|sinfs = |B|sin6; + |C|sinf2. Mulitply by |A|f.
|A||B 4 C|sinfsn = |A||B|sinf; it + |A||C|sin 05 1. 1B sino,
If i1 is the unit vector pointing out of the page, it follows that —— }a

AX(B+C)=(AXB)+ (AXC). (Cross product is distributive) Bl cosfy  |G]cosfy
(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and
Section 8 (cross product)

Problem 1.2 C
The triple cross-product is not in general associative. For example,
suppose A = B and C is perpendicular to A, as in the diagram.

Then (BxC) points out-of-the-page, and A X (BxC) points down,
and has magnitude ABC. But (AXB) = 0, so (AXB)xC =0 #

Ax(BxC). BXC ;Ax(BxC)
Problem 1.3 z
A=+1%+1y-12,A=V3;B=1%+1y+1%; B=/3.
A'B=+1+1—1:1:ABC089=\/§\/§C089=>C089=%. 9B
0 =cos™! (3) ~ 70.5288° !
A

Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,
we might pick the base (A) and the left side (B):

A=-1%+29+0%B=—1%+0¥ +32.



4
AxB=|-120|=6x+3y+22.
-103
This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its
length:

[AXB|=+36+9+4="T. ﬁ:‘iéﬁlz S+ 39+
Problem 1.5

<>
N>

=~
N>

X y Z
AXx(BxC) = A, Ay A,
(B,C, — B.C,) (B,Cy — B,C) (B,C, — B,CY)

= i[Ay(BICy - Bycr) — A.(B.Cy — BrCZ)} +30) +2()

(1l just check the x-component; the others go the same way)

= %x(4,B,Cy — AyB,C; — A.B.Cy + A, B,C>) + ¥() + 2().
B(A:C) - C(A-B) = [B;(A,Cy + A,Cy + A.C.) — Cy(As B, + AyB, + A.B.)| %+ ()y+ ()2

=%(4,B,Cy + A,B,C, — A,B,C,, — A,B,Cy) + §() + Z(). They agree.

Problem 1.6
AX(BXC)+Bx(CxA)+Cx(AxB)=B(A-C)—C(A-B)+C(A-B)—A(C-B)+A(B-C)-B(C-A)=0
So: AX(BxC) - (AxB)xC=-Bx(CxA)=A(B-C)— C(A-B).

If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or

one is zero), or else B-C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0.)

Conclusion: ’ AX(BXC) = (AXxB)XC <= either A is parallel to C, or B is perpendicular to A and C. ‘

Problem 1.7
2 =(4%+6y+82) —(2X+8y+72)=[2%—-2y+ 2

2 =Vi+4d+1=]3]

2 =2 =2x-2y+1z
Problem 1.8

(a) AyB, + A, B, = (cos pA, + sin pA,)(cos pBy + sin ¢B,) + (—sin pA, + cos pA,)(— sin B, + cos ¢ B;)

= cos® ¢A, B, + singcos p(A, B, + A, By) + sin? A, B, + sin® $pAyBy, — singcos p(Ay B, + A, By) +
cos? pA, B,

= (cos? ¢ +sin? ¢) A, B, + (sin® ¢ + cos? $)A, B, = A,B, + A.B.. v

(b) (Az)? + (Ay)? + (A2)? = B, A A; = B, (B3, RijAy) (B3 RinAr) = Ejir (SiRij Rir) Aj Are.

: . 1if j=k
2 2 2 3 R =

This equals A3 + A3 + A7 provided | X;_1 R;j Rix, = { 0if j+k }
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then X, (2; Ri; Rir,) AjAr = X; Ri1 R;1, and this must equal 1 (since we
want Zi—i—Zj—l—Zi = 1). Likewise, 2_| RijaRio = ¥2_| Ri3R;3 = 1. To check the case j # k, choose A = (1,1,0).
Then we want 2 = X, 1 (3; RijRix) AjAr = ¥ RinRin + X RiaRis + X RinRio + ¥ RioR;1. But we already
know that the first two sums are both 1; the third and fourth are equal, so 3; Ri1 Ria = X; RiaRin = 0, and so
on for other unequal combinations of j, k v In matrix notation: RR = 1, where R is the transpose of R.




Problem 1.9

My
y z
Looking down the axis: (4 N
x U\
z Y
x’ x

z

A 120° rotation carries the z axis into the y (= %) axis, y into z (= 7), and x into z (= T). So A, = A,

Ay=A, A=A,
001

R=1]1100
010

Problem 1.10

@ (o= A By = 4, = 1)
(b) in the sense (A, = —A,, A, = —A,, 4, = —A,)

(¢) (AxB) — (—A)x(—B) = (AxB). That is, if C = AXB, m No minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AXB) — (A)x(B) =
(AXB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a wvector.
Angular momentum (L = rXxp) and torque (N = rXF) are pseudovectors.

(d) A-(BXC) — (—A)-((-B)x(~C)) = —A-(BxC). So, ifa = A-(BxC), then a pseudoscalar

changes sign under inversion of coordinates.
Problem 1.11

(a)Vf=22%+3y°y +42%%

(B)V f =2zy32* & + 322?24y + 40?y323 2

(o)Vf =e"sinylnzx+e*cosylnzy + e*siny(l/z)z

Problem 1.12

(a) VA =10[(2y — 62 — 18) % + (22 — 8y + 28) §]. Vh = 0 at summit, so
2y — 6z — 18 =0 .
2x—8y+28:0:>6x—24y+8420}2y—18_24y+84_0'
2yy=66—y=3—=20—-24+28=0= 2= —-2.

Top is ’3 miles north, 2 miles west, of South Hadley. ‘

(b) Putting in x = =2, y = 3:
h=10(—12 — 12 — 36 4 36 + 84 + 12) = [ 720 ft.
(c) Puttinginz =1,y =1: VA=10[(2-6—-18) X+ (2 -8 +28) §] = 10(—22% +22§) = 220(— X+ ¥).

|Vh| = 220v/2 ~ | 311 ft/mile; | direction:




Problem 1.13

*%2@—%’)%—*() 20y -y)y -
r—a )X+ (y—-y)y+(z-72

Problem 1.14
T = 4y cos ¢ + z sin ¢; multiply by sin ¢: gsin¢ = +y sin ¢ cos ¢ + z sin” ¢.
Z = —y sin ¢ + 2z cos ¢; multiply by cos ¢: Zcos ¢ = —y sin ¢ cos ¢ + z cos? ¢.
Add: ysing + Ecos o= z(sin2 ¢ + cos? (b) = 2. Likewise, ycos ¢ — Zsing = 4.
So 3—3 = cos¢; & 52 = —sin ¢; 2 5= = sin »; 2 %= = cos ¢. Therefore
(V1) = § = §5+ 915 = 4 cos (Y1), +sin (V).
(V.= =5 E+3EFE =—sing(Vf), +cosg(Vf).
Problem 1.15

} So V f transforms as a vector. qed

(a)V-v, = 2(2?) + 8%(39622) + 2 (—22z) =22+ 0 — 22 =0.

(O)Vvy, = 2 (zy) + 3%(2yz) + 2 (3x2) =y + 2z + 3.

(O)Veve =2 (y*) + 3%(2xy +22) + £ (2y2) = 0+ (22) + (2y) = 2(z + y)

Problem 1.16

r _3
= D)+ B+ L) = & [r? 442+ 2]
2

-
\\

PR VAN +12 427+ 2 [ 47 + 2]
= ()72 +a(=3/2)) 7520+ (7% +y(=3/2)) "2y + ()72
/l\ +2(=3/2)()7822 =3r 3 = 3r 2 (a2 + 2 +2%) =32 —3r 73 = 0.

This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the
origin. How, then, can V-v = 07 The answer is that V-v = 0 everywhere except at the origin, but at the
origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at
that one point, and zero elsewhere, as we shall see in Sect. 1.5.

Problem 1.17

Uy = COSP Uy +8in@v,; U, = —sing vy + cospv,.

T = %2 cos ¢+ L sing = (%”;% + %%) cos ¢+ (%% + %%) sin ¢. Use result in Prob. 1.14:
= (%L; cos ¢ + % sinqS) cos ¢ + (%—Zz cos ¢ + % sinqﬁ) sin ¢.

88% = 7%@ sing + % %ue COS¢ =— (%% + %%) sin ¢ + (%ﬁj% + %U; %) cos ¢

Z ) Sln¢+< ”Z sin ¢ + ”Zz cosq5> cos ¢. So

:_<_L




OUy

Oy

+ 9 = P o082 ¢ + 6y sin ¢ cos ¢ + 8”2 singcos ¢ + %= sin® ¢ + 5 8% sin® ¢ — % sin¢cos ¢

— 9% gingeosp + ‘9”2 cos? ¢

oy
%“y (cos? ¢ + sin® @) + 9= (sm2¢+ cos? ¢) = BU“J + 9= v
Problem 1.18
2 ¢ 2
(a) Vv, = |2 8% L | =%(0—622) + §(0+22) +2(322 — 0 —’—6xzx+2,zy—|—3z Z ‘
2?2 3xz2? 2wz
% ¢ 2
(b) Vxv, = | Z a% 2 :5((0—2y)+y(0—3z)+z(0—:13)—’—2yx—3zy—a?z‘
Ty 2yz 3z

X
(¢) VXv, = a%
2

Z
2 L1 =%(22 - 22) +9(0 - 0) +2(2y — 2y) = 0.]

As we go from point A to point B (9 o’clock to 10 o’clock), x
increases, y increases, v, increases, and v, decreases, so 0v, /0y >
0, while Jvy/0y < 0. On the circle, v, = 0, and there is no
dependence on z, so Eq. 1.41 says

[ Ov,  Ovg
V xv= (ax — 3y)

points in the |negative z direction‘ (into the page), as the right
hand rule would suggest. (Pick any other nearby points on the

v circle and you will come to the same conclusion.) [I'm sorry, but I
cannot remember who suggested this cute illustration.]

Problem 1.20

vV=yX+ay;

orv=yzX+azy+ayz; orv= 3222 - 23R+ 39+ (23 — 322?) 2;

or v = (sinz)(coshy) X — (cos z)(sinh y) §; ete.

Problem 1.21

(i) V(fg) = 242 %

o(f9) & 4 9(f9) 5 (&) of 9 of\ »
X+ dy y+ 0z Z—( £+g6x) (f dy)y+< £+g$)z

—f(an 529 +52 )+g(8f“+ v+ 4L ):f(V9)+g(Vf)- qed

(iv) V.(AxB) =

(A, B. ABy)+8y(AB — A,B.) + 2 (A, B, —AB)

6
9B, 0By 0A, OBy 9B, 0A,
Ay ox + BZ ax Tz 6:v By ox + Az oy + Bz ay Am oy Bz oy
0B, 9A, 94,
+A: 5 + By ~ A%~ B, 73

OA, OA, A OA, 0B, B
B( y)+By(a _Ox)+BZ(8my_8y)_ I(ay_azy)

Ay (%~ OBy - A, (2 - 2B) —B-(VXA) - A (VXB).  qed

O(fA. O(fAy s O(fAs O(fA. ~ I(fAy O(fAs ~
(V)VX(fA):<<J;y>_ (/2 ))X+<(J(;z)_ (A >>y+(<g1>_ G4 >)z



= (£ + A5 - 2 - A3 ) %+ (£ + ALY -
0A, .
(f C’)xy +Ay(9:c 8314?; -4 ﬂ)z

z Py

:f[(agzjz_aéy)x+<a£ oAy g 4 (
~ (a5t A5 e (-0 -

=f(VXA)—AX(Vf). qed

)4
waz)

0A,
ox

Problem 1.22

(a) (AV)B = (4, % + 4,280 + A28 ) %+ (A, 50 + 4,50 + A,

9B, 9B, 9B: \ 5
+(Ax ox +Ay oy +AZ 0z )Z
(b)it=1%= f/“yiﬂ Let’s just do the x component.
m2+y2+22
VAT 1 9 9 9
[(E-V)E], = 7= (xﬂ Tya, t ZE) \/m

1

l [z

—H{E- k@ )} = H{E - & @y ) =

Y oy

Same goes for the other components. Hence: | (#V)# =0

(¢) (Vo-V) vy = (ﬂ% + 3x22 ay - 29028 ) (ryX+2yzy +

3xz %)

3z)y

—;{x[%—kx( )(\F)32x}+yx{ %ﬁZy}—&—zx[ Q(f)ﬂz}}

(,_

T

=22 (yx+09 +322)+3222 (z % +229 +02) — 222 (0K + 2y ¥ + 37 2)
= (ny + 33:222) X+ (69623 — 4xyz) v+ (3962,2 — 6962,2) V7

x? (y + 32:2) X+ 2z (32’2 — Qy) v — 32222

L) =0.

Problem 1.23

(i) [V(AB)], = & (A,B, + AyB, + A.B,) = 22B, 4 A, 28x 4 Sup | 4 OBy 4 24:p 4 4
[AX(VXB|, = 4(YxB): ~ A:(VXB), = 4 o (ot = %) = A= (% — %)
[Bx(VxA)] By (%t = %) = B=(% = %)

(A-V)B], = (Ax§x+Aydy+Azdz)B = A, %8s+ A, 08 4 4,9

(B-V)A], = B, % + B, %> + B. %

So [AX(VXB)+Bx(VXxA)+ (A-V)B+(BV) Al,

- Ay 8<9Bxy A aB;é AZ aBBzJL +Az 8£z +By Bz By 83Ay BZ aétl +Bz ax

+A, B + A58 + A, %= + B, %= + B, %= + B, %=

_ aAT aBar aA,/ 3Bu e 4 Oy

= B, % + A, %= + B, (% — %k +%4=) +A — o 12 )
+B( ifi+5“z+*§¢ )+ A (-2 + 832+%

= [V(A-B)], (same for y and z)

(Vi) [Vx(AXB)], = £(AXB). — £(AXB), = £&(A, By — AyB,) — £ (A. B, — A, B.)

— aAzB + A4, - 2B, —A 8. 94:B, — A, % + 2B, + A, %
[(B-V)A — (A-V)B + A(V B) - B(V-A)],
0A, O0A, 9 9 9By OB, y BAT
Bx@a: +By8y +BZ dz A$£c Ayalz AZde+A(B +dy+ )7B( +

0B,

Z Oz

'U

dy

+

5e)



—B“%(%%M B + By (Y — e — %t — %)
(-0 + 4 (- 8) 4 B (20

[VX(AXB)] (same for y and 2)
Problem 1.24

V(fl9) = (f/g)erdy(f/g)er -(f/9)2

_ 2fmx_’_96y fayy+gaz fazz

_ gi r (31“ + §Z;+@z) —fg( %+ 589 + 3¢ )} = NLIN - ged
V(A/g) = & (Az/9) + £ (Ay/9) + (A /9)

Fim )
Az _ 4 g gf’Ay dJ 9Az _ 4 0g
oz 't Py dy Y3y 9752 Xor
+ 2 + 2

192 g g
= e o () = (el o A ) = o e

[VX(A/g)l, = 7,(A:/g) — §-(4,/9)
Az A %

9 BA )
_ y _ g
9 oy zay 952 Yo
p)

g g
1 DA, 0A 0, 0,
)" (1)
g(VXA)“Eng(AXVg)I (same for y and 2). qed
Problem 1.25
X 9 2
(a) AXxB= |z 2y 3z|==%(622)+3(92y) + 2(—222 — 6y?)
3y —2x 0

V- (AXB) = 2L (622) + £ (92y) + & (—22% — 6y®) = 62 + 92 + 0 = 152

VxA=%(2(32) - %(2y)) + 9 (L) — 2(32) +2 (%(m - @(x)) = 0; B-(VXA)=0

VB =% (2(0) ~ Z(-20)) +3 (£6y) — £(0)) +2 (& (-22) - Z(3y)) = ~52; A-(VxB) = ~152

V-(AXB) £ B-(VXA) — A-(VXxB) = 0 — (—152) = 152. v
(b) A-B = 3zy — dzy = —wy ; V(A-B) = V(—ay) = KL (—ay) + § 5 (—ay) = ~yX — 2§
X(VxB) = 2}; BZ =%(—10y) + y(5z); BX(VXA)=0
0

o8 M

z
-5
(A-V)B = (xa% +2y 2 + 3,%) (3y% — 229) = &(6y) + §(—2z)
(B-V)A = (3;,% - 2173%) (X +2y§ +322) = X(3y) + §(—4z)
AX(VxB)+Bx(VxA)+ (A-V)B + (B-V)A

=—-10yx+52y+6yx—20y+3yx—4dey=-ykx—2y=V-(AB). v

(¢) VX (AXB) =% (& (—20% = 6%) = £(92)) +F (& (602) = (=202 = 6%)) + 2 (L (92) — £ (602))
= ( 12y — 9y) + §(6x + 4x) + 2(0) = —21y X + 10z §

VA= Z(@)+ 22y +2B2)=1+2+3=6 V-B=2(3y)+ Z(—2z) =0



(B-V)A - (A-V) B4+ A(V-B)—B(V-A)=3yx—4doy —6yx+ 22y — 18yx + 122y = —21yx+ 102y
=VXx(AxB). v
Problem 1.26

8°T, 8T, 9°T, 2
(a> 6$2a = 27 ay2a - 3Z2a =0 =|V Ta = 2.

2 2 2
(b) 2% = OTh = 8T — T, = | V2T, = —37} = —3sinzsinysin 2. |

0
() O = 25T, ; &1 = 16T, ; &% = —9T. =

(d) Lo =9, Pue = P — g = Y2y, =2

8212 2» 9y2 %z2
1¢) O“v, o - ~
aszy: a;zyzo;aT?:@’E = V2’Uy:6$ ’v2V22X+6CEy.‘
622 62z 822 2

5t = oy = o =0 = Vur=0

Problem 1.27
— 0 (0v. _ 9uy 9 (dvy _ v o (v, v,
Vv = (G -5 ) + G = 5e) + 2 (5 - %)

_ 8%v, 8%v, 8%vy 32v, 32”1/ 82“1; _ : o : : .
= (&E 9y By 81.) + (ay 5= — 9205 ) T (3795 — 3705 ) = 0, by equality of cross-derivatives.

From Prob. 1.18: VXv, = —6r2%+229+3222 = V(VXxv,) = %(foz)Jra%(Qz)Jr%(?)zz) = —6z+62 =0.
Problem 1.28

Xy 2
_ |9 08 9 | _ 45( 0% 9%t o ( 9%t 9%t 5 (_ 0%t 9%t
VX(Vt)_ %’f %115/ %2{ _X(ayaz_az{)y) (Bzax_amaz) Z(Bxay_ﬁyax)

oxr Oy 0z
= 0, by equality of cross-derivatives.

In Prob. 1.11(b), Vf = 229%2* % + 32%¢y%2* § + 422y323 2, so
& .

Sl o

Z
VX(Vf)= B
2xy324 322yt 4x?y323
= %(3- 4229?23 — 4322223 + §(4 - 22932% — 2 - day®23) + 2(2 - 3wyt — 3 - 22y2%2%) = 0. v
Problem 1.29
(a) (0,0,0) — (1,0,0). z: 0 > L,y =2 =0;dl =dzX;v - dl = 2®dz; [ v-dl = foledx = (2*/3)|§ = 1/3.
(1,0,0) — (1,1,0). 2 =1,y : 0 » 1,z =0;dl = dy §; v - dl = 2yzdy = 0; [ v - dl = 0.
(1,1,0)%(1,1,1).x:y:l,z:OH1;dl:dzi;v~dl:y2dz:dz;fv~d1:foldz:z\(l):1.

Total: [v-dl = (1/3)+0+1:

(b) (0,0,0) — (0,0,1). z=y=0,2:0— l;dl =dz2;v-dl=y*dz =0; [ v-dl = 0.
(0,0,1) —>(0,1,1).x:0,y:0—>1,2:1;dl:dyy;v~dl:2yzdy:dey;fv-dlszIdey:yQ6:1.
(0,1,1) — (1,1,1). 3::0—>1,y:z:l;dlzdmi;v-dlszda:;fv-dlzfola:Qdajz(x3/3)\(1):1/3.

Total: fv~d1=0—|—1+(1/3)=

(c)rx=y=2:0— l;de =dy =dz;v-dl = 2> dx + 2yz dy + y* dz = 2* dx + 22° dx + 2° dov = 422 du;

[v-dl= fol 42 dx = (423 /3) |} =

(d) §v-dl = (4/3) — (4/3) =

w




Problem 1.30

z,y : 0 = 1,z = O;da = dedyz;v-da = y(z* — 3)dedy = —3ydzdy; [v-da = —3f02d$f02ydy =
2
=33 (43 = —3(2)(2) In Ex. 1.7 we got 20, for the same boundary line (the square in the

xy-plane), so the answer is the surface integral does not depend only on the boundary line. The total flux

for the cube is 20 + 12 =

Problem 1.31

[Tdr = [ 2z*dxdydz. You can do the integrals in any order—here it is simplest to save z for last:

J<[/ ()]s

The sloping surface is x+y+2z = 1, so the x integral is fo(liyiz) dxr = 1—y—z. For a given z, y ranges from 0 to
1—z, so the y integral is [\ (1—y—2)dy = [(1—2)y—(y 2/2)] (1=2) _ = (1 z)2 -la —2)2/2] = (1-2)2/2 =
(1/2) — z + (22/2). Finally, the z integral is fo E-z+% dszo —fz + 2 )dzf(—gf—quO)\o

-1 =10
Problem 1.32
T(b)=1+4+2=T; T(a) =0. =|T(b) - T(a) = 7.

VT = 2z + 4y)% + (4o + 223)§ + (6y22)2; VT-dl = (2x + 4y)dz + (4x + 223)dy + (6y2?)dz
(a) Segment 1: : 0 — 1, y=2=dy =dz =0. [VT-dl = fo (2z)dz = x2|0 =1.

Segment 2: y: 0 —1, z=1, 2=0, de =dz=0. [VT-dl = fo dy—4y\0—4. fabVT-dl=7./
Segment 3: z:0 — 1, z=y=1, de =dy =0. [VT-dl = fo (622) d2*223|0—2.

(b) Segment 1: z:0 -1, s =y=dr=dy =0. [VT-dl = fo Ydz = 0.
Segment 2: y: 0 —1, =0, z2=1, de =dz=0. [VT-dl = fo dy—2y|0—2. fbVTd1—7/
SegmentS:J::O—>1,y:z:l, dy =dz=0. [VT-dl = fo (2x +4)dx a o

()x:0—1, y=ua, z =22 dy=dr, dz = 2xdz.
VT-dl = (22 + 4x)dx + (4z + 22%)dz + (6x2*)22 dr = (102 + 142°)dz.

JPVT-dl= [}(102 + 1428)dx = (52> + 227)|, =5 +2="7. v
Problem 1.33

Vev=y+2z+3z

[(Vv)dr = [(y+ 2z + 32) dxdydz=ff{f02(y+2z+3x) d:c} dy dz
> [(y +22) + 32?]; = 2(y + 22) + 6
= f{f02(2y+4z+6)dy}dz
> [y? + (42 +6)y] = 4+ 2(4z + 6) = 82 + 16

= [2(82+16)dz = (42° +162)|, = 16 + 32 =

Numbering the surfaces as in Fig. 1.29:



(i) da =dydz %,z = 2. veda =2y dydz. [v-da= [[2ydydz = 2y> (2) =8.
(ii) da = —dydz %,z = 0. v-da = 0. [v-da = 0.

(iii) da = dxdz 9,y = 2. v-da = 4zdx dz. [v-da = [[4zdzdz = 16.

(iv) da= —dxdzy,y = 0. v-da=0. [v-da = 0.

(v) da=daxdyz,z=2. v-da=6xdxdy. [v-da=24.

(vi) da = —dzdyz,z =0. v-da=0. [v-da=0.
éfv-da:8+16+24:48 v

Problem 1.34

Vxv=%0-2y)+§(0-32)+2(0—2z) = -2yx—32y —z2.
da = dy dz X, if we agree that the path integral shall run counterclockwise. So
(VXv)-da=—2ydydz.

J(VXxv)-da = f{ 027Z(f2y)dy} dz 21
2=z
;)yﬂo =—(2-2) ) &
2 2 2, 2 \
Jo (4 —4z 4 2%)d= (4z 222 + 3)‘0 <
e N

Meanwhile, v-dl = (zy)dz + (2yz)dy + (3zz)dz. There are three segments. Y

1Nz=2=0; de=dz=0.y:0—2. [vdl=0.
(2)z=0; 2=2—y; de =0, dz = —dy, y:2— 0. v-dl = 2yz dy.
2
Jvedl= [} 2y(2 —y)dy = — [; (4y — 2y%)dy = — (25> — 2¢°) |, = — (8 —
(B)z=y=0dr=dy=0; 2:2—0.vedl=0. [v-dl=0. So §v-dl =—5.

N Wl

Problem 1.35
By Corollary 1, [(VXv)-da should equal 3. VXv = (42% — 22)% + 22 2.

(i) da=dydz%, z=1; y,2:0— 1. (VXv)-da= (422 — 2)dy dz; [(VXv)-da= fol(llz2 —2)dz
= (320l = g 2= 2

(ii) da = —dz dyz, z=0; z,y:0— 1. (VXv)-da=0; [(VXV)-da=0.

(iii) da =dadzy, y=1; z,2:0— 1. (VXv)-da=0; [(VXv)-da=0.

(iv) da= —dxdzy, y=0; z,2:0— 1. (VXv)-da=0; [(VXv)-da=0.

(v)da=daxdyz, z=1; z,y:0— 1. (Vxv)-da=2dxdy; [(VXv)da=2.

= [(Vxv)da=-2+2=1% v




Problem 1.36
(a) Use the product rule VX (fA) = f(VXA)—-A x (Vf):

/Sf(VxA)-daz/SVx(fA)-daJr/s[Ax(Vf)]-dazﬁfA-ler/S[Ax(Vf)].da. qed

(I used Stokes’ theorem in the last step.)
(b) Use the product rule V-(AxB)=B:-(VXxA)—- A -(VxB):

/VB-(VxA)dTZ/VV-(AxB)dT+/VA-(VXB)deji(AxB)-da+/vA-(V><B)dT. qed

(T used the divergence theorem in the last step.)

Problem 1.37 |r = /22 + 42 +22; 0 =cos ! (m) ;¢ =tan"! ().

Problem 1.38

There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry
from Fig. 1.36. The most systematic approach is to study the expression:

r=xX+yy+zz=rsinfcos¢pX+rsinfsin¢y + rcosb z.

If T only vary r slightly, then dr = %(r)dr is a short vector pointing in the direction of increase in r. To make
it a unit vector, I must divide by its length. Thus:

Or or %
A_ Or . fp_ 00 . 3 _
TTE T TE T
or 96 ¢
T — 5inf cos pX + sin Osin ¢ § + cos 0 z; ‘@’2—sin290052¢+sin295in2¢+00529—1
or y » |or| T = 1.

or _ 2 S s ps. |02 2 2 2 2 a2 ) ain2 220 _ 2
55 =rcosfcospX +rcostsingy — rsinb z; |% = 1 cos® 0 cos® ¢ + rcos” fsin” ¢ + r°sin“ 0 = r=.

or . . 5 . & |Or |2 2252 2 2 2 b — 2 qin2
ﬁ_—rsmesm(bx—i—rsmecowby, ﬁ = r“sin” #sin” ¢ 4+ 7 sin“ 6 cos® ¢ = r* sin“ 6.

I =sinfcosgX+sinfsingy + cosdz.
= |0 =cosfcospX+cosfsingy —sinf z.
¢=—sinpX+cospy.

Check: #+# = sin? 0(cos? ¢ + sin® ¢) + cos? § = sin® 6 + cos? 0 = 1,
0-¢p = —cosOsingcos ¢+ cosfsingcosdp =0, v ete.

sinff = sin @ cos X + sin? Osin ¢y + sin 6 cos 0 z.
cosf 0 = cos?fcospx + cos?singd§y — sinf cosh 2.

Add these: R
(1) sinft +cos00 = +cospX +singy;
(2) ¢ =—singX+cospy.

Multiply (1) by cos ¢, (2) by sin ¢, and subtract:

’f(:sinGCOS(bf‘—i—cochosgbé—singbqg.




Multiply (1) by sin ¢, (2) by cos ¢, and add:

]y = sinfsin ¢t + cosfsin ¢ O + cos ¢ .

cosfF =sinfcosfcospX +sinbcosfsingy + cos? 0 2.
sin 0 @ = sin 0 cos 0 cos ¢ X + sin 0 cos O sin ¢ § — sin? 0 2.
Subtract these:

Z =COSQf—Sin9é.‘

Problem 1.39

(a) Vovy = %5 gT (r’r?) = 54r® = 4r
[(Vevi)dr = [(dr)(r 2 Gin 0 dr 0 dg) = (4) [T r3dr [T sin6df [2mde = (4) (RT) (2)(27) = 4nR?]
[vi-da= [(r’f)-(r*sin@dfdot) = rt fo sin 6 do fo d¢ = 4mR* v (Note: at surface of sphere r = R.)

(b) Vovy = 2 (r2%) =0 = | [(V-va)dr =0

[vorda= [(%%) (r2sin0dfdpF) = [sinfdodg = [4r.]
They don’t agree! The point is that this divergence is zero except at the origin, where it blows up, so our
calculation of [(V-va) is incorrect. The right answer is 4.

Problem 1.40
Vv =52 (r2rcosf) + Tbmeaae(&n@rsmH) - 1 @(rsin9cos¢)

o)
r2 or sin 6 9¢
= % 3r2cosf 4+ —— r2sinfcosf + —— rsinf(—sin¢)
3cosf +2cosf —sing = Hcosf —sing

J(V-v)dr = [(5cos6 —sin¢)r?sinf drdf dp = fOR r?dr fog [fozﬁ (5cos @ — sin ¢) d(b} df sin 6
—>27(5 cos )

( )(107r)f sin 6 cos 6 df

C_>sin29 jil
2 072

— | 57 p3
= |5 R?.

Two surfaces—one the hemisphere: da = R?sinfdf dot; r=R; ¢:0 — 27, :0 — 5
Jv-da= [(rcosf)R?sinfdfdp = R® foi sin9c059d9f d¢ = R3(3) (2m) = R,

other the flat bottom: da = (dr)(r smé)dd))(—i—@) =rdr quH (here 0 = 5). r:0— R, ¢:0 — 27.
Jv-da= [(rsinf)(rdrdg) = 7‘2d7‘ d¢—27r3 :

Total: [v-da=nR*+ 2nR% = 37TR3 v

Problem 1.41 | Vit = (cos  + sin 6 cos ¢)& + (— sin 6 + cos 6 cos ¢)6 + ﬁ(f siif fsin b\

Vit =

V(v

12 (7"2((:059 +sinfcos¢)) + —L5 2 (sinf(—sinf + cosf cos ¢)) + rsilnea%;(_ sin @)
2r(cos 0 + sin 6l cos ) + ——(—2sin 6 cos § + cos? 0 cos ¢ — sin? @ cos ¢) — — cos ¢
—2sm9(:089—|—2sm 6 cos ¢ — 2sin @ cos § + cos? O cos ¢ — sin® f cos ¢ — cos @]

= —L_[(sin® 0 + cos? 0) cos ¢ — cos ¢] = 0.



=
Check: rcosf = z, rsinf cos = x = in Cartesian coordinates t = x + z. Obviously Laplacian is zero.
Gradient Theorem: f: Vi-dl = t(b) — t(a)
Segment 1: 0 =5, ¢ =0, r:0— 2. dl =drt; Vt.dl = (cosf +sinfcos¢)dr = (0 + 1)dr = dr.
[Vtdl= [7dr=2.
Segment 2: 0 =5, r=2, ¢:0— 5. dl= rsinfdo ¢ =2do .
Vit-dl = (—sin¢)(2d¢) = —2sin¢pdp. [Vi-dl = f(f 2sin ¢ dp = 2 cos gb\og =
Segment 3: 7 =2, ¢=75; 0:5 — 0.
dl=7rd0f =2d06; Vi-dl = (—sinb + cos6cosp)(2df) = —2sin 6 d6.
JVitdl = ff 2sinfdf = 2c0s9|7 =2.

Total: f: Vitdl=2-2+2= . Meanwhile, t(b) —t(a) = [2(14+0)] - [0( )] =2. v

Problem 1.42 From Fig. 1.42, |§ = cos¢X +sin¢ ¥; QAS = —singX+cosopy; Z=12

Multiply first , by cos ¢, second by sin ¢, and subtract
3cos — Psing = cos? pX + cospsinp§ + sin® &k — sin g cos ¢ § = K(sin’ ¢ + cos? @) = %.

So | % = cos 8 — sind .

Multiply first by sin ¢, second by cos ¢, and add:
§sing + pcosd =singcosdX +sin py — sinpcos pX + cos? py = y(sin? ¢ + cos? ¢) =

So |y =sind8 + cos ¢ ¢. 7= 7.

Problem 1.43

(a) Vov = 1.2 (55(2+sin®¢)) + i%(ssmqf)cos@ 2(32)
= 125(2—|—Sln ¢) + % s(cos® ¢ —sin® ¢) + 3
= 4+ 2sin? ¢ + cos? ¢ — sin® ¢ + 3

= 4+sin2¢+cos2¢+3:
(b) f(Vv)dr = [(8)sdsdpdz =8 [* sds [F do [ dz = 8(2) () (5) = [40m.

Meanwhile, the surface integral has five parts:
top: z =5, da=sdsd¢z; v-da=3zsdsdp =15sdsdp. [v-da=15 f02 sds fO% d¢ = 15m.
bottom: z =0, da = —sdsd¢2z; v-da = —3zsdsdp = 0. fv-da = 0.
back: ¢ = 7, da= dsdqub; veda = ssin¢cospdsdz = 0. fv-da =0.
left: ¢ =0, da = —dsdz ¢A); v-da= —ssin¢cospdsdz =0. [v-da=0.
front: s =2, da = sdpdz$; v-da= s(2+sin® ¢)sdpdz = 4(2 + sin” ¢)dep dz.
Jvida=4 fog (2 + sin? ¢)do fOS dz = (4)(m + 7)(5) = 257.

So $v-da = 157 + 257 = 40m. v/
(¢c) VXv = (lé%(Sz) - ai(ssin(bcomb)) §+ (2 (s(2+sin®¢)) — 2(32)) é

: (63 (5% sin ¢ cos @) — ( (2 + sin® ¢))>
ssmgbcosqbfsQSlH(ZsCOSQb)Z*




Problem 1.44

(a) (32)—2(3)—1:27—6—1:
(b) cos
(c) [zero.]

(d) In(—24+3)=Inl=

Problem 1.45

(a) [2,(2z +3)18(z) de = L(0 4 3) =

(b) By Eq. 1.94, 6(1 — ) = 6(z — 1), sol+3+2:
f 922 6(z + )d:vzg(—%)zéz 3.

(d) ’ (ifa>0),0(ifa< b)‘

Problem 1.46
a) [70, f(2) [2356(x)] do =  f(2)d(x >|i°oo—f°°oodL<x ()6 ()

The first term is zero, since d(x) = 0 at :too, ~(zf(x) =23 = :z:% + f.

:I'

So the integral is — [*°_ (z% + f) d(z)dx =0— f(0) = — =— [ f(x)é(z)dx
So, z4L6(x) = —6(z). qed

b) 7 F(@)grde = f(2)0(x)| = — 7, E0(@)dx = f(o0) = [ dhdz = f(o0) = (f(00) = £(0))
= [ f(2)6(z)dx. So % = §(z). qed

Problem 1.47
(a) ’p(r) =q&3(r—7r'). ‘ Check: [p(r)dr =q [63(r —v)dr=q. v

(b) | p(x) = g0 (r — ) — 48°(x). |
(c) Evidently p(r) = Ad(r — R). To determine the constant A, we require
Q= [pdr = [AS(r — R)dmr?dr = A4rR?.  So A= ;3. |p(r) = 10(r — R).

Problem 1.48

(a) a® +a-a+a? =

(b) f(r —b)2 553 (x) dr = {107 = 4 (42 + 37) =

(c) 2 =25+9+4=38>36 =62 so cis outside V, so the integral is

() (e— (28 +29+22)° = (1x+09+ (-1)2)° =141 =2 < (1.5)2 = 2.25, so e is inside V,
and hence the integral is e:(d —e) = (3,2,1)-(—2,0,2) = —6+0+2 =

Problem 1.49
First method: use Eq. 1.99 to write J = [e™" (47r53(r)) dr = 4me " =
Second method: integrating by parts (use Eq. 1.59).



<

r —-r 7'rf' —r 9 —r | a —Ta
J:—/—2~V(e )dTJr?{e r—2~da. But V(e )(87"6 >re f.
v S

R
1 .
/ 5€ T 4mr? dr—|—/ 1‘2'7‘2Sin9d9d¢f‘:47T/67rdT+67R/Sin0d9d¢
r r
0

=drm (—e™") |0R t+dme B =dr (—e P +e %) +dme F =dn.v  (Here R= o0, so e #=0.)

Problem 1.50 (a) V-F1 = 2 (0) + 2(0) + £ (¢?) =[0 V-F,=2524+ 8848 —141+4+1=
Xy z 9 X ¥y z
o 90 0 N ~ o 0 0
VXxF; = 9z Oy % :—y%($2):; VXxFqy = 9z 9y 0z :@
0 0 =z x Yy z

F5 is a gradient; F; is a curl‘ U; = (:E +y? 4z ) would do (Fg = VU>).
3

For A;, we want (8‘4 94, ) (8‘4 8‘42) =0, 24 04 _ g2 p =2 A = A, =0 would do it.

a: oy 9: — on oz 0y v =3
Ay =12%9| (F1=VxA;). (But these are not unique.)
Xy 2
(b) V-F3 = Z(y2) + ay(xz)—&-a%(a:y) =0; VxFz3=|2 8% Il=x@-2)+y@y—y) +2(z—2)=0.
yz vz TY

So F3 can be written as the gradient of a scalar (F3 = VUs) and as the curl of a vector (F3 = VXAgz). In

fact, does the job. For the vector potential, we have

8?22 — % — 4>, which suggests A, —y 2+ flz,2); Ay = —3y2° + g(2,y)
G@fw - % = x2, suggesting A, 4Z x+h(z,y); Ao =—3za° +j(y, 2)
83; 8('2/1 =y, SO A 4(E y+ k(yv Z)a Ay —*CUy2 + l(l" Z)

Putting this all together: | Az = i {m (z2 — y2) X+y (x2 — 22) V+z (y2 — x2) 2} (again, not unique).

Problem 1.51
(d) = (a): VXF =VX(-VU)=0 (Eq. 1.44 — curl of gradient is always zero).
(a) = fF dl = f(VXF) ~da =0 (Eq. 1.57-Stokes’ theorem).

(€)= ): [P F-dl—[° F-dl=["F d+ [} F-dl=§F dl=0,s0

b b
/ F-dl:/ F-dl
a | a JI

(b) = (c): same as (c) = (b), only in reverse; (c) = (a): same as (a)= (c).
Problem 1.52

(d) = (a): V.-F=V«(VXW) =0 (Eq 1.46—divergence of curl is always zero).
(a) = (¢): §F-da= [(V-F)dr =0 (Eq. 1.56—divergence theorem).




(¢)= (b): [;F-da— [,,F-da=¢§F-da=0,so

/F-da:/ F . da.
I IT

(Note: sign change because for § F - da, da is outward, whereas for surface II it is inward.)
(b) = (c): same as (¢) = (b), in reverse; (¢)= (a): same as (a)= (c) .
Problem 1.53
In Prob. 1.15 we found that V-v, = 0; in Prob. 1.18 we found that VXxv,. = 0. So
’vc can be written as the gradient of a scalar; v, can be written as the curl of a vector. ‘

(a) To find ¢

(1) &L=y t=y’x+ f(y,2)
(2) g—f/ = (2xy—|— z2)
(3) &t =2yz

From (1) & (3) we get %zQyzéfzyzQ—Fg(y):>t:y2x+yz2+g(y), so%zwa—!—zQ—&—g—y:

2zy + 22 (from (2)) = g—z = 0. We may as well pick g = 0; then |t = zy? + yz2.

. oW, W, _ 2. oW, _ OW. _q.2.. W, ow, _ _
(b) To find W: S 5 = T% g, P = 97T 5o 9, = 2Tz,

Pick W, = 0; then

oW, 3
o 3t =W, = —§m2z2 + f(y, 2)
ow,
ny = 2zz= W, = —2%2+g(y, 2).
E)TVZZ?@;Z;, :%Jr;z:?—%:x?;»%fg—g:o. May as well pick f =g = 0.
W= —z22§ — %1:222 Z.
X ¥y z
Check: VXW = |2 8% 2 =% (2%) +§ (3z2%) +2(—222).v
0 —x%z —32222

2

You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some
other solutions:

W =z22% — 222,

W = (Qxyz + :1725) X+ 2%y 2

W =zyzx — %1229 + %xQ (y — 3z2) Z.




Problem 1.54

1 —_—
rsinf 0¢

(77’2 cos 0 cos ¢)

19 2,2 L9 (ings?
23, (r r COSG)+rsin989 (sm@r cos¢)+

(77*2 cos f sin ¢)

1
ecosﬁrzcosdwr

1 .
= —247"3 cosf + —
T rsin

rsinf

0
= TCOSO [4sin 6 + cos ¢ — cos ¢] = 4r cos .

S

w/2

R /2
/(V-V)dT = /(4rcos9)r28m9drd9d¢:4/r3dr/cosesinode/d¢
0 0

- ) (3) (5) =[5

Surface consists of four parts:
(1) Curved: da = R*sinfdfd¢t; r=R. v-da= (R*cosf) (R?sinfdfdp).

/2 w/2

1 s TR*

. = 4 1 = 4 — — = —

/v da=R /cos931n0d0/ dp=R (2> (2) 1
0 0

(2) Left: da= —rdrdfd¢; 6 =0. v-da= (r?cos@sing) (rdrdf) =0. [v-da=0.
(3) Back: da=rdrdf¢; ¢ =n/2. v-da= (—r?cosfsing) (rdrdf) = —r°cosfdrds.

/2

R
/V~da: /rgdr / cosfdf = — <iR4> (+1) = fiR‘L.
0 0

(4) Bottom: da =rsin0drd¢@; 6 = /2. v-da= (r?cos ¢) (rdrdg).

Total: §v-da=7R'/4+0— 1R 4+ IR =22 o

4
Problem 1.55
Xy z
VXV = %%% =z(b—a). So [(VxvV)-da=(b—a)mR?
ay br 0O
v-dl=(ayX+bxy) (deX+dyy +dz2) = aydr + brdy; 22 +y* = R? = 2xdx + 2ydy = 0,
so dy = —(z/y)dz. So v-dl=aydz+br(—z/y)dx = L (ay? — bz?) dz.

Y



. R27 2 71) 2
For the “upper” semicircle, y = vV R2 — 22, so v - dl = o( R —o?) ba? dz.

I _a?
_RaRQ—(a-H))ac2 9 . 1 (T T R? [T -
. — P ST A — n_ ) — _ 2 _ 2 o @n -

/V dl T dx {aR sin (R) (aer){ 5 R? —z2 + 5 sin (R)]}+R
R

_ Lo gy R S U g (LT

= SR a—b)sin (x/R)JerQR (a=b) (sin~" (1) = sin™! (+1)) = 5 R*(a b)( : 2)
1

:§7TR2(b—a).

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so
$v-dl=nR*(b—a). v

Problem 1.56

VDz=2=0dr=dz=0; y:0—1. v-dl=(yz?)dy=0; [ v-dl=0.

(2)z=0; 2=2-2y; dz=-2dy; y:1—0. v-dl=(y22)dy+By+2)dz = y(2—2y)% dy— (3y+2—2y)2dy;

0
4 4,3 2 0
/V'dl:2/(2y3—4y2+y—2)dy=2(y2—g+yQ—2y>
1

1 3

B)r=y=0,dz=dy=0; 2:2—0. v-dl=By+z2)dz=zdz;

Total: ggv-dle—l—%l— = %.

Meanwhile, Stokes’ thereom says § v - dl = [(V X V) - da. Here da = dy dz %, so all we need is
(VXV), = (%(Sy +2) — Z(yz*) =3 —2yz. Therefore

/(VXV)-daz//(3—2yz)dydz=/01 [/022y(3—2yz)dz} dy

1 1
= / [3(2 —2y) — 2y5(2—2y)*] dy = / (—4y® + 8y* — 10y + 6) dy
0 0

) 1
= (—y4+%y375y2+6y)’0:71+§f5+6:%./

Problem 1.57
Start at the origin.

(1) =%, ¢=0;7:0—1. v-dl=(rcos?)(dr)=0. [v-dl=0.
/2

(2)r=1,0=%; ¢:0—7/2. v-dl=(3r)(rsinfdp) =3dp. [v-dl=3 [ dp=73.
0



(3) =% rsinf=y=1,s0r =5y, dr = S35cos0df, 0:% — 0y =tan~'(1/2).

29 cos 6 cos fsin 0
Sdl = 20) (dr) — fsinf)(rdf) = <> 7 [ EBT ) gp - CBTIMY 4y
v (rcos )( r) — (rcosfsinf)(r db) - nZd nZd
cos®0  cosf cos [ cos? 6 +sin?0 cosf
- _ + =) df=—= df = — de.
<Sin30 Sln9> sin 6 ( sin? 0 ) sin® @
Therefore
" coso 1 |% 1 1 5 1
cos
ndl=— df = =--z=2
/v /sin39 2sin? 6 a2 2-(1/5) 2.1 2 2
/2
(4) 0=060, =73; r:vV5—0. v-dl=(rcos’f) (dr) = 2rdr.

Total:

fv-d1:0+3§+2—2:

Stokes’ theorem says this should equal [(VxvV)-da

_ L |9 9 : 11 2 ) 9 )
Vs rsing [89(8111937*) a(j}(—rsm&cos&)} Ty Lln ¢ (rcos®0) — E(r?’?“) 0
119 : 9 o] -
+ - [m(—rvﬂcosﬁst) ~ % (rcos 0)} )

7S

3cotft —686.

= 1 9[37“0059]?—1— 1[—67“]9—1— 1[—27“COSHSin(9—|—27“cosﬁsin€]¢3
r r

(1) Back face: da = —rdrdf ¢; (Vxv)-da=0. [(Vxv)-da=0.
(2) Bottom: da = —rsin@drdp@; (Vxv)-da=6rsinfdrdp. § = 5,80 (Vxv)-da=6rdrd

/2

/(VXV)~da:O/6rdr/d¢:6.

0

3

T
— .V
2 2

DN | =

Problem 1.58
v-dl=ydz.

(1) Left side: z=a —x; dz = —dx; y=0. Therefore [v-dl=0.
(2) Bottom: dz =0. Therefore [v-dl=0.



M

1y
22

0
(3) Back: z=a—%y; dz=—1/2dy; y:2a —0. [v-dl= [y(—3dy) = —
2a

Meanwhile, VXv =%, so [(VXV)-da is the projection of this surface on the zy plane = - a - 2a = a’. v
Problem 1.59

10,45 1 0 ,. 9 1 0
V'V = ﬁa (T T Sln@) —+ m% (S1H04T COS&) rs]nea¢ (T tan@)
1 1 4
= —47" sin @ + ———4r? (c08297sin2 9) = .r (sin 0 + cos? 0 — sin? 9)
rsin 6 sin 6
B cos? 6
sinf

/6

R
cos? 0\ , 5 . 4 0 sin207|™°
/(V-V)dT :/ dr— (r?sin 6 dr d6 do) :/4r dr/cos 9d9/d¢ (RY) (2m) |- +
sin ¢ 2 4
0

0
0

sin 60° R* 3
2WR4<1772+51H ):W<7r+3\2[>: ’%4(2774—3\/3).

4 6

Surface coinsists of two parts:

(1) Theice cream: r = R; ¢: 0 — 2m; 0 :0 — 7/6; da = R?>sin0df dp #; v-da = (R2 sin 9) (R2 sin 0 df dgb) =
R*sin? 0 df do.

2

n 11 "/6 1 R? V:
/v-da =R* / sin? 9d9/d¢ = (R*) (2m) {29 - 4sin29] =27 R* ( — — sin 60° ) ™t <7T -3
0 0

o 12 4 6 2

(2) The cone: 0 =75; ¢:0—2m; 7:0— R; da—rsmﬂdgbdrO—\/grdrdqﬁé; v-da=/3r3drde

/v da_f/r dr7d¢ \f— 27r_§7rR4

0

Thereforefv-daz%(%—@—i—x/@Z%(%r—&—?)\/g). V.

Problem 1.60
(a) Corollary 2 says ¢(VT)-dl = 0. Stokes’ theorem says ¢§(VT)-dl = [[Vx(VT)]-da.So [[VX(VT)]-da =0,
and since this is true for any surface, the integrand must vanish: Vx(VT) = 0, confirming Eq. 1.44.

(b) Corollary 2 says §(V xv)-da = 0. Divergence theorem says §(V xXv)-da= [ V-(Vxv)dr.So [ V-(VXV)dr
= 0, and since this is true for any volume, the integrand must vanish: V(V xv) = 0, confirming Eq. 1.46.
Problem 1.61

(a) Divergence theorem: ¢ v -da = [(V-v)dr. Let v = cT, where c is a constant vector. Using product
rule #5 in front cover: V.v = V-(c¢T) =T (V-c)+c-(VT). But c is constant so V-c = 0. Therefore we have:
[e-(VT)dr = [Tc- da. Since c is constant, take it outside the integrals: ¢- [ VT dr = c¢- [T da. But ¢




is any constant vector—in particular, it could be be X, or ¥, or Z—so each component of the integral on left
equals corresponding component on the right, and hence

/VTdT:/Tda. qed

(b) Let v — (v x ¢) in divergence theorem. Then [ V-(v x ¢)dr = [(v x c) - da. Product rule #6 =
V:(vxc)=c (Vxv)—v-(Vxc)=c-(Vxv). (Note: Vxc =0, since c is constant.) Meanwhile vector
indentity (1) says da- (v xc) =c-(daxv) = —c- (v xda). Thus [c-(VXv)dr = — [c- (v x da). Take c
outside, and again let ¢ be X, ¥, Z then:

/(VXv)dT: —/dea. qed

(c) Let v = T'VU in divergence theorem: [V-(T'VU)dr = [TVU -da. Product rule #(5) = V-(I'VU) =
TV-(VU)+ (VU) - (VT) =TV?U + (VU) - (VT). Therefore

/ (TV2U + (VU) - (VT)) dr = / (TVU)-da. qed

(d) Rewrite (¢) with T «— U : [ (UV2T + (VT) - (VU)) dr = [(UVT)-da. Subtract this from (c), noting
that the (VU) - (VT) terms cancel:

/ (TV?U - UV?T) dr = / (TVU —UVT) -da. qed

(e) Stokes’ theorem: [(VXv)-da= §v-dl. Let v=cT. By Product Rule #(7): VX (cT)=T(VXc)—
¢ x (VT) = —c x (VT) (since c is constant). Therefore, — [(c x (VT))-da = ¢ T'c-dl. Use vector indentity
#1 to rewrite the first term (¢ x (VT))-da=c- (VT x da). So — [c¢-(VT xda) = ¢ c-Tdl Pull c outside,

and let ¢ — X, ¥, and Z to prove:
/VTxda:—%le. qed
Problem 1.62

(a) da = R%sin 0 df d¢ #. Let the surface be the northern hemisphere. The % and § components clearly integrate
to zero, and the Z component of # is cosf, so

sin? 0

e

w/2
a:/RQSinecosede(bi:27TR22/ sinfcosfdf = 2rR? 2 o
0

(b) Let T'=1 in Prob. 1.61(a). Then VI' =0,s0 §da=0.  qed

(¢) This follows from (b). For suppose a; # ap; then if you put them together to make a closed surface,
$da=a; —ay #0.

(d) For one such triangle, da = %(r x dl) (since r x dl is the area of the parallelogram, and the direction is
perpendicular to the surface), so for the entire conical surface, a = % $rxdl

(e) Let T = c - r, and use product rule #4: VT = V(c-r) = ¢ x (VXr) + (c- V)r. But Vxr = 0, and
(c-V)r=(c; &+ Cya% te. L) (@k+y§+22) =c,X+cy§+c.2=c. So Prob. 1.61(e) says

j{le:f(c-r)dlz—/(VT)xda:—/cxda:—cx/da:—cxa:axc. qed




Problem 1.63
(1)

4
<
I
\ —_
|
VRS
3
(3]
| =
N———
Il
\ —
|
=
Il
-

For a sphere of radius R:

v-da =
/ / ( So divergence

?) - (R?sin@dfdg?) = R [sin0df dp = ArR.
R

J(Vv)dr = [ (%) (r*sinfdrdfde) = <f dr) ([sinfdfdg) =4 R. ( theorem checks.
0

==

Evidently there is no delta function at the origin.

mer 10 N 1 n n—
VX (" 8) = 5o (rPr) = o (1) = S 2T ={ (04 2

(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 476%(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
Prob. 1.61(b): If VX(r"#) = 0, then [(VXxv)dr = 0 L —¢v xda. But v =7r"f and da =
R?sin0df d¢ & are both in the  directions, so v x da = 0. v’

Problem 1.64
(a) Since the argument is not a function of angle, Eq. 1.73 says

D 11d|, 1 2r 1 d 73
= ————|r°|(—-= = -
4m r2 dr 2 ) (r2 + €2)3/2 drr? dr | (r2 4 €2)3/2
1 {( 3r2 ; 3 2r ] 1 3r2 (1"2 e 7‘2) _ 3e? v

anr? | (r2 + €2)3/2 - (r2 + €2)5/3 = 42 (r2 + €2)5/2 A (r? 4 €2)5/2°

(b) Setting r — 0:

which goes to infinity as € — 0. v/
(c) From (a) it is clear that D(r,0) =0 for r # 0. v/

(d) ,
2, a2 [ r a2 1\ _
/D(T,E) 4rre dr = 3e A de—SG <3€2> =1V

(I looked up the integral.) Note that (b), (c), and (d) are the defining conditions for §3(r).




Chapter 2

Electrostatics

Problem 2.1

(a)

1 qQ

i r— where r is the distance from center to each numeral. F points toward the missing q.
TEY T

(b)

Ezplanation: by superposition, this is equivalent to (a), with an extra —¢q at 6 o’clock—since the force of all
twelve is zero, the net force is that of —g only.

(c)

1 qQ
(d) 4dmeg 12

a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired ¢
doing the job, then you’ll need a different explanation for (d).

pointing toward the missing ¢q. Same reason as (b). Note, however, that if you explained (b) as

Problem 2.2

This time the “vertical” components cancel, leaving E
E= ﬁ?ﬁsin@&, or 2 /0
1 d ‘
B= 4eg (42 qd 213/2 X,
(2+ (%)) g e

From far away, (z > d), the field goes like E ~ ﬁg—f Z, which, as we shall see, is the field of a dipole. (If we

set d — 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge
from far away, the net charge is zero, so E — 0.)




Problem 2.3

E. = fL 295 cos0; (2 2 =22+ 2?; cosf = )

47150

- 47'r50 fO 2+m2)3/2

dq = M\dx _ 1y a1
I 47r601 Lzz)\\/iz2+w2 0 417T€o z \/z2+L;'
_ dzr 3 _ zdr
Ly = dmeg JO 2 2 sin 6 = 4#50)‘f (z2+22)3/2

L
SR T R B
0 4meq z VZ224L2 |

— _ 1y [_;}
T 4meo Vz2+22

1 A z L
E= Nt Y| X+ | == | 2| .
dmeg 2 [( \/22+L2> <\/z2+L2) }
For z > L you expect it to look like a point charge ¢ = \L: E — ﬁ%i It checks, for with z > L the X

1 AL,
4meg z 2z 7

term — 0, and the z term —

Problem 2.4
From Ex. 2.2, with L — § and z — /22 + (%)2 (distance from center of edge to P), field of one edge is:

1 Aa

dmeo \/z2+“4—2\/z2+%+%

There are 4 sides, and we want vertical components only, so multiply by 4cosf = 4

E, =

z249r
1 4)az .
=1 - = 2.
€0 (2 4 o) 2 4 2
Problem 2.5
“Horizontal” components cancel, leaving: E = 47360 { i édlz cos 0} Z

Here, 2 2 =12 + 22, cosf = %~ (both constants), while Jdl =27r. So

1 A2mr)z
= VA
4eq (7"2 + 22)3/2

Problem 2.6
Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total
charge of a ring is ¢ - 27r - dr = A - 27r, so A = odr is the “line charge” of each ring.

1 dr)2 1 R
Ering = (odr)2mr i Paisk = 727“72/ ;dr.
47‘(‘60 (7/.2 + 22)3/2 47760 0 (7"2 + 22)3/2
1 1 1
Egisk = 2 - —| Z.
tiske dmeg oz [2 \/R2+z2]z




For R > z the second term — 0, so Epjane yr— 2woZ = 2i2
€0
1 1 27V 1 R? 1_ 1, 1R? R?
F0”>>R¢W:2(1+72) z;(—i?)aso[]%;—zﬁﬁis:ﬁa
2
and F = 4ﬂ60 mEo = 47350 =%, where Q = 7R%0. v
Problem 2.7 z
E is clearly in the z direction. From the diagram,
dg = oda = o R?sin 0 df do,
2=R%2+ 22— 2Rzcos¥,
COsw — Z—I}LCOSQ.
So
B - 1 /Ustin9d9d¢(z—Rcose) [dé = 2m.
d7e (R? 4+ 22 — 2Rz cos §)3/2
. x :
B 5 T (z — Rcosf)sinf B ) . Jo=0=2u=+1
= Inco —(27R%0 )/0 (2 + 22 — 2Rz cos )2 de. Let u = cosf; du= —sinfdb; b=r=u=—1
9 ! z— Ru
=7 (2rR*0) / R+ 22— 2Reu)il? du. Integral can be done by partial fractions—or look it up.
Ty 1 22 —2Rzu
(27 R%0) 1 zu—R ! _ 1 2rR%c (2 — R) ~(=2-R)
4meg 22 \/R2+ 22 —2Rzu] _, 4mey 22 |z — R| |z + R|
1
For z > R (outside the sphere), E, = - 4”52‘7 = a0 |E= Tres % Z.
For z < R (inside), E, =0, so
Problem 2.8

According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge
were concentrated at the center, while all exterior shells contribute nothing. Therefore:

1 Qint -

4dmeg 12

E(r) =

)

where Qins is the total charge interior to the point. Outside the sphere, all the charge is interior, so

1 @,

471'60 T2

Inside the sphere, only that fraction of the total which is interior to the point counts:

Qint =

g’ 3 1 1 1 Q
2

- 5 E i = - T.
%WRSQ R“Q S0 47eq RdQ r 47eq Rdr

Problem 2.9

(a) p=€eV-E=¢ %dg( 2 krd) = eo5k(5rt) =



(b) By Gauss’s law: Qenc = €9 $ E-da = eg(kR?)(47R?) =
By direct integration: Qenc = [pdr = fOR(5€0k’7“2>(47T7“2d7“) = 20meok fOR ridr = dwegkR® v
Problem 2.10

Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface
of this larger cube gets the same flux as every other one, so:

1
E.da= — E-da.
/ da 7 / da

one whole
face large
cube

The latter is =¢, by Gauss’s law. Therefore E-da = 4
€o 24€q

one
face

Problem 2.11

: ) . _ 2y 1 _ _
Gaussian surface: Inside: § E-da = E(4nr?) = = Qenc = 0=
oR2 } (As in Prob. 2.7.)

— 7
€or>

— Gaussian surface: Outside: E(4nr?) = L(c4rR?) = |E =

1
€0

Problem 2.12
$ E-da=F-4nr? = éQenC =143, So

€3

Gaussian surface 1

E=—prt.
1 Qf-

Since Quoy = 37R%p, E =

(as in Prob. 2.8).

Problem 2.13
Gaussian surface §E-da=FE-2rs-1= 1 Qene = LA So
€o venc e v

[ \ s \/ i\
E= § Eq. 2.9).
\ / / 27r60ss (same as Eq. 2.9)

—_——
l

Problem 2.14

— 2 _ 1 _ 1 _ 1 (72 -
$ E-da=E - 4nr = = Qenc = ifpdr = o J(kr)(7* sin 0 dr d6 do)
Gaussian surface = é kam [ 7dr = 4;]”7 = %7“4~

1
E= wkr?t.
47eq




Problem 2.15
(1) Qenc = 0, 50

(i) § B-da = E(47mr?) = LQene = & [pdr = L [ L7 sin0dr do do

k (r—a |E|
Ak 7 3= 4k . -
= dreo(ra),,E< 5 >r.

€ Ja

(i) E(d4mr?) = 425 (7 g7 = 47k (p — q), 50
ol () P
e r2

Problem 2.16

$E-da=FE 21s-1= éQem = épstZ;

2\
(i) ()) +—— Gaussian surf: _ ps,
@ ausslan surrace E — .

/

260

\ N \+—— Gaussian surface §E-da=FE-2rs-1= ngnC _ %pﬂ'aQI;
1 pa’
E=_—3s
T 7 7 2608
1

(iif) ( ) ) ) $E-da=E-2ms-1= LQuc = 0;
-E:0.
/ .
7 E|

I
I
|
I
|
a b s

Problem 2.17 On the z z plane E = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane
and the other at y.

Gaussian pillbox

fE'da =F-A= éQenc = éAyﬂ;

.
@ E="yg|(for |y < d).

. y<— €0




Qenc = %Adp = |E = %dy (fOI“ y > d)

Problem 2.18
center to the point in question. Likewise, the field of the negative sphere is fﬁr_. So the total field is

P
EZg(r+—r_) _

r% ::

d

E="d.
360 +

From Prob. 2.12, the field inside the positive sphere is E; = %mm where r is the vector from the positive

But (see diagram) ry —r_ =d. So

1
VXE =

Problem 2.19
Vx/ % d ! / V x ” dr (since p depends on r’, not r)
—s = — —s T 111 nas on 1
4meg 2 2P0 Ty 0 22)|" pacp ’

0, from Prob. 1.63).

2
=0 (since VX (/ﬂ) =

Problem 2.20
Xy 2
(1) VXE; =k|&% 3 52 | =k[X(0—2y) +9(0 - 32) +2(0 — x)] # 0,

so E; is an impossible electrostatic field.

X v Z
(2) VXEy =k|a 4 & |=k[&(2z2—22)+§(0—0)+2(2y —2y)| =0,
y? 2xy + 2% 2yz
so E, is a possible electrostatic field. -
Let’s go by the indicated path:
E-dl = (y?dx + (2vy + 22)dy + 2yz dz)k ‘l($07 Y0, 20)
Step I: y =2 =0; dy = dz = 0. E-dl = ky? dz = 0. I
Step II: t =x¢,y:0 — yg, 2=0. de =dz = 0. I Y
E-dl = k(2xy + 2%)dy = 2kzoy dy.
[y Bedl = 2k [[° ydy = kaoy3. "
x

Step IIl: x = x¢, y = Yo, 2: 0 — 2¢; de = dy = 0.
E-dl = 2kyzdz = 2kypz dz.



Jrr Erdl=2yok [ 2 dz = kyozd.

(0,Y0,20)

V(zo,%0,20) = — f E.dl = k(fﬂoy% + yozg), or ’ V(‘T>ya2) = —k’(ffy2 + yZQ)-‘

Check: —Vv= k:[ai zy?+yz?) 5&+%(zy2+y22) 9+%(zy2+y22) 2]:k[y2 R+ (20y+22) 9+2yz 2]=E. v
Problem 2.21

Outside the sphere (r > R) : E = 1~ %¢.

V(r) = — [7 Bedl.
Inside the sphere (r < R): E = %%Tf.

47e
1y ¢ 1
So for r > R: V(r) = f <4m“2)d7”:mq(?)oo: dreg 1’

and for r < R: V(r) = fR (47760 %) T— fR (47760 R3r> dr = 47360 [% - % (#)}
2
B 47360% (3 IT%>

Whenr >R, VV =L (I)f=—0 L oE=-VV=_LL¢

Ameq 12

—_a 1.0 (q_r>\a_ 1 (_2r\a_ _ _q 1 & - _ — 1 4.3
Whenr<R,VV74ﬂ602RaT(3 Rz)r 4W602R( Rz)rf 4momr,soEf VvV = . .V

(In the figure, r is in units of R, and V(r) is in units of ¢/4megR.)

Problem 2.22

E = 4736 23’\‘ (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself

extends to co. Let’s set it at s = a. Then

== <4’T1€0 5) - 47‘(’602)\1n((1>

(In this form it is clear why a = co would be no good—likewise the other “natural” point, a = 0.)

VvV =-— 471'6 2)\ ( (7))§:_4T}€02)\% §=-E.v
Problem 2.23
0) = — [LBdl = — [J(ECG)dr — [ (ELS)dr - [J(0)dr = ECFD — k(I () +a(} - )
3 a a a k b
:%{1—3—ln(5)—1+3}: q)ln<a>

Problem 2.24
Using Eq. 2.22 and the fields from Prob. 2.16:

V(b)) ~V(0) = — [{Edl = — [{ Bedl — [LEedl = — £ [ sds — 22 [ 1ds

6



2
— () 2T e g = | P b
_ (260)20+2601n5|a7 o (1+21n<a :

Problem 2.25

1 2q

- 4eq 2y (g)z'

(a) |V

L . L
(b) V = ﬁf_L% = ﬁ In(z + V22 +2?)|_,

A ln<L+\/22+L2> z,

A 0 L+vVz2+ 17 || »
| 4meo —L+V22+IL2|| 2meo z
x
1 R o omrdr 1 R o
V= = 2o (V2 2)| = | = (VR 2 - 2).
(c) e ), Vo dme wo (V12 + 22) . 5eg +22—2
In each case, by symmetry %—‘y/ = %—Z =0. - E= —%—Zi.
1 1 2z 1 2qz
(a) E=— 2q <—> T3 2= Z | (agrees with Ex. 2.1).
/2 2.3/2
47eq 2 (22 + (%)2) 4meq (z2 + (g) )
A 1 1 1 1 1 1
(b) E=— { = 2z — - Qz} Z
dmeo | (L+ V22 +L2) 222+ L2 (—L+ V22 +L2)2/z2+ 2

A z ~L+V22+I2-L—V22+ L2, |2LX 1 . ,
S 72 =| —— ———17| (agrees with Ex. 2.2).
dmeg /22 + L2 (22 +L?) - L? dmeo 2/22 + L2

o 1 1 o z
DE=——<{-—"n—-22-17Z2=| — |] - ———
(c) 260{2\/}%2—1—22 } 2¢ [ \/Rz—i—zJ

If the right-hand charge in (a) is —¢, then , which, naively, suggests E = —VV = 0, in contradiction
with the answer to Prob. 2.2. The point is that we only know V' on the z axis, and from this we cannot hope
to compute E, = —%—Z or B, = —%. That was OK in part (a), because we knew from symmetry that

E, = FE, =0. But now E points in the z direction, so knowing V' on the z axis is insufficient to determine E.

Problem 2.26

~

Z | (agrees with Prob. 2.6).

B,
S——
V() 1 /Oﬁh <027r7‘> in — 20 1 (\/ih)za—h

- 4meq 2 " dreg ﬁ 2€0 a

(where r = 2 /\/5)



V2h g4TTr _
V(b) = 47360/0 ( i )da (where 2 :\/h2+¢2—\/§h¢)
2t 1 V2h 2
= 27 - dr
dmeov2.Jo  \/RZ £ 22— \ha
:2f€0{\/h2+¢2 V2h2 +—ln2\/h2+¢2 V2h2 +2¢—fh)]
= 2\;60 [h+ \hfl (2h+2\/§h—\/§h)—h—\hfln(2h—\/§h)]
N h 2+v2) _ oh
_2\“0[[111(2%\@) In(2h — \fh)} 401 (Q_ﬁ)_%

oh

| V(a) —V(b) =

260

oh {1 fln(1+\f2)} .

d

2

0

(2+v2)?

V2h

Problem 2.27

Cut the cylinder into slabs, as shown in the figure, and
use result of Prob. 2.25c, with z — x and 0 — pda:

z+L/2
V=L (\/R2+127x)da:
<Oz L/2
z+L/2
= %5 [ac\/Rz—l—xQ—l—Ran( +VR?2 + 22?) —xQHZfLéz

P L 2 L)2 L 2 L\2, p2 +E+ R2+(Z+L)2
2 { o+ 1A B (o ) oo ) e | A B

(Note: — (z+ %)2 + (2 —

= — —_ — 2
vV Zaz 460{ R z+

sy

)2

+ R?

—z2—zL—L72—|—z2—zL+

LT = —2zL.)

— -
x dx

—+/R2 + Z_f
/R2
+7 2

R

_QL}

CHED Wﬁ
s+ LR (24 L) z—f—i-\/R?
1
VR e+ 8) ¢R2+<z—f




2 2
p L A
=| LR+ (242) +{/R2+(2-2 .

Problem 2.28
Orient axes so P is on z axis.

Ve 1 [£d Here p is constant, dr = 72 sin @ dr df do, i
= Ineo J 24T 2 =224+ 12— 2rzcosb. ’

y
_ P r2 sin 0 dr dO _r°sinfdrdfde 27 _
V= 4meg J \/224r2—2rzcosf ; fo d(’b = 2m. X

Jo Tt df = o (VP + 22— 2rzcos )|, =& (VrZ+ 22+ 2rz — ViZ + 22— 2rz)
2/z ,ifr <z
_ 1 _ _ — ) )
A Ul ) {2/r,ifr>z.}

Ot —n

. P 12 Rl P 1z R?—2? P 2 22
V=gl 2w 29 [ ortdr 4 [ 1rtd g{;?JF 2 }ZE(R—?)-
z

2
22 22 q T
But p = . 50 V(z) = T <R2 - ?) = SR (3 - ﬁ) Vi) = SreoR (3 - Rg) |V

Problem 2.29

V2V = 47T60 sz( )dT = 471'60 [p(r (V2 L )dT (since p is a function of r/, not r)
= g [p(c))[—4nd3(r — x')]dr = — L p(r). v

Problem 2.30.
€0

(a) Ex. 2.5: Eapove = %ﬁ; Epclow = fﬁﬁ (2 always pointing up); Eabove — Ebelow = <. v/

Ex. 2.6: At each surface, F = 0 one side and £ = < other side, so AE = f v

Prob. 2.11: Eoy = 258 = 27, By, = 0550 AE = 2. v

(b) O st 1R\ Outside: §E-da= E(2ms)l = LQenc = Z(27R)l = E = Z 28 = 235 (at surface).

Inside: Qene =0,s0 E=0. . AE = %é v

(¢) Vout = Ro _ R—(‘)’ (at surface); Vip = Ij—(‘]’ ;50 Vouy = Vin. v/

OVouws _ _ R0 _ .9V _ . OVou OVin _
A 7 = —Z (at swrface); G =0 ;50 e — Fin = — 2.,



Problem 2.31

@)V =g 2 = 5 {;aq + o T ;aq} = Trea (*2+ %) :
2
q 1 (1) (4)
S Wi=qV = -2+ —=. * *
1= dmega ( + \/i) - +
1 (=g 1 q? ¢ ot K
(b) Wi =0, Wa = Lo (=2 Wy = 2L (- — L); Wi = (see (a). (2) (3)

1 2¢? 1
W= i {1+ -1-2e )= 22 (e ).
0

Problem 2.32
Conservation of energy (kinetic plus potential):

1 2 1 2 1 qags
- - —— =F.
QmAUA + 2mBUB + dmeg 71
At release vq4 =vp =0, r =a, so
_ 1 qagm
dreg a

When they are very far apart (r — oco) the potential energy is zero, so

1 2 1 2 _ 1 qaqs
QmAUA + 2mBUB Cdmey a

Meanwhile, conservation of momentum says mavq = mpvpg, or vg = (ma/mp)va. So

2
1 9 1 ma o 1 [(mgy o 1 qags
QmAvA + 2mB (m3> va = 2 \'mp (ma+mpvy = dmey a

oA = 1 qA4B ma\. . _ 1 qA9B mp
2meg (ma +mp)a YA B 2meg (ma +mpla \ma )
Problem 2.33

From Eq. 2.42, the energy of one charge is

1 1 & 1 (_1>nq2 q2 0 (_1)n
W=_qV=_(2 .
2(1 2( )ngl 47eg Z n

na 4mega T

(The factor of 2 out front counts the charges to the left as well as to the right of ¢.) The sum is —In2 (you
can get it from the Taylor expansion of In(1 + x):

1 1 1
ln(l—l-x):x—§x2+§m3—zx4+~~

with z = 1. Evidently .



Problem 2.34
(a) W = 3 [pVdr. From Prob. 2.21 (or Prob. 228): V = 22 (R* = ) = gl (3 7))

3 5
(3 - ) drrdr = -2 {3T - 17«]

W =

1
2 47760 2R 4R |"3 R25

_ 9B g | 1 (3¢
5€o 5¢€g 7TR3 dmeg \B R )~
1

(b) W =< [E?dr. Outside (r > R) E = 2~ %% ; Inside (r < R) E = ot

4meg T2

_ € 1 2 Ooi 2 f r 2 2

W= 5 (47T€0)2q {/R 7n4(r 4 dr) + ; (R3) (4mredr)
1 ¢ 1°°+1 o [F 1 ¢ 11 L3¢,
 dmeg 2 r)lg RS \'5 " ire 2 \R ' 5R)  4re5 R

0
(c) W = %0{ fs VE-da + fv E2d7'}, where V is large enough to enclose all the charge, but otherwise

arbitrary. Let’s use a sphere of radius a > R. Here V = 4”160 4.

2
_ € 1 ¢ 1 ¢ / 2 /“ 1 q 2
W = 2{/ (477607‘> <4W€0r2>r sin 6 df d¢ + E¢dr + N\ e 2 (4mredr)
J

2 2
€0 q 1 q 47 1 2 1
2 {(471’60)2 a + (4mep)? 5R + (4meg)? i T

1 ¢ (1 1 1 1 1 342
= S1atsr ot E(™ e
4meg 2 5R a R dmeg 5 R

As a — oo, the contribution from the surface integral ( Trc ‘212) goes to zero, while the volume integral

(47360 (217(5% - )) picks up the slack.

Problem 2.35

1 _
dW =dqV =dq ( ) g, (g = charge on sphere of radius 7).
dmeg ) 1 .
4 3 q
q= §7TT3p = q% (¢ = total charge on sphere). /
_ 4mr? 3q
dg = 4mridrp = 4 R3qd = ﬁﬁdr

1 qr 3q , 1 3¢ 4
dW = — | =+ dr ) = —r*d
47eq ( R3 > (R3 ) 4meg RS rar

1 3¢? 4 1 3¢R° 1 (3¢
= —— ridr = -=|.v
4dmeg RS J, deg RS 5 47‘(’60 5R




Problem 2.36
(a) W= [E?dr. E =29 (a<r<b), zero elsewhere.

4meq
? 2 2 /1
__ € b/1\2 2 - b1 q
W_?0(47?50) fa (72) i dr_g?fﬁo f“ﬁ_ 8meg <a_b>.
2 2
B)Wi=g @ Wo= gt @ E =L %% (r>a), BEa= 1 48 (r>b). So
2 2
E;-E; = (477160) :fiz, (r > b), and hence fE1~E2d7-:_<47T1€0) q2fb°0 %447”’2(#:_%:0#
2
Wia = Wi+ W+ co [ B Budr = o (44— 3) = 5 (= 1)

Problem 2.37

1 a1, 1 g 7142 1 9 .
E, = =1 Ey=——2; W,;,= 0drdfd
! 4dmey 72 T 2 dmeg 2 2 = (4meg)2 ) 122 2 cos fr”sin6 dr 2

where (from the figure)

(r —acos?)
7

q192 (r —acosf) .
W; = (@r)%e 277/ 53 sin @ dr df.

It’s simplest to do the r integral first, changing variables to 2 :

2 = \/7“2 + a2 —2racosf, cosf3=

Therefore

22 d2 = (2r —2acosf)dr = (r—acosf)dr=2d%2.

Wi:qqu/ / L an Vsimnoao.
8men Jo o 22

s
L e / sinfdo — | 192
8mega Jo 4dmega

Asr:0—o00, 2 :a— o0, 80

The %2 integral is 1/a, so

Of course, this is precisely the interaction energy of two point charges.

Problem 2.38

(a) e e p—
47 R? 4a? 4h2




() V(0) = — [2 Bedl = — [, (52 ) dr = [ O)dr — [F (s )dr — [(0)dr =| - (244 - 1)

dmeg \b R a
a 1
(c) | oy — 0| (the charge “drains off”); V(0) = — [ (0)dr — fa (e i) dr — fR e (% - %) .
Problem 2.39
(a) Oy = — da O'bz—i' O_RZQa'i‘qb.
dma?’ Amh?’ 4w R?
1 ¢
(b) | Eout = pr 4 ;;% t, | where r = vector from center of large sphere.

1 Ga 1 R . :
(c) | E, = da fo, Ey=— qg ty, | where r,, (rp) is the vector from center of cavity a (b).
(@)

(e) or changes (but not o, or 0p); Eoutside changes (but not E, or E); force on ¢, and g still zero.
Problem 2.40

a) For example, if it is very close to the wall, it will induce charge of the opposite sign on the wall,
and it will be attracted.

b) Typically it will be attractive, but see footnote 12 for an extraordinary counterexample.
Problem 2.41
Between the plates, £ = 0; outside the plates E = o/¢p = Q/epA. So

P = iOEQ — €0 Q2 _ Q72
2 2 3 A2 260 A2
Problem 2.42 ;
Inside, E = 0; outside, E = 47360 %f’; SO o
Eave:% L RQ szU(Eave)z§O—: 47‘.QR2~
F. = [f.da= f(ﬁ%)%(hlgo RQ) cos O R?sin 0 db do
2
1 Q \2 w/ Q\2 /1 /2 1 Q\2 Q
= %(m) 277[0 sinf cosfdf = —(4R) (len 9) = m(ﬁ) = S2r e

Problem 2.43

Say the charge on the inner cylinder is @, for a length L. The field is given by Gauss’s law:
JE-da=FE-2rs-L= %Qenc = 1 Q =E= QMOL < 8. Potential difference between the cylinders is

V(b)V(a)—/abE-dl— @ blds:f @ ln<2>.

2reoL J, s 2megL

As set up here, a is at the higher potential, so V =V (a) — V(b) = 5=+ In (%)

2meg L al"®



2meg

_ Q _ 2meL : . :
C=¢= 7111(%) , SO capacitance per unit length is o (%) .
Problem 2.44
(a) W = (force) x (distance) = (pressure) x (area) x (distance) = 650E2Ae.

(b) W = (energy per unit volume)x (decrease in volume) = (60%2> (Ae). Same as (a), confirming that the
energy lost is equal to the work done.
Problem 2.45

From Prob. 2.4, the field at height z above the center of a square loop (side a) is
1 4)az . 2
VA

E= 4me a? a2
G D RYEEE e —

Here A\ — 0%‘1 (see figure), and we integrate over a from 0 to a:

1 “ d 2
E:TQUZ/ ada .Letu:az,soada:Qdu.
R NERIN Ay

1 4 /@2/4 du oz |2 tan—1 V2u + 22
= oz = — | = tan -
47‘(’60 0 (u+22)\/2u+22 TEY | 2 z

= 2U{tan_l <W> — tan_l(l)};

TEQ z

a’/4

0

o 1 a? .
= —tan —_— | Z.
TeQ 4z+/2% + (a?/2)

o+
o
=]

L
—
+

z\z‘@w
|
1
| I
N>

a — oo (infinite plane): E = 737"0 [tan~!(00) — X] = f—go (3-%)= 5=V

2> a (point charge): Let f(z) =tan"'y/1+ 2z — 7, and expand as a Taylor series:

F(x) = F(0) + 2/ (0) + %fo”(o) L

Here f(0) =tan™'(1) = = § = § =05 f'(2) = 73 v = sprarvrs 50 /'(0) = 1. s0

Thus(since%=x<<1),E%2—”<i“—2>: L oa’ _ 1 g s

TEQ




Problem 2.46

B B 1 0 [ 53k 1 0 (. 2ksinfcosfsin¢ 1 0 [ksinfcos¢
p—eOV-E—eo{Tzar <T r>+rsin980 (bme T >+rsin98¢( T

— e {71123]6 L 1 2ksin¢(2sinf cos?  — sin® 6) 1 (—ksinésin (b)]

rsinf r rsinf r

_ ke 5 [3+ 2sin ¢(2 cos 26 —sin®0) — sing| = k‘€20 [3+sin¢(4cos® —2+2cos® 6§ — 1)]

3k€0

[1+sing(2cos®f —1)] = 3keo
72

(1 + sin ¢ cos 26).

Problem 2.47
From Prob. 2.12, the field inside a uniformly charged sphere is: E =

4775 7 L r. So the force per unit volume

isf=pE= (%) (%)r = %(%)2& and the force in the z direction on dr is:

a3 (Y 2
dF, = f.dr = - (47rR3> rcos O(r* sin 6 dr df do).

The total force on the “northern” hemisphere is:

27
F, —/fsz—% (47TR3> / ?’dr/ costmGdG/ do
_ 3 Q R* sin” § /2 5 3Q?
e <47TR3> < 4 > 2 (2m) =

0 64megR2

Problem 2.48
R
chenter = /7 2 2) — L
dmey J 2 47T60 R 47reo R 2¢g

Voo 1 /ida with da = 2w R?sin 0 d#,
pole = dreo ) 2 2 2=R?+ R?—2R?cos = 2R?(1 — cosb).

1 o(27R?) /“/ 2 sin6de oR /2
= = 2v'1 — cos @
dreg RV2 Jo V1—cosf  2v2¢ ( ) 0
oR oR oR
=—(1-0)= . -'~V0e_‘/vcener:7\/§_1~
\/56() ( ) \/?60 pol t 20 ( )

Problem 2.49
First let’s determine the electric field inside and outside the sphere, using Gauss’s law:

r k 4
€0 %E-da = €041’ E = Qenc = /ﬂ dr = /(kﬂ:)fZ sin§ dr df dg = 47Tk/0 rdr = {:k;‘l E: i gi,

SoE= {128 (r<R); E=H55(r>R).

4eqr?



Method I:

R 2\ 2 oo 4\ 2
€0 2 €0 kr 2 €0 kR 2
= — [ E4dr (Eq. 2.45) = — — ) 4 d — 4 d
W 2/ 7 (Bq. 245) 2/0 <460> At 2/ (4eor2 T

2 R oo 2 7 0 2 7
1 1
(R / r6dr+R8/ —dr _ TR s (- _ TR (B R
2 460 0 R 860 7 r R 860 7

Method II:

1
W = i/deT (Eq. 2.43).

r R 4 T 2
kR kr k 1
F = - Edl = — dr — - - 42
orr < R, V(r) /OO d /oo <4€0T2) r /R (46()) dr Teg {R < r>
k ™R3 k 3
=" ([-RP+——")="|(R—-—).
460 ( * 3 3 ) 360 ( 4)

1 R k r3 ork? R 1
W=z ) | — ( R3S — — ) | 4nr2dr = / R33 _ 2,6) ¢4
- 2/0 (T)[3eo( 4)} = e ( VR

_ 2mk? R3R—4—1R—7 _ wk*R" 6 _ wk*R7 Y
N 0 2:3¢ \7)  Tey

R
3
+ —

i)

oo

Problem 2.50

—Ar _ —Ar __ —Ar =
—7VV_7A8 (6 )f‘-A{T( >\)€ e }f‘— AeiAr(l*F)\?")%.
r

or r r2

p=eVE =eA{eM1+M)V- (%) + L.V (e M1+ Ar))}. But V- (L) = 4763(r) (Eq. 1.99), and
e (14 Ar)d3(r) = 63(r) (Eq. 1.88). Meanwhile,
V(e MA+ M) =22 (e M1+ Ar)) = {-Ae ™2 (1L +Ar) + e A} = #(—=A2re ™).

r

—Ar o
Q= /pdT = ¢A {471' /53(1‘) dr — \? /e " 47rr2dr} = €A (47r — /\2477/ re_)‘rdr) )
0

But fooo re” Mdr = % S0 Q = 4megA ( 2) =

Problem 2.51 -
1 e 1
_ /ida:L/ / sdsdp.
dmeg | 2 dmeo Jo Jo  \/R%Z+ s2—2Rscos¢

1 T
:20R/ / u o) du
dmeo Jo 0 \/1+u2—2ucosq5

2
So L.V (e7(1+ M) = =2 and | p = €A [471'(53(1') - )\e"\”] .

Let u = s/R. Then




The (double) integral is a pure number; Mathematica says it is 2. So

y =2k
TEQ

Problem 2.52

(a) Potential of +X is V, =
Potential of —\ is V_ = +

In (%), where s is distance from Ay (Prob. 2.22).

a

In (g ) where s_ is distance from A_.

a

27reg

27‘(6

A _
. Total |V = In <S> .
2meg Sy .
Now st = /(y —a)? + 22, and s_ = \/(y +a)? + 22, so (@9, 2)
5_
a z A (y + a) + z
14 S Ay 1 .
(@,9,2) = 7o In (\/m 4meg . (y — a)? + 22 5+
a | a
S\ A Y
(b) Equipotentials are given by % = e(4m€0V0/A) = | = constant. That is:

v 4+2ay+a?+22=k(y? —2ay+a®+22) =y (k—1)+2%(k—1)+a?(k—1) —2ay(k+1) =0, or

k+1) — 0. The equation for a circle, with center at (yo,0) and radius R, is

Y2+ 22 +a? - Zay(
(y —y0)? + 22 = R? or y? + 2% + (y§ — R?) — 2yyo = 0.

Evidently the equipotentials are circles, with yo = a (’,24'1) and

2 _ 2 2 _ .2 2 k+1\" 2 _  2(K*+2k+1-k?4+2k—1) _ o 4k
a?=y2 - R?= R?>=y2 —a? = a? (k 1) a®=a 1) = a G-z, Or
R = 2aVk

k-1

; or, in terms of Vj:

e47r50V0/A 1 6271'60‘/0/)\ +e—27reo\/o/)\ 271'60‘/0
a coth .

= a = Qa =
Yo 6471'60‘/0/)\ _ 1 6271’60‘/0/)\ _ 6727‘—60VO/>\ )\
R eQWEOVO/)\ 2 a h 2men Vo
= 4 =a = = | acscC _— .
6471'60Vg/)\ -1 (627”:0\/0/)\ _ e—ZTrEOVO/)\) sinh (27‘r5>(\,V0) A

z

C
&




Problem 2.53

d?V 1
2 p— —
(a) VEV = —£ (Eq. 2.24), so = 75[).
2qV
(b) Q‘/:%TR’UQH v = ?
(c) dg = Apdx ; % = GP% =|Apv = I | (constant). (Note: p, hence also I, is negative.)

2
v 1, 1 I _ I m dV_ —1/2 _ I m
) @z =P =—Gaw = ~aay v 7| gz =Y ; where = — ==, /50 .

(Note: I is negative, so (3 is positive; ¢ is positive.)

: __dv .
(e) Multiply by V' = <~ -

av’ dv 1.
V’d— = m/—l/?d— = /V’ dv' = ﬁ/V‘1/2 v =V 2 = 28V'/2 + constant.
X XL

But V(0) = V'(0) = 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and

% =2\/BVY = vV = 24/B da;

/Vfl/‘* av = 2\/B/dx = %VSM = 2/ + constant.

V'2 = 48V12

But V(0) = 0, so this constant is also zero.

4/3 2/3 2 1/3
V3/4 — g\fﬁx, so V(z) = (2\/@) 243 or V(z) = (25) 243 — ( 81I*m ) 243

Az
; z\4/3 Vi
Interms of Vg (instead of I): |V (z) =V (E) (see graph).
Without space-charge, V would increase linearly: V(z) = Vy (%) 7 IO :
- — ﬂ__ L% 1 —2/3 _ _ﬂ without
pP="C 2 = TV g gt = T 0@ -

o= = v ()" o

/3 . . .
(f) V(d) — ‘/0 _ < 811%m ) d4/3 = VE]S _ 81md* 1'2 : 1'2 _ SQCSAQQVOS;

32e2A%q 32e2A%q 81md*
4VZ €0 A\/G 132 3/2 deg A [2q
= 2ER2VAVE = KVP?, where | K = o\ o

Problem 2.54
1 2 2
(a) | E /p— (1 + ) e~ Ndr.

- dmeg | 2 2 A




(b) The field of a point charge at the origin is radial and symmetric, so VXE = 0, and hence this is
also true (by superposition) for any collection of charges.

" 1 "1
¢) V=—/ Edl=— (1 ) LY
(c) /Oo 47T60q/ r2 +)\ "
1 o 1 q 1 1 [~1
— 1 —'r/)\d — / - —T/Ad 7/ - —T/Ad )
47reoq/r 1"2( +/\) " 47‘(’60{ - r2° T+/\ . ¢ "

Now [Le "/ Adr = — 6_:” -+ [ e dr «— exactly right to kill the last term. Therefore

—r /X | —r/A
_a ) e | a e
V(r)4ﬂ_€0{ T 7_} dmeg v
1 1 R R
(d) fE-daz (1+) —R/A (1+) —R/X,
s 4feo ' 2 A " = A
77"/)\ R —r/X R
q —r/\ q e T
Vdr = / —r dr——/ re /dr—[ ——1}
/v dfeo Jo T i €0 Jo € (1/)\)()\ )0
:)?q{—e"m <1+R)+1}.
€0 A
]{Eda—i— 2/VCZT:q{(1—|—R)6_R/)‘—(1—i—R>e_R/)‘—i—1}:q. qed
S A €0 A A €0

(e) Does the result in (d) hold for a nonspherical surface? Suppose we \‘
make a “dent” in the sphere—pushing a patch (area R?sin@ df de) )

from radius R out to radius S (area S?sinfdf d¢).

dae 1 11 S\ s/ g2 1 R\ _r/xip2
A]{Eda— {52 (1+/\)€ (S%sinf df do) 2 1—&-)\ e (R*sinf df do)

47eg

_ 4 SN —s/n BY _ri .
= Ire [<1+)\>e <1+)\ e sin 6 df do.

1 1 —r/A 1 S
AF/VdT:— g /e 2 sin @ dr df dp = — 2 sin9d9d¢/ re~ "/ dr
R

A2 47eq r A2 47eq
I singdf dg (e*’“/A (1 ¥ %)) ’Z

_ 49 § —S/x _ E —R/\| &
= e |:(1+/\>6 (1—&-)\ e sin 6 df de.

So the change in % JV dr exactly compensates for the change in §E-da, and we get %q for the total using
the dented sphere, just as we did with the perfect sphere. Any closed surface can be built up by successive
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside,
the total is %Qenc. Charges outside do not contribute (in the argument above we found that ®

for this volume §E-da + % JV dr = 0—and, again, the sum is not changed by distortions of the surface, as
long as ¢ remains outside). So the new “Gauss’s Law” holds for any charge configuration.



1 1

(f) In differential form, “Gauss’s law” reads: | V-E + 2 V = —p, | or, putting it all in terms of E:
€0

1

Y

1 1 1
V-E /E-dl = —p. Since E = —VV, this also yields “Poisson’s equation”: —V2V + FV = —p.
€0 €0

(g) Refer to ”Gauss’s law” in differential form (f). Since E is zero, inside a conductor (otherwise charge would
move, and in such a direction as to cancel the field), V is constant (inside), and hence p is uniform, throughout
the volume. Any “extra” charge must reside on the surface. (The fraction at the surface depends on A, and
on the shape of the conductor.)

Problem 2.55

p=¢eV-E=¢e(ax)= (constant everywhere).

The same charge density would be compatible (as far as Gauss’s law is concerned) with E = ayy, for
instance, or E = (§)r, etc. The point is that Gauss’s law (and VXE = 0) by themselves do not determine
the field—like any differential equations, they must be supplemented by appropriate boundary conditions.
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“E must go to zero far from
the source charges”)—or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give
us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law

(E = 160 [ p%dr) —the integral is hopelessly indefinite, in this case.)

4

Problem 2.56

Compare Newton’s law of universal gravitation to Coulomb’s law:

mimsa 1 quq2
5— I —=Tr.

Fi

F=-G —
dmey 12

r

Evidently ﬁ — G and ¢ — m. The gravitational energy of a sphere (translating Prob. 2.34) is therefore

3 M2
Woray = —G—.
ST 5T R




Now, G = 6.67 x 10711 N m?/kg?, and for the sun M = 1.99 x 10%° kg, R = 6.96 x 10® m, so the sun’s
gravitational energy is W = 2.28 x 1041 J. At the current rate this energy would be dissipated in a time

W 2.28 x 104 1 -
t—?—m—f)goxlo S = 187)(].0 years.

Problem 2.57

First eliminate z, using the formula for the ellipsoid:

Q 1
irab [ Jah) + 0 + 1= (@) = (P ]P)

o(z,y) =

Now (for parts (a) and (b)) set ¢ — 0, “squashing” the ellipsoid down to an ellipse in the =y plane:

Q 1
2mab \/1 —(x/a)? — (y/b)Q.

o(z,y) =

(T multiplied by 2 to count both surfaces.)

1
(a) For the circular disk, set a =b = R and let r = /22 + 2. |o(r) = @

2rR/R2 — 2

1
(b) For the ribbon, let Q/2b = A, and then take the limit b — oo: |o(2) = — ——=—.
21 /a2 — 22

(c) Let b= ¢, r = v/y? + 22, making an ellipsoid of revolution:

z2 2 Q 1

—+—==1 ith o = .
* W drac? \ /22 /a* 4+ 12/t

a? 2
The charge on a ring of width dz is

dq = o2wrds, where ds = \/dx? + dr? = dxz+/1+ (dr/dx)?.

2udx  2rdr dr x cta? c?
Now e + 2 :Oiﬁz—ﬁ,sods: \/ a4r2:dx7\/x2/a4+r2/c4. Thus

_dg _ Q L oy s 1_ Q !
Az) = e 27r7“47m02 iy(ﬁ Sy —Va?/at +12/c %" (Constant!)




a(r)

: - -
R
P Y - TN iy

\(z)

(
¢

Problem 2.58
YA

(O ’_a)

E-v3d

(a) One such point is on the z axis (see diagram) at x = r. Here the field is

1 cos 6 2cos 1
E‘T:4ﬂ(‘1€0 {(a+7")2_2 b2 ]:O’ o b2 :(a+r)2'
Now,
cost = M? b’ = (g - 7‘>2 + <\/§a>2 = (a2 —ar +7‘2).
b 2 2
Therefore

2[(a/2) —r] 1
(a2 —ar +72)3/2  (a+7)%

To simplify, let

1 _(2_4_252))3/2 T +1u)2’ or (1—2u)?*(1+u)*=(1—u+u?)?




Multiplying out each side:
1—6u? —4u® + 9u* + 12u° + 4u8 =1 — 3u + 6u? — Tu® + 6u* — 3u® + b,

or
3u — 12u? + 3u® + 3u* + 15u° + 3u® = 0.

u = 0 is a solution (of course—the center of the triangle); factoring out 3u we are left with a quintic equation:
1 —4du+u? +u 4+ 5u* +u’ =0.

According to Mathematica, this has two complex roots, and one negative root. The two remaining solutions are
u = 0.284718 and u = 0.626691. The latter is outside the triangle, and clearly spurious. So ’7" = 0.284718 a.
(The other two places where E = 0 are at the symmetrically located points, of course.)

YA

Y

(b) For the square:

2

> q (2C089+ 0059>0 N cosf,  cosf_

~ 4reg b b N
where ) )
(a/\/i)ir 2 ( a ) ( a ) 2 2
cosfp =12 p2=(—) +—=x7r) =a?+V2ar+1%
= by V2 V2
Thus

@VD+r _ @ND-r
(a2 +V2ar +12)3/2 (a2 —2ar +12)3/2

To simplify, let w = v/2r/a; then

14w 1—w . )
2+2w+ w22 (2—2w+w2)p2 O (1+w)*(2 - 2w+w?)? = (1-w)*(2+ 2w+ w?)’.

Multiplying out the left side:

8 — 8w — 4w? + 16w® — 10w* — 2w’ + Tw® — 4w™ 4+ w® = (same thing with w — —w).



The even powers cancel, leaving
8w — 16w + 2w® + 4w =0, or 4—8v+0v?+20° =0,

where v = w?. According to Mathematica, this cubic equation has one negative root, one root that is spurious
(the point lies outside the square), and v = 0.598279, which yields

r= /o= (0565854

YA
(-a cos(2m/5), a sin(2m/5))

(a cos(m/5), a sin(m/5))

For the pentagon:

E, q (( 1 +20050_2cos¢):
a

- 47eg
where o /5 5
cos — a cos( 7;/ )—i—r’ cos = acos(m/ )—r;

c

b = [acos(27/5) + r]* + [asin(2n/5)]° = a® + 2 + 2ar cos(27/5),

¢ = [acos(n/5) — r]* + [asin(n/5)]> = a® + r? — 2ar cos(n/5).
1 r + acos(2m/5) r — acos(m/5) B
(a+7)? e [a® + 12 4 2ar cos(2ﬂ'/5)]3/2 e [a® + 12 — 2ar cos(71'/5)]3/2 B

Mathematica gives the solution ’ r = 0.688917 a. ‘

For an n-sided regular polygon there are evidently n such points, lying on the radial spokes that bisect
the sides; their distance from the center appears to grow monotonically with n: r(3) = 0.285, r(4) = 0.547,
r(5) = 0.689, .... As n — oo they fill out a circle that (in the limit) coincides with the ring of charge itself.

Problem 2.59 The theorem is false. For example, suppose the conductor is a neutral sphere and the external
field is due to a nearby positive point charge q. A negative charge will be induced on the near side of the sphere
(and a positive charge on the far side), so the force will be attractive (toward ¢). If we now reverse the sign of
q, the induced charges will also reverse, but the force will still be attractive.

If the external field is uniform, then the net force on the induced charges is zero, and the total force on the
conductor is QE., which does switch signs if E. is reversed. So the “theorem” is valid in this very special case.



Problem 2.60 The initial configuration consists of a point charge ¢ at the center, —¢q induced on the inner
surface, and +¢ on the outer surface. What is the energy of this configuration? Imagine assembling it piece-by-
piece. First bring in ¢ and place it at the origin—this takes no work. Now bring in —¢q and spread it over the
surface at a—using the method in Prob. 2.35, this takes work —¢?/(8mega). Finally, bring in +¢ and spread it
over the surface at b—this costs ¢?/(8meob). Thus the energy of the initial configuration is

2
q 1 1

Wi=— =7
8meq (a b)

The final configuration is a neutral shell and a distant point charge—the energy is zero. Thus the work
necessary to go from the initial to the final state is

2
W =W, —W; =| —% (1—1>.

Problem 2.61

YA

><V

Suppose the n point charges are evenly spaced around the circle, with the jth particle at angle j(27/n).
According to Eq. 2.42, the energy of the configuration is

1
Wn: 5 ‘/7

where V' is the potential due to the (n — 1) other charges, at charge # n (on the z axis).

1 "Z‘l 1 i
47T60qj:1/lj J Sln<n>

(see the figure). So
¢

47T€0R4 = sin ]ﬂ/n) 4dmegR

Wy =



Mathematica says

10 1
Qo=—> ——_ —38624
10 1 Z:: n(jﬂ'/lo) 38.6245
11 1
Q== — — —[485757
4 = sin(jr/11)
12 1
Q= =S — —_ —[59.8074
2= z:: 7713) 59.807

If (n — 1) charges are on the circle (energy €2,,_1¢%/4meqR), and the nth is at the center, the total energy is

q2

dregR’

Wy =[Qpo1 + (n—1)]

For

n=11: Q10+ 10 = 38.6245 + 10 = 48.6245 | > Qq

Thus a lower energy is achieved for 11 charges if they are all at the rim, but for 12 it is better to put one at
the center.




Chapter 3

Potential

Problem 3.1
The argument is exactly the same as in Sect. 3.1.4, except that since z < R, V22 + R? —2zR = (R — z),

. q 1 1 ¢ .
instead of (z — R). Hence Voo = ——[(z+ R) — (R —2)] = —. | If there is more than one charge
( ) T 4rey 22R I )= ( )] dmeg R &
inside the sphere, the average potential due to interior charges is 1 Q;;C, and the average due to exterior
TEQ
Charges is chentera S0 Vave = Veenter + 42:833 v
Problem 3.2

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is ¢V
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure,
must in fact be a saddle point, and the box “leaks” through the center of each face.

Problem 3.3
Laplace’s equation in spherical coordinates, for V' dependent only on r, reads:

1d 1% dVv 1%
V2V = —— (5= ) =0 = r?>— = ¢ (constant) & _c 4 V=—E+k:.
dr dr 72 r

Example: potential of a uniformly charged sphere.

1d d d d
In cylindrical coordinates: V2V = = — s—v =0= S—V =c= —V _— = |V =clns+k.
ds ds ds S

sds
Ezxample: potential of a long wire.
Problem 3.4
Refer to Fig. 3.3, letting a be the angle between 2 and the z axis. Obviously, E., points in the —Z
direction, so

1 1 g 1
Eave = Eda = -2% e —_— da.
47 R? j{ @ Z47rR2 4eg 2 2 cosada

By the law of cosines,

2 2 2
z“4+2“—R
R?=224+22-22 zcosa = cosoz:2}L—7
z

cosa 224+ a22_R2 z— Rcosd
22=R?+2*—2Rzcost = = : - '
s 2 cos 2 922 3 (R? + 22 — 2Rz cos )3/2




Eavc = -2 d /( Z_RCOSQ R2 sm0d0d¢

“16m2R2%¢, | (R? + 22 — 2Rz cos 0)3/2
qz /’f 2z — Rcosf g do qz /1 2z — Ru p
= — 11 = — U
8meo Jo (R2+ 22 — 2Rz cos 0)3/2 8meg J_1 (R2 + 22 — 2Rzu)3/?

(where u = cos ). The integral is

1 2 2 1
1 1 R+ z
I= — R? + 22 — 2Rzu + )
RVR? + 22 —2Rzu|_, 2Rz? ( VR2+ 22 —-2Rzu/ |4

R N s o 11
- R(|zR| z+R) 2R? ['Z Bl=(z+R)+(R +Z)<|ZR| z+R>]
(a) If z > R,
1/ 1 | 1 s a1 |
! R(Z—R z+R> 2R22[(Z R)—(+R)+ (R +Z)<Z—R z+R>}

1/ 2R 1 s s 2R ] 2
R(ZQ—R2> 2Rz2[ 2R+ (R +2)22—R2}22'

So
1 q .

— =y
ey 2277

Eave =

the same as the field at the center. By superposition the same holds for any collection of charges outside the
sphere.
(b) If z < R,

1 1 1 1 1 1
I=— - - R—2)— R+ R+ ——
R (R—z z+R) 2R22 [( )= FHR) (B 427 (R—z z+R>}
1 2z 1 2z
= — — -2 R? Hh_—"_|=0
R (R222> 2R:2 [ s+ (B 42 )RQZQ}
So
E.w. = 0.
By superposition the same holds for any collection of charges inside the sphere.
Problem 3.5
Same as proof of second uniqueness theorem, up to the equation fs V3E3 - da = — fv(E3)2 dr. But on
each surface, either V3 = 0 (if V' is specified on the surface), or else E5, = 0 (if % = —F is specified). So
fV(E3)2 =0, and hence E = E;. qed
Problem 3.6

Putting U =T = V3 into Green’s identity:

/ [VaV2Vs + Vs - V3] dr = f VoVVs-da. But V2Vs = V2V = V21 = =L+ £ — 0, and YV = ~Eq.
% S 0 0

So / E§ dr = —j{ V3E;3 - da, and the rest is the same as before.
% s
Problem 3.7
Place image charges +2q at z = —d and —q at z = —3d. Total force on +q is

q —2q 2q —q | . q° 1 1 1) . 1 29¢%\ .
F = _ L P 294" o
dre [(Qd)Q Taae " (6d)2} 27 dreod? ( 278736)% 7| Ineo \222) 7




Problem 3.8
(a) From Fig. 3.13: 2 =+/r2+a2? —2racosf; 2 '=+r2+b2—2rbcosf. Therefore:

q
2!

Therefore:

Vr,0) =

R

q 2

a2+ b2 — 2rbcosf

(Eq. 3.15), while b= 1 (Eq. 3.16).
a
q B q

(%) \/r2+f*§—27“%2cose \/(%)2+R2—2m0089.

|

1 ( N q > | a 1 1
dmeg \ 2 2! dmeo | V2 + a2 — 2racos® VR% + (ra/R)% — 2racosf '

Clearly, when r = R, V — 0.

(b) o0 = —¢9 %V (Eq. 2.49). In this case, %—Z = %—‘7{ at the point r = R. Therefore,
1
a(f) = —e (47(360> {—2(7"2 +a? — 2racos0)~%%(2r — 2a cos 0)

1
+ 3 (R* + (ra/R)* — 2racosf) 3/2 (27’—2@0089)}

2
R r=R

q

4r

2
i(R2 + a% — 2Ra cos ) 3/2 [Racos@ % +acos€}
77

——(R? — a®)(R? + a®> — 2Racos ) %/2,

(induced =

oda = L(R? - a2) /(R2 +a®— 2]%(1(3089)*3/21’%2 sin 6 df d¢
T

™

_ 49 2 2 2 _i 2 2 —1/2
= 7477R(R a®)2mR [ Ra(R +a“ —2Racos ) ] .
) 2 L 1 ]
= —(a"—R - .
26‘( )|:\/R2+CL2+QRCL VR2+ a2 — 2Ra
But a > R (else ¢ would be inside), so v/ R?2 4+ a? —2Ra = a — R.
42 po 1 1 q q
= — — — — — = — _2
2a(a B {(a—kR) (a—R)} 2a (= R)—(a+ ) 2a( k)
_ r?
a

2

- {(R2 + a% — 2Racos 0) /(R — acos ) + (R? +a® —2Racosf) 82 <R —acosf

(¢) The force on ¢, due to the sphere, is the same as the force of the image charge ¢/, to wit:

q
a

1 qq 1 (RQ) 1 1 ¢*Ra
(

~ dre (a—b)2  4drmey a— R2?/a)? T dre (a® — R2)?’

)}



To bring ¢ in from infinity to a, then, we do work

a

2 — 2
_¢°R a _¢°R 1 1
W= dreg / (a% — R2)2 da = 4reg { 2 (@* —Rz)]

o0

@ 1

o0

*R

dmeg 2(a? — R?)’

Problem 3.9
Place a second image charge, ¢”, at the center of the sphere; a—b
this will not alter the fact that the sphere is an equipotential, —
1 7 1 /
but merely increase that potential from zero to Vp = —q—; 4 a q
4meg R

q" = 4megVo R at center of sphere. ‘

For a neutral sphere, ¢’ + ¢’ = 0.

1 (¢ 7 aq 1 1
F = - = e
47reoq <a2 + (a — b)? 4reg a? + (a — b)?

q¢ b(2a—1b)  q(—Rg/a) (R*/a)(2a — R?/a)

 dmegaZ(a—b)2  4me a?(a — R?/a)?
_ | & (R\’(2*-R?
~ |4meo \a ) (a® — R2)2’

(Drop the minus sign, because the problem asks for the force of attraction.)

Problem 3.10
(a) Image problem: A above, —\ below. Potential was found in Prob. 2.52:

z
2) A ‘
= " In(s_ = " In(s? /s>
A Vv 2) = promn(s-/s4) = g~ In(s=/53) N (v, 2)
2 2 d _
) IR i 3 CR ) Ay
dmeg | Y2 + (2 — d)? _V
(b) o = —60%. Here Z—V =3 evaluated at z = 0.
A 1 1
= — 2 = 9y
o) e {y2 +(z+d)? (z+4d) y? + (2 —d)? (2 d)} 0

__E d 3 —d | Ad
o odm 2+ A 2 +d2f m(y? + d2)’

Check: Total charge induced on a strip of width [ parallel to the y axis:

e = UEe T O] I ER )

— 00

= —MAl. Therefore A\jpq = —A, as it should be.




Problem 3.11

The image configuration is as shown. Y
Qe o q
q 1 1 § §
V(x, = + : :
@v) 47T60{\/(x—a)2+(y—b)2+22 V(@ +a)2+ (y+b)2+ 22 ; Tz
1 1 z §
— _ . Q&g ¢—q
VE+a)3Z+y—02+22 /(x—a)?+ (y+b)2+22

F < ! b3 ! y + ! [cos 0% + sin 0 F]
— _ — ' in
drey (2a)? (2b)2 Y (2v/a2 + b2)2 Yif

where cos = a/va? + b2, sinf = b/va? + b2.

F ¢ a 1] . . b 17 .
- - | X _ — — .
167T6() (a2 + b2)3/2 a2 (a2 + b2)3/2 b2 y

1 1 {—q2 —q? q° }: q> [ 1 1 1}

254“0 (2a) +@+ (2va? + b?) 16meg | Va2 + b2 a b

For this to work, ’6‘ must be an integer divisor of 180°. | Thus 180°, 90°, 60°, 45°, etc., are OK, but no
others. It works for 45°, say, with the charges as shown. 145° line

(Note the strategy: to make the x axis an equipotential (V' = 0), (? (:2)

you place the image charge (1) in the reflection point. To make the \ )

45° line an equipotential, you place charge (2) at the image point. — K -
But that screws up the x axis, so you must now insert image (3) to +e. (1)
balance (2). Moreover, to make the 45° line V' = 0 you also need (4), ele

to balance (1). But now, to restore the z axis to V' =0 you need (5) ®) (g)

to balance (4), and so on.
( )’ why it works for 6 = 45°

The reason this doesn’t work for arbitrary angles is that you are even- 135° line f(g No good
tually forced to place an image charge within the original region of : (E)
interest, and that’s not allowed—all images must go outside the re- AN 2 T
gion, or you're no longer dealing with the same problem at all.) 7 e (31)

*(2)

Problem 3.12

A 2 2
From Prob. 2.52 (with yg — d): |V = In {(m i— @) +y }, where a? = yo? — R? = Vd? — R?,

T drweg
2meg Vo 2meg Vo
= cosh , O A= ———F——r.
A cosh™ (d/R)

and

acoth(2meg Vo /) = d
acsch(2regVp/A) = R

} = (dividing)

Problem 3.13

o 2 a
Viz,y) = Z Crhe ™™/ %sin(nmy/a) (Bq. 3.30), where C, = - /Vg(y) sin(nmy/a)dy (Eq. 3.34).
0

n=1



+V, for 0 <y < a/2

In this case Vp(y) = { V. for a/2 < y < a

} . Therefore,

a/2 r a a
Cn = %VO /Sin(mry/a)dy— /sin(nwy/a) dy » = % {_ w 0/2 (W | }
A or2 a2
= i—‘:f {— cos (%) + cos(0) + cos(nm) — cos (%)} = % {1 +(—=1)" —2cos (%)} .

The term in curly brackets is:

n=1 :1-1-2cos(n/2) =0,

(
n=2 :1+1-—2cos(m) =4, e .
n=3 :1—1-2cos(37/2) =0, etc. (Zero if n is odd or divisible by 4, otherwise 4.)
n=4 :1+1-—2cos(2m) =0,
Therefore
o o— 8Vo/nmw, n=2,6,10,14,etc. (in general, 45 + 2, for 7 =0,1,2,...),
"0, otherwise.
So
Vi) = 20y smmyje) | 8% gh e B sinl(dy 2o
n=2,6,10,... n ™ j=0 (4.7 + 2)
Problem 3.14
4V 1 . ov
V(z,y) = 70 Z Ee‘””/“ sin(nry/a) (Eq. 3.36); o= —€05 (Eq. 2.49).
n=1,3,5,...
So
9 (4Vo=1 _p o . o1, nme
o(y) = —¢o . {ﬂzne nre/a sm(mry/a)} =€ — Z E(_T)e /e sin(nry/a)
=0 =0
460V0

= Z sin(nmy/a).

n=1,3,5,...

Or, using the closed form 3.37:

Viz,y) = % fan~1 (Wy/“)) NP | —— ( —sin(ry/ ”)) ™ cosh(nz/a)

sinh(mz/a) T 14 % sinhQ(wx/a) a =0

260V0 1

0 a sin(my/a)

_ 2a0V% sin(my/a) cosh(mz/a)
a sin®(ny/a) + sinh®(7x/a)

[Comment: Technically, the series solution for o is defective, since term-by-term differentiation has produced
a (naively) non-convergent sum. More sophisticated definitions of convergence permit one to work with series
of this form, but it is better to sum the series first and then differentiate (the second method.)]




Summation of series Eq. 3.36

4Ve 1
Viz,y) = TOI, where I = Z Ee_"”/“ sin(nmy/a).
n=1,3,5,...

Now sinw =Zm (eiw), SO
_ l —nnx/a inty/a __ l n
I=1Im g € e =1Im g nZ ,

where Z = e~ "(@=)/a Now

e o] =z ]
Z(25+1) _ 25
> . z N PG

1,3,5,.. §j=0
z
0

where Ret? = % Therefore

1 (142 1 o 1 ,
ln<)—2ln(R ) = 2(lnR+19),

1 ) 1 1+ Z 14+ e—T(@—iy)/a (1 4 e—ﬂ(m—iy)/a) (1 _ e—ﬂ-(m+iy)/a)
I'=1m {2(111R+19)} = 59 But 1—-Z = 1 — e—7(z—iy)/a - (1 _ efw(mfiy)/a) (1 _ efw(eriy)/a)

B 1+ e*ﬂ'a:/a (eiﬂy/a _ efifry/a) _ 6727r:v/a B 14+ 22-6—71'1'/(1 sin(ﬂy/a) _ e—27raf/a

= e—w(m‘y)/af 1 efmfiy)/af ’
SO
2¢—Tx/a sjn(ﬂ'y/a) 2 sin(wy/a) Sin(ﬂ'y/a)
tan = = =5 :
1 _ o—2na/a emz/a — e=mx/a  ginh(nz/a)
Therefore
1 4 ( sin(my/a) 2Vo . 4 ( sin(my/a)
I=—tan ! [ — 2L d |V = ""tan ! — ).
g v (sinh(ﬂ'x/a) > an () _—— sinh(mz/a)
Problem 3.15
2 2 Y
(a) ?97‘; + ?97‘2/ = 0, with boundary conditions
() V(0 i/
i) V(z,0) =0, 2
(i) V(z,a) =0, v 2o |
(iii) V(0,y) =0,
(iv) V(b,y) = Vo(y) z/

As in Ex. 3.4, separation of variables yields
Viz,y) = (Aekm + Be*’”) (Csinky + Dcosky) .

Here (i)= D =0, (iii)= B = —A, (ii)= ka is an integer multiple of 7:

V(z,y) = AC (e””/a — e*””/“) sin(nmy/a) = (2AC) sinh(nwx/a) sin(nmy/a).



But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i),

(i), (iii) is

V(z,y) = Z C,, sinh(nmz/a) sin(nry/a).

n=1

It remains to determine the coefficients C,, so as to fit boundary condition (iv):

a

ZC’ sinh(nmb/a) sin(nmy/a) = Vy(y). Fourier’s trick = C,, sinh(nwb/a) = z/Vo(y) sin(nmy/a) dy
0

Therefore
Cn = a sinh( mrb/a /VO sin(nmy/a) dy
0
2 . Wo 0, if n is even,
b)Cp=——""""W dy = — =20 )
(b) asinh(nwb/a) o/sm(mry/a) 4 asinh(nwb/a) X { 24 if n is odd. }
0

A% sinh(nmz/a) sin(nry/a)
- Z nsinh(nwb/a) '

Problem 3.16
Same format as Ex. 3.5, only the boundary conditions are:

=0 when z =0,
=0 when x = a,
V=0 when y=0,
V=0 when y=a,
V=0 when z= O,

This time we want sinusoidal fuctions in x and y, exponential in z:
X(z) = Asin(kz) + Beos(kz), Y (y) = Csin(ly) + Dcos(ly), Z(z) = BeVF' 0% 4 Ge=VE 2,
()= B=0; (ii)= k=nn/a; (iii)= D =0; (iv)J= 1 =mn/a; (v)= E+ G = 0. Therefore

Z(z) = 2Esinh(mv/n? + m?z/a).

Putting this all together, and combining the constants, we have:

(z,y,2 Z Z Cy.m sin(nmz /a) sin(mmy/a) sinh(mv/n? + m2z/a).

It remains to evaluate the constants C,, ,,,, by imposing boundary condition (vi):

W= Z Z [ 'n.m Sinh(my/n? 4+ mz)} sin(nma/a) sin(mny/a).



According to Egs. 3.50 and 3.51:

0, if n or m is even,
: 2 2) _ =
Cyp m sinh (wW) < ) Vo//sm (nwz/a) sin(mmy/a) de dy = { 16V if both are odd. }
0 0

7TTL

Therefore

16V, 1 . . sinh (7r\/ n? + m2z/a)
Viz,y,z) = — sin(nwz/a) sin(mny/a )
(2,9.2) = — :Zm:an (nmafa) sin(mmy fa) =

Consider the superposition of siz such cubes, one with V5 on each of the six faces. The result is a cube
with V{ on its entire surface, so the potential at the center is V. Evidently the potential at the center of the

original cube (with Vj on just one face) is one sixth of this: To check it, put in x =y =2 =a/2:

sinh (mv/n2 + m?
V(a/2,a/2,a/2) = 176:2/;) § : E %sin(mr/Q) sin(mm/2) Si:}f (w\/%mé;)
.m=1,3,5,.

Let n =2i+ 1, m =25 + 1, and note that sinh(2u) = 2sinh(u) cosh(u). The double sum is then

z+]
ZZ 2z+1 2j+1)sech[ \/(2i+1)2+(2j+1)2/2}.

1,030

Setting the upper limits at i = 3, j = 3 (or above) Mathematica returns S = 0.102808, which (to 6 digits) is
equal to 72/96, confirming (at least, numerically) that V(a/2,a/2,a/2) = V, /6.

Problem 3.17

Py(z) = 8#6%;( 2_1)° = 4%%223 (22— 1) 20 = édd—;x (22 —1)°
:é%[(ﬁ_n 20 (a? ~ 1) 2] = é% (@~ 1) (% — 1+ 42%)]
= é%[(:ﬂ—l) (52° —1)] = é[ (52 — 1) + (2* — 1) 10z]
= %(5373—33—&-5:53—533) :i(10x3—6x) = gms—gm‘.

We need to show that Ps(cos @) satisfies

1 d dP .

where Ps(cos6) = 1 cos6 (5cos?0 — 3).

P. 1 1
% =3 [—sind (5cos® 6 — 3) + cos (10 cos §(— sin )] = ~3 sin@ (5cos* 6 — 3 + 10 cos” §)

= —gsin9 (500529— 1) .



0 dP. 3d 3 . . .
%0 (sm@cwg’) =57 [sin® 6 (5cos? 0 —1)] = -5 [25in6 cos @ (5cos® @ — 1) + sin® § (—10 cos O'sin )]

= —3sinfcosf [500520— 1 —5sin29] .

1 d 4P
smoas \" g

—3cosf [5 cos?—1-5 (1 — cos? 9)] = —3cosf (10 cos? 0 — 6)

1
-3-4- 3 cosf (5cos®@ —3) = —I(l+ 1)Ps. qed

/Pl(x)Prﬁ(ﬂf) dz = /(x)% (52 = 32) do = = (2° — %), = %(1 141-1)=0.v

Problem 3.18

(a) Inside: V(r,0) = ZAlrlPl(cos 0) (Eq. 3.66) where
1=0

(201+1)

SRl /%(G)Pl(cos 0)sinfdd (Eq. 3.69).

0

A=

In this case V;(0) = Vp comes outside the integral, so

sy

(2l + 1)V0 .
A= Y- Pi(cos0)sin 6 db.
0

But Py(cosf) =1, so the integral can be written

/PO(COS 0)P,(cosf)sin @ df = { g’ g ; i 8 } (Eq. 3.68).

0
{0, if1#0
Al{Vo,ifl:O}'

V(r,0) = Agr°Py(cos ) =

The potential is constant throughout the sphere.

oo

Therefore

Plugging this into the general form:

B
Outside: V(r,0) = Z lHPl(cos 0) (Eq. 3.72), where
1=0
B; = (2l;1 Rl+1/V )P, (cos@)sinfdf (Eq. 3.73).

@I+ N _fo0, ifl#0
_TR Vo/Pl(cosH)sdeH— RVo, if 1 =0 [



1
Therefore | V(r,0) = Vo— | (i-e. equals Vj at r = R, then falls off like —).
r r

(b)
ZAlrlPl cosf), for r < R (Eq. 3.78)
V(r,0) = loo )
Pi(cosB), for r > R (Eq. 3.79)
=0 "
where
By = R*"'A; (Eq. 3.81)
and
B I .
| = W UO(G)P[(COS 0) Sin 9 d9 (Eq 384)
0
_ _]0 if I #£0
= SR 1JU/Pl (cos@)sinfdf = {Rao/eo, 1fl—0}
Therefore
@, forr <R
€0
V(r,0) =
2
Fo1 —, forr> R
€0
Note: in terms of the total charge Q = 47 R2%0y,
1
Q ,forr <R
47eq
V(r,0) =
1
Q ,forr> R
Ameg 1

Problem 3.19

Vo(0) = kcos(30) = k [4cos® § — 3cos 0] = k [aPs(cos0) + Py (cosb)] .

(I know that any 3'¢ order polynomial can be expressed as a linear combination of the first four Legendre
polynomials; in this case, since the polynomial is odd, I only need P; and Ps.)

1
4cos® ) —3cosh = a 5(500539—3c059) +ﬁcos€— 5 cos 9+(ﬁ—2a)cos€,

SO
8 3 3 8 3

4:—:} = —: -3 = — - = _ - = = - _7_3__7

Ty foza=P=-355=8 =8 5

Therefore .
Vo() = ' [8P5(cos8) — 3Py (cosb)].



Now

ZAlrlPl(cos ), for r < R (Eq. 3.66)

TR S |
> TlelPl(COS 0), for r > R (Eq. 3.72)
1=0
where
204+1
A = ( 12;1 )/VO(H)Pz(COSO) sinfdf (Eq. 3.69)
0
212;1 I; { 3(cos 0) Py(cos 0) sin 0 df — 3/ 1 (cos 0) Py(cos 0) sm9d9}
0
(20+1) 2 k1
T 5 2R {8 20+1) 3(2[+1)5 } 5 R (8013 — 3071)
[ 8k/5R3, if 1 =3 .
= { T } (zero otherwise).
Therefore
3
V(r,0) = —%rﬂ(cos 0) + %ﬁ%(cos 0) = g [8 (%) Ps(cos) — 3 (%) Py (cos 9)} 7
or

k T 31 3 r 7]?7’ .\ 1 2 2 _ _
5{8(R) 5[5COS 93c0s9]3(R)cos,6}:$ V(r,9)5Rc050{4(R) [5cos® 6 — 3] 3}

(for 7 < R). Meanwhile, B; = A;R?*! (Eq. 3.81—this follows from the continuity of V at R). Therefore

4 : _
Bl:{8kR /5, ifl=3

_3kR2/5, if [ =1 } (zero otherwise).

So

—3kR? 1 8kR* 1

V(T, 0) = Pl (COb 0) ?7"74

Ps(cosf) =

(S =l

5 () remn -3 () Ao,
<f)2coso {4 <f>2 [5cos® 6 — 3] — 3}

or

V(T‘7 0) =

o]




(for r > R). Finally, using Eq. 3.83:

co Y (21 + 1) AR Pi(cosf) = o [3AL Py + TA3 R Py
=0

3k 8k eok
= € |:3( 5R> P1+7<5R3)R2P3:| = 50R[ 9P1(COS9)+56P3(COS€)]
EOk 56 GOIC
=R [ 9co s0+—(5cos 60— 30089)] :£0059[79+28o5c0529728~3]
eok
= ECOSH[MOCOS 0 — 93]

Problem 3.20

2l 1
Use Eq. 3.83: o(f) = EOZ (21+1 AlRl ! Pi(cos6). But Eq. 3.69 says: A; = 2+ /VO )P, (cosf)sin 6 d.
1=0
Putting them together:

€0

o Vo(0)Py(cosf)sin @ db.

qed

> (21 +1)*CiPi(cos ), with C; =
=0

0/
Problem 3.21
Set V' = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the
potential of a uniformly charged spherical shell:

s Q
0) =—FE - — 0 —.
V{(r,0) 0 (r 2 > cosf + Treo v
Problem 3.22
> Bl > Bl > Bl g
(a) V(r,0) = ;mB(COSQ) (r > R), so V(r,0) = 2 mPl(l) = ;m = % {\/rg + R? —7"}
1 1
Since r > R in this region, /72 + R2 = ry/1+ (R/r)2 =r [1 + g(R/r)2 - g(R/r)4 +.. .}, S0
— B o 1R? 1R o (R? R
Yoo = |1t 5or 5T =g ler gt )
= + 2¢q 212 87 2¢g \ 2r  8r
2 O’R4
Comparing like powers of r, I see that B = ——, B; =0, Bo = ——— Therefore
4eo 6eg
oR?>[1 R?
)= —|-—-——=P. 0 .
V(r.6) 4eg {T 4r3 2(cos9) + } ’
) (for r > R).
oR? 1 /R
= — [1—-(=) (3cos?6—1
4€0T[ 8<r) (3cos )+ ’




(b) V(r,0) = ZAlrlPl(cos 0) (r < R). In the northern hemispere, 0 < 6 < 7/2,
1=0

V(r,0) = iAlrl = % [\/m—r} .
1=0

1 1
Since r < R in this region, V72 + R = R\/1+ (r/R)2 = R [1 + §(r/R)2 — g(r/R)4 +.. } . Therefore

> 172 1rt
At =2 A SN —
D A= 5o {RJFQR SR T]

1=0
Comparing like powers: Ag = —R, A = _2 Ay = 7 SO
p g P . 0_260 ) 1= 2€0a 2_460R7"'a
V(r,0) = Z |R—rP (cosB) + LrQP (cos ) +
) - 260 1 2R 2 LR )

(for r < R, northern hemisphere).

ST (e i) ey ]

In the southern hemisphere we’ll have to go for # = 7, using Pj(—1) = (1)’

V(r,m) = i(—l)%«l = [V R -]

€
1=0 0

(I put an overbar on A to distinguish it from the northern A;). The only difference is the sign of Ap:
Ay =+(0/2¢), Ap = Ap, Az = As. So:

o 1 5
V(r,0) = % [R +rPi(cosf) + sm" Py(cos ) + .. } ,
(for r < R, southern hemisphere).

-G [ oo (7) Bete v,

Problem 3.23

> AptPi(cos), (r < R) (Eq. 3.78),
V(r,0) =< 150

B
> TlTllﬂ(COSQ)v (r > R) (Eq. 3.79),
=0



where B; = A;R¥*! (Eq. 3.81) and

T

/ 00(0)P(cosf)sinfdf (Eq. 3.84)
0

1

A= —
! 260Rl_1

w/2 T
1

= 5 =190 / Pi(cosf)sinf do — / P;(cos ) sind do (let z = cosd)
€0
0 /2

1 0

o0
= SR /Pl(x) dx—/Pl(m) dz

0 -1

Now Pj(—x) = (—1)'Py(z), since P;(x) is even, for even [, and odd, for odd I. Therefore

0

/0 Py() dz = / Py(~z)d(~z) = (1)’ / Py(x) da,
el 0

1

and hence

0, if [ is even
g 1

1
— J— — l p—
A= 5 R 1= (1] /Pl(w) dx L‘[/Pl(x) de, if 1 is odd
0 eoR1
0

So Ag = Ay = Ay = Ag = 0, and all we need are A, A3, and As.

1 1 1
2t
Pi(z)dx = /xdx: —| ==.
2|, 2
0 0
i 1 1/ ot A" 1/5 3 1
T x
Py(z)dr = = [ (52 =3z) dz == (5=~ 3= )| == (-—-Z]|=-2
s(x)de = 5 | (527 = 3w) do 2(4 2)0 2(4 2> 8

Therefore

and




Thus

0o 1/7r 1 /r\4
200 — (= “ (= <
oo 2eq [Pl(cose) 1 (R) Ps(cos ) + 3 (R) Ps(cos ) + ] , (r <R),
r,g) = 3 2 4
’ (o)) 1 R 1 R
——(= (e >
Segr? Py (cos6) 1 (r > P;(cosf) + 3 <T) Ps(cosf) + , (r>R)
Problem 3.24
Lo (v, 1oV
sds \ Os 52 O¢?
Look for solutions of the form V (s, ¢) = S(s)®(¢):
2
1pd (48, 1400
s ds \ ds d¢?

Multiply by s? and divide by V = S®:

s d dS 1 0
+ = =0.
S ds D dg?

Since the first term involves s only, and the second ¢ only, each is a constant:

s d dsS 1d%® .
Sds ( ) Yy, 6?{52_027 with C7 + Cy = 0.

Now C5 must be negative (else we get exponentials for ®, which do not return to their original value—as
geometrically they must— when ¢ is increased by 27).

d*®
Co = —k2. Then a0 = —k*® = & = Acosk¢ + Bsin k.
Moreover, since ®(¢ + 27) = ®(¢), k must be an integer: k = 0,1,2,3,... (negative integers are just repeats,
but & = 0 must be included, since & = A (a constant) is OK).

d d
sd— ( dS> = k28 can be solved by S = s", provided n is chosen right:
S S

d n—1 d n 2.,.n—1 2

s— (sns"" ") =ns— =n?ss" Tt = n?s" = k%S = n = +k.

ds ( ) ds (s)

Evidently the general solution is S(s) = Cs* + Ds™*, unless k = 0, in which case we have only one solution
to a second-order equation—namely, S = constant. So we must treat £ = 0 separately. One solution is a
constant—but what’s the other? Go back to the diferential equation for S, and put in k = 0:

dS =0= 5E = constant = C' = 5 _¢ =dS = Cﬁ = S = Clns+ D (another constant).
ds Vs ds ds s 5

So the second solution in this case is Ins. [How about ®? That too reduces to a single solution, ® = A, in the
case k = 0. What’s the second solution here? Well, putting k£ = 0 into the ® equation:

d*® do

df&:0:>%:constant:3:>¢>:3¢+z4.



But a term of the form B¢ is unacceptable, since it does not return to its initial value when ¢ is augmented
by 2m.] Conclusion: The general solution with cylindrical symmetry is

V(s,¢) =ap+bolns+ Z [sk(ak cos k¢ + by sin k¢) + s (¢, cos k¢ + dj, sin ko)].
k=1

Yes: the potential of a line charge goes like In s, which s included.

Problem 3.25
Picking V' = 0 on the yz plane, with Eg in the  direction, we have (Eq. 3.74):

(i) V=0, when s = R, e
(ii) V — —Epx = —Eyscos ¢, for s > R.

Evidently ag = bp = b = d, = 0, and ax = ¢ = 0 except for k = 1: 0 > Eqo

Vs, ¢) = (als + %) cos ¢.

(i)= ¢1 = —ay R?; (ii)— a; = —Fy. Therefore

2
Vs, ¢) = <Eos + EOSR ) cosp, or |V(s,¢)= Eps

2
= —EoEO <—_R2 — 1)
s=R s
Problem 3.26

Inside: V(s,$) = ap + Z ¥ (ag cos k¢ + by sink¢) . (In this region Ins and s~* are no good—they blow

<f)2 - 1] cos .

- BB,

o
Os

0O = —€

up at s =0.)
1
Outside: V (s, ) = ap + Z = (cx cos k¢ + dy, sin ko). (Here Ins and s* are no good at s — o0).

_ avout _ 8‘/111
gT T 0s ds

(Eq. 2.36).
s=R

Thus
asinbgp = —¢ Z { RhFL (cx cos ke + dy sin ko) — kR*! (ay, cos k¢ + by, sin k‘¢)} .

Evidently ay = ¢, = 0; by = d, = 0 except k = 5; a = 5eg ( ds+ R b5>. Also, V is continuous at s = R:

RG

1
—dssin 5¢. So ag = @p (might as well choose both zero); R°bs = R~°ds, or d5 = R'"bs.

ao-‘rR5b5 sin 5o = ag+ o8



6
Combining these results: a = 5¢g (R4b5 + R4b5) = 10eg R*bs; bs = ﬁ; ds = %- Therefore

i 4
V(s, ) :aSln5¢{55/R , fors<R,}

10¢q R®/s®, for s > R.

Problem 3.27 Since r is on the z axis, the angle « is just the polar angle 6 (I'll drop the primes, for simplicity).
Monopole term:

/pdT = kR/ {Z(R —2r) sin@] 2 sin 0 dr df dé.
r

But the r integral is

R
/ R—2r)d (RT—T2)|§:R2—R2=O.
0

So the monopole term is zero.
Dipole term:

/rcos&pdT kR/ rcosf) [ (R— 2r)81n9]7“ sin 6 dr df d¢.

But the 0 integral is

U

/Sin2 0 cosfdl =
0

1

-3
sin® 0" 3(0 0) = 0.

3

0

So the dipole contribution is likewise zero.
Quadrupole term:

1 1 1
/7"2 (g cos? ) — 2) pdr = ikR/TQ (3cos®0 —1) [2(R— 2r) Sine] 2 sin @ dr df d.
T

r integral:
R 3 4N (B 4 4 4
r R R R
_9 _(Lp_T oo
/0 (R—2r)dr ( R 5 ) ) 3 5 5
0 integral:
/ (3cos® 0 — 1) sin20d9:2/sin29d9—3/sin49d0
—_———
0 3(1—sin? 9)—1=2—3sin2 0 0 0
us 37 9 m
—o(IY _g( YV (12 =1
(2) 5 ( 8 > " ( 8) 8
¢ integral:

The whole integral is:




For point P on the z axis (r — z in Eq. 3.95) the approximate potential is

1 kn®RP
V(Z) = mm (Quadrupole.)
Problem 3.28
z A
r
| R
7N y
X

For a line charge, p(r') dr’ — A(r’) dl’, which in this case becomes AR d¢'.

r =rsinfcospX +rsinfsingy + rcosfz,
r' = Rcos¢’ + Rsing’, so

r-r' = rRsinfcos¢cos ¢’ + rRsinfsin¢gsing’ = rRcosa,

cosa = sin#(cos ¢ cos ¢’ + sin ¢ sin <;§’).
n=0:
/ p(t')dr’ — AR /O T 0l = 2mRA Vo= 4;60 2”:% _ 2%0?
n=1:

27
/7"' cosap(r')dr’ — /Rcosa)\quS’ = \R? sin@/ (cos ¢ cos ¢’ + sin ¢psin ¢ )d¢' = 0;V; =
0
n=2:
1 AR?
/(7’/)2P2(COS a) p(r')dr' — /R2 (;’ cos? o — 2) ARd¢' = %/ {3 sin® 0 (cos ¢ cos ¢’ + sin psin ¢')” — 1} d
)\RB 2w 2 27 2w
=5 {3 sin? 6 <0082 QS/ cos? ¢’ d¢’ + sin® gb/ sin? ¢ d¢’ + 2sin¢cos¢/ sin ¢’ cos ¢’ d¢’> - / dgb’}
0 0 0 0

LRS 3 sin” § (m cos® ¢ + msin® ¢ + 0) —27] = TAR?

) 1
(3 sin 6 — 2) = —mAR3 (2 cos? 0 — 2> .

AR

s A R
= —-—— — 1) )=———P. .
Vo Re 13 (3cos®d —1) g 5 (cos 0)




Problem 3.29

p = (3ga — qa) z + (—2ga — 2q(—a)) § = 2qa z. Therefore

1 p-t
dreg 12’

Ve

and p-T =2qaz-t = 2qacosf, so

<
1%

1 2qacosf
—— ———.| (Dipole.
dreg 12 (Dipole.)

Problem 3.30

(a) By symmetry, p is clearly in the z direction: p =p2; p = [ zpdr = [ zo da.

T

p = /(Rcos@)(k cosO)R?sin 0 df do = 27rR3k:/
0

. 30
cos? fsin§ df = 27 R3k (COS >
3 0
2 AT R3k AT R3k
= SaRk[l - (-1)] = ; = 2.
ZrRH1 - (-1)] = T o= T
(b)
v 1 47TR3]€COS@7 ER? cos6

dmeg 3

2 30 2 (Dipole.)

This is also the ezact potential. Conclusion: all multiple moments of this distribution (except the dipole) are
exactly zero.
Problem 3.31

Using Eq. 3.94 with ' = d/2 and a = 6 (Fig. 3.26):

1 1 o0 n
_ == Z (d> P, (cosb);
I e 2r

for 2 _, we let § — 180° + 0, so cos — —cos6:

1 1< /d\"
—:72 — ) P,(—cos#).
2 _ rn=0<2r) (=cos0)

But P,(—z) = (—1)"P,(z), so
= - = - o Pn 0) — Pn - 0)] = - Pn 0).
47reoq (/; L. 2 _) 471.6qu 2 <2r) [P, (cos ) (—cosb)] Areor i <2r) (cos9)
Therefore

yeen

2¢ 1d qd cos 0 .
Viip = ——— = — Py (cos ) = . while [Vjuaq = 0.
dip 471'6()7"27’ I(COS ) 47'('6(]7’2 whe quad

2q d\’ 2¢ d®1 5 qd? ;
oct — —_— P 9 = _ 0 _ 9 — 0 N 0 .
Voct Ineor <2r) 3 (cos 6) Treg 871 2 (5cos 3cosb) dres 8t (5cos 3cosb)




() () Q= (i) p = (i) V 2 71 [9 + 2F] = -
(b) () Q= (i) p = (i) V | [QQ 4 qa;gw] |

() () @=[24.] (i)p=[3qay.| (ii)V = 1 {2‘1 + W} (from Eq. 1.64, §-F = sin#sin ¢).

Problem 3.32
1 2 3qa cosf
[q N WQ] .
T r

Problem 3.33

. c p A p ~ pq
Th t tr=a,0=7% =0 E= 0= — F=¢E=|—-
(a) This point is at r = q, 2, ¢=0,50 pr— 471_60&3( z) q yro—
p N 2. 2pq
b) H =a, §=0 E= -(2t) = ——12. |F= -
(b) Here r =a, ) 50 4dega’ t 4dega’ z 4dmega’
qp ‘ ™1 [ pa
(¢c) W=4q[V(0,0,a) — V(a,0,0)] = Tncoa? cos(0) — cos (§>} = Incoa®
Problem 3.34 )
1 - 1
Q = —¢, 80 Vinono = Trmen *qQ p=gqaz, so Vap= Tren l cgs . Therefore
ey T ey T

~ 4 ( 1  acosf ~ 4 | 1. a SN
V(r,0) = ( + ) E(r,&)_lmeo{ 7‘2r+r3 (2cos€r+sm€0>]

Problem 3.35 The total charge is zero, so the dominant term is the dipole. We need the dipole moment
of this configuration. It obviously points in the z direction, and for the southern hemisphere (6 : 5 — ) p

switches sign but so does z, so

/2 R /2
p = /zpdT = 2po/ rcos @12 sinf drdf dp = 2,00(277)/ r3 dr/ cosfsinf df
0=0 0 0

/2 WPOR4

= 40—
7TP04 D)

Therefore (Eq. 3.103)

4
E = mpoft (2cost9f'+sint90) .
8megr3

Problem 3.36

p=(p-B)f+ (Apé)é = pcosff —psind O (Fig. 3.36). So 3(p-&)f —p = 3pcosff —pcosOF +psinhh =
2pcosft + psinfB. So Eq. 3.104 = Eq. 3.103. v/
Problem 3.37

Vave(R) =

Pyl V(r) da, where the integral is over the surface of a sphere of radius R. Now da =
T



1
R2sinfdf do, s0 Vaye(R) = y / V(R,0,¢)sin6df do.
T

Ve 1 oV

dR 47 | OR
_ 1 _ 1 9 _
- = /(vv> da= o /(v V)dr = 0.

(The final integral, from the divergence theorem, is over the volume of the sphere, where by assumption the
Laplacian of V' is zero.) So V,ye is independent of R—the same for all spheres, regardless of their radius—and
hence (taking the limit as R — 0), Vave(R) = V(0). qed

Problem 3.38 At a point (z,y) on the plane the field of ¢ is

1 1
sin 0 df dep = 4—/(vv - #)sin 6 df d = m/(VV) - (R2sin 6 do do #)
I 7I8

1 q .
E, = —=2 d 2 =zk+yy—da
q Ireg 237" an TX+Yy Z,
q d

so its z component is — Meanwhile, the field of o (just below the surface) is —21

dmeo (22 +y? 4 d?)3/2 €0’
(Eq. 2.17). (Of course, this is for a uniform surface charge, but as long as we are infinitesimally far away o is
effectively uniform.) The total field inside the conductor is zero, so

qd
2m(2? +y? + d?)3/2

q d o
dreg (22 +y2 +d2)3/2  2e

=0 = o(z,y) =-— v

Problem 3.39
e .. . % f?: .. ..
G al

The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net
force of the negative image charges is:

o q2{ ! 5+ ! 5+ ! 5+
dmeg [2(a — )] [2a + 2(a — )] [4a + 2(a — x)]

1 1 1
C(22)2  (2a+22)2  (da+2x)2 }

= 4;606{5{[(@193)2 + (2aix)2 + (3aiz)2 +] - Lrlﬁ (a+1z)2 + (Qaix)ﬁ“}}'

1 ¢
4meg (2x)2

1
When a — oo (i.e. a > x) only the — term survives: I = v’ (same as for only one plane—
x

Eq. 3.12). When z = a/2,

F= 47rlq4 { La/lz)z " <3a}2>2 " <5a}2>2 i } B {w/lz)? " (3;2)2 " (552)2 i ] } -0

Problem 3.40
Following Prob. 2.52, we place image line charges —\ at y = b and +\ at y = —b (here y is the horizontal
axis, z vertical).



S1

S3 54
—b b

_-/\ +'>\ A a—b a—b A Y

In the solution to Prob. 2.52 substitute:

— _ 2 2
a— b, yoHaer (a b) <a+b> —R2:>b:R—.

2 2 2 a
2 2
b))
47eg 52 s3 47T€o 5252
A [(y +a)* + 2%][(y
e {[(y a)? +Z2][y+b +zz or, using y = 505 ¢, = ssin g,
s

A (s? 4+ a? + 2ascos ¢)[(as/R)? + R? — 2as cos ¢]
| 4o {( +a2—2ascos¢)[(as/R)Q—|—R2+2ascos¢]}'

Problem 3.41 Same as Problem 3.9, only this time we want ¢ + ¢’ = ¢, so ¢" =q¢—¢:

¢ (¢ ¢ ¢ qq’ 1 1
F= € - =)
47eg <a2 + (a— b)2) dmega’ + dreg a? + (a—b)?

The second term is identical to Problem 3.9, and I'll just quote the answer from there:

¢ [a ) Rz)} .

dmega’ (a® — R?)?

(a) F =0= a(a® — R?)? = R3(2a® — R?), or (letting = a/R), z(2* — 1) — 222 + 1 = 0. We want a real
root greater than 1; Mathematica delivers x = (1 4 v/5)/2 = 1.61803, so a = 1.61803R = | 5.66311 A.

(b) Let ag = zoR be the minimum value of a. The work necessary is

a0 q> /°° 1 3 (2a% — R?) q> /°° 1 (222 —1)
- | Fda= “la- R TV g = IR G I
W /Oo “ dreg S, ad a- R (a2 — R?)? “ dreoR J,, (2%  a3(x? —1)2 o

0
¢ (14220 — 227
 dmeoR | 223(1 — 23)

Putting in 2o = (1 4+ v/5)/2, Mathematica says the term in square brackets is 1/2 (this is not an accident; see
2
footnote 6 on page 127), so W =

SreoR’ Numerically,

(1.60 x 10-19)2 i
W= J=2.03x101°J =[1.27eV.
87(8.85 x 10-12)(5.66 x 10-10) 8




Problem 3.42

YA YA YA

The first configuration on the right is precisely Example 3.4, but unfortunately the second configuration is not
the same as Problem 3.15:

We could reconstruct Problem 3.15 with the modified boundaries, but let’s see if we can’t twist it around by
an astute change of variables. Suppose we let x — y, y — u, a — ¢, b — a, and Vy — Vi:

AY

Vl
A |
0 0
0 c u

This is closer; making the changes in the solution to Problem 3.15 we have (for this configuration)

4N sinh(nmy/c) sin(nmu/c)
Viwy) = n:;5 nsinh(nmra/c) '

Now let ¢ — 2b and v — z + b, and the configuration is just what we want:

YA

M

a

The potential for this configuration is

V(z,y) = vy Z sinh(nmy/2b) sin(nm(z + b)/Qb).

i nsinh(nmra/2b)



(If you like, write sin(n(z 4 b)/2b) as (—1)"~1)/2 cos(nmz/2b).) Combining this with Eq. 3.42

Vi y) = % Z 1 {Vocosh(mrx/a) sin(nmy/a) N

L cosh(nmb/a)

v sinh(nny/2b) sin(nx(x + b)/2b)
! sinh(nma/2b)

Here’s a plot of this function, for the casea =b=1, Vo =1/2, V1 =1

Problem 3.43

B
Since the configuration is azimuthally symmetric, V (r,8) = Z (Alr + > Py(cosb).
(a) r>b:

: Bl
A; =0 for all [, since V' — 0 at oco. Therefore V(r,6) = Z ﬁPl(cos 0).
a<r<b: Z(Cﬂ‘ + H_l)PI(COSQ) r<a: V(r,0)=".

We need to determine B, Cj, D;, and Vj

To do this, invoke boundary conditions as follows: (i) V is
1
continuous at a, (ii) V' is continuous at b, (iii) A %V> =——o(0) at b.
T €0

By D By D,
i) = Z blﬁPz(cos@) = Z (C’zbl bl+1> Pi(cosb); el = toE T ’ B, = v’*1C + D;. ‘ (1)

D;
Cla +7_0 if 1 #0, D = —a2tc. 140
=>Z(Cza+ )Pl(cose) Vo; ZDH Dl—ag'—acl: #0, (2)
Coa® + =L = Vo, it 1 =0; o= o o
a
—a®He, 140,

PUttlng (2) into (1) gives Bl = b2l+1Cl

By = bCy + aVy — aCy. Therefore

Bl — (b2l+1 o a2l+1) Cla l?é O7 (1/)
Bo = (b—a)Co + aVp.

1 _ —(l+1 —k
(iii) = ZBl (I+1)] bHQ 5 Pi(cos ) — Z <Cllbl by Dz(ler2)> Py(cos ) = gH(cos@). So
(1+1)

— 1
— iz Bi- (Cllbl_l +Dl(bl:2)> =0, if 1 # 1

or

—(l+1)By — 1o 4 +(+1)D;=0; (+1)(B —D))= e



—2 k 2
B1(+2)b2+<01 +D1[)2> Zg, fOI‘lZl; Cl+bf3(Bl—D1):k‘.
Therefore
(1+1)(B, — Dy) + 0¥ +1Cy = 0,for 1 # 1,
2 k (3)
Cl + bT)’(Bl — Dl) = ;

Plug (2) and (1’) into (3):

For [ # 0 or 1:

(I+1) [(0** =P O+ PO+ C = 0, (14O 4103 C = 0; (2141)C = 0= C; = 0.
Therefore (1') and (2) = ’ B =C,=D;=0forl> 1.‘

2
For Il = 1. Cy| + bfg[(bg—ag) C’1+a301] =k Ci+2C, =k = Olzk‘/géo; D, = —(1301 =

Dy = —d’k/3e0;| By = (0" —a®)Cy=| By = (b° — a®) k/3ec.
Forl = 0: B()—D() =0= B() = Do = (b—a)C()-i-aW) = GVE)—G/C(), SO bC() =0= ’ C() = 0; D() = aVE] = B().
\% b3 —ad)k k 3
Conclusion: |V (r,0) = a4 ﬂ cosf,|r>b. |V(r,0) = oo +—(r—2L) cos 0, a<r<b.
r 3r2¢ r 3eo 72
k 3 k
(b)o;(0) = —eo aa—‘: ) = —¢ [aa‘go + 3 (1 + 233> cos@} = —¢ <‘;O + 600050) =|—kcosf + VO%O.
1 1 4
(¢)gi= [ oida= @47m2 = ’ dmaegVo = Qiot- ‘ At large r: V = % ~ Q = macoVo = L%, v
a T Admeg T 47meg r T
Problem 3.44
Use multipole expansion (Eq. 3.95): pdr’ — \dr';
A= 24 the 7’ integral breaks into two pieces:
a
V(r) = L i 1 /(r')”Pn(cos O\ dr' + /(r’)"Pn(cos 0" )\ dr’
dmeg =~ rntl
n= 0 0

In the first integral 8’ = 0 (see diagram); in the second integral ' = 7w — 6, so cos @’ = —cosf. But P,(—z) =
(=1)"P,(2), so the integrals cancel when n is odd, and add when n is even.

a

1 Q@ & 1
V(r)=2 = P, (cosf " dx.
0=t 3 b [

The integral is a
n+

V= Q1 A [ 1 (%)nPn(cos 0)} .

_47T6(); n+1




Problem 3.45
Use separation of variables in cylindrical coordinates (Prob. 3.24):

V(s,¢) =ap+bplns+ Z [sk(ak cos k¢ + by, sin ko) + s~ *(cy, cos k¢ + dj, sin ko)] .
k=1

s<R: V(s,¢) =) e, s"(arcoske + brsinkg) (Ins and s~ blow up at s = 0);
$>R:V(s,) = ;s "(ckcoske+ dgsinkg) (Ins and s* blow up as s — o).

(We may as well pick constants so V' — 0 as s — oo, and hence ap = 0.) Continuity at s = R =
ZRk(ak cos ko + by sinkeo) = ZR*k(ck coskd + dpsinke), so cp = R**ay, dp = R*b,. Eq. 2.36 says:
oV oV 1

— - — = ——o0. Therefi
95 | s 95 | - 600 erefore

—k . . ) 1
Z W(Ck cos ko + dy sinkg) — Z ER"™* (ag cos k¢ + by sin k) = —ga,

or:

S okr Nawcosko +esinko) = { 20, 02557

Fourier’s trick: multiply by (cosl¢)d¢ and integrate from 0 to 27, using

27 2

/sink¢cosl¢d¢>20; /cos ki cos I dp = {?r ii;}
O )

0
Then
27
} =0; a=0.

T sinlg

0 l

€0

T 27
AR "Lra; = 70 /cosl¢d¢ — /cosl¢d¢ ) { s1nll¢
€0
0 ™

2
Multiply by (sinl¢) d¢ and integrate, using [ sin k¢sinle dp = { 0, k71 }:
0

T, k=1
T 27 l
ARy = 22 [/sinz¢d¢/sinz¢d¢] ) {COS ¢
€0 €0 l
0

T

|0, if [ is even o 0, if [ is even
=\ 40¢/leo, if 1 is odd 7 200/mel?R7Y i Lis odd [

s b) — 200R 1 <in (s/R)* (s < R)
Ved) =Sy X T o Ghrot (o5 1 )

T coslo
0 l

27
} = @(2 — 2cosln)

- lEQ

Conclusion:

Problem 3.46

1 = Py(cosb
Use Eq. 3.95, in the form V(r) = 2 Z (:;?? )In; I, = /z")\(z) dz.
€O r

n=




’ - QZJ {sin <%> — gin (_E)} = @. Therefore:

7r
IA(Z) 1 [dak\ 1
o~ — - M le.
V(r,0) pr < - >r (Monopole.)
z
a

ot (4 o (5) - 0n (5) )

—a

—a

=k (%)2 [sin(7) — sin(—m)] — « cos(m) — a cos(—ﬂ)} = 2LLQ;

™ m s

1 2a%k\ 1 )
V(r,0) = 47T€0( - )720059. (Dipole.)

I = k/z2 cos (%) dz =k {2“08(”/@) n (mz/a)? —2 i (m>}

J war  wap )|
a2 a’
= 2k (;) [acos(m) 4+ acos(—7)] = 747r2k'
A(2)

3
Vir,0) = 1 ( da k) % (3cos’0 —1).| (Quadrupole.)

Problem 3.47

(a) The average field due to a point charge ¢ at r is

1 1 q .
E..o.= —— [ Edr, h E= —s2,
a r ave (§7TR3)/ T where 47T60 3
@/‘.] 1 1 A
dr
0 Bae=—v— [ g dr.
S0 Have (37R3) 4meg /q/L 297

(Here r is the source point, dr is the field point, so 2 goes from r to dr.) The field at r due to uniform

1 2
charge p over the sphere is E, = e / ] dr. This time d7 is the source point and r is the field

TEQ
point, so 2 goes from dr to r, and hence carries the opposite sign. So with p = —q/ (37R?), the two
expressions agree: E,.. = E,.

(b) From Prob. 2.12:
1 qg T P
o = pr=— o3 == 3
3€o 4dmeg R dmeg R




(c) If there are many charges inside the sphere, E,y. is the sum of the individual averages, and ptot is the
p

4dmegR3”

sum of the individual dipole moments. So E,y. = — qed

(d) The same argument, only with ¢ placed at r outside the sphere, gives

1 (37R%)
dmeg 12

—qA

4meq 12

Eae =E, = (field at r due to uniformly charged sphere) =
But this is precisely the field produced by ¢ (at r) at the center of the sphere. So the average field (over
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces
at the center. And by superposition, this holds for any collection of exterior charges.

Problem 3.48
(a)

Edip =

Tregrd (2cosOF + sin 6 )
- _P [2cosf(sinfcospX +sinfsinpy + cos z)
4megrs

+ sinf(cos @ cos pX + cosfsinpy — sin 0 )]

- P 3sinfcosfcospX + 3sinfcosfsingy + (200820—sin20) Z
4deqrs

=3cos20—1

1
Eavc = W/Edip dr
3

= 1( p >/13[3sint9cost9(cos¢§c+sin¢y) (3cos 0 — ) ]r sin 0 dr df d¢.
r

(%wRi”) 47eg
27 5
But /cos odp = /smqbdgzﬁ =0, so the X and y terms drop out, and [ d¢ = 27, so
0
0

R ™
1 1
Eave = 72 27T\/ —dr / 3 COS2 0 — 1) sin 6 d6
(*ﬂ'R 47760 r
0

(—cos® O+cos 0)|5 =1—1+1-1=0

R4
Evidently which contradicts the result of Prob. 3.47. [Note, however, that the r integral, / —dr,

blows up, since Inr — —oo as r — 0. If, as suggested, we truncate the r integral at r = ¢, then it is finite, and
the @ integral gives E,,, = 0.]

(b) We want E within the e-sphere to be a delta function: E = A§3(r), with A selected so that the average
field is consistent with the general theorem in Prob. 3.47:

1 A p P 5
Eave = 77—y | A0 (r)dr = =— A=—— andh E=-2 5.
(I R?) / W4T =) T el B e 3" ™)




Problem 3.49 We need to show that the field inside the sphere approaches a delta-function with the right
coefficient (Eq. 3.106) in the limit as R — 0. From Eq. 3.86, the potential inside is

k k k
‘/ = — 9:7 E:—‘;‘/ :—7)\'
3607"(?08 3602, SO 360 Z

From Prob. 3.30, the dipole moment of this configuration is p = (47 R3k/3) 2, so k% = 3p/(47R?), and hence
the field inside is

1
T AmegR3 b
Clearly E — oo as R — 0 (if p is held constant); its volume integral is
1 4 . 1
Edr=—-———p-nR’= ——
/ T 4dmegR3 P37 3¢ P

which matches the delta-function term in Eq. 3.106. v
Problem 3.50
(a) T = /(vvl) (V) dr. But V-(ViVV3) = (V) - (VV3) + Vi(V2V3), so

1
I:/V°(V1V‘/2) dT*/Vl(V2V2) :fvl(v‘/g) ~da+€—/le2dT.
S 0

1
But the surface integral is over a huge sphere “at infinity”, where V3 and V5 — 0. So I = — / Vipadr. By
€0

1
the same argument, with 1 and 2 reversed, [ = — / Vopi dr. So /leg dr = /Vgpl dr. qed
€0

SZtUatZOn (1) : Qa = fa P1 dT = Q, Qb = fb P1 dT — 07 ‘/lb = Vab~
(b)
Situation (2) : Qq = fa padr =0; Qp = fb padr = Q; Vau = V.

fV1pz dr = Via fa p2dr + Vip fb p2dr = VyuQ.

fV2[)1 dr = Vaa fa P1 dr + Vo fbpl dr = ‘/baQ-
Green’s reciprocity theorem says QVy, = QViy, 50 Vop = Vie-  qed
Problem 3.51

(a) Situation (1): actual. Situation (2): right plate at Vp, left plate at V' =0, no charge at z.

V=0 V=0

O z d x /leQ dT = ‘/llle + V.’L'] Q.’L‘z + ‘/7'1Qrg~
q '

But V;, =V, =0 and Q,, =0, so [ Vipadr = 0.

/ Vapr dr = Vi,Qi, + Vi, Qoy + Vi Q.

But Vi, =0 Q., = ¢, Vi, = Vo, Qr, = Q2, and V,,, = Vo(x/d). So 0 = Vy(z/d)q + VoQ2, and hence



Situation (1): actual. Situation (2): left plate at Vp, right plate at V' = 0, no charge at z.
[ Vieadr =0= [ Vaprdr =Vi,Qu + VeaQu, + Vi @u, = Vo1 + Vi 40

But V;, =W (1 - g), SO

’Ql = —q(1 —z/d). ‘

(b) Situation (1): actual. Situation (2): inner sphere at Vp, outer sphere at zero, no charge at r.

/ Vips dr = Vi, Quy + Vi @, + Vi, Q.

But Val = Vb1 = Oa QTz =0. So fV1p2 dr = 0.

/‘/2p1 dr = Vasz + Wsz + Vb2Qb1 = QaVO + q‘/;"z +0.

But V,, is the potential at r in configuration 2: V(r) = A+ B/r, with V(a) = Vj = A+ B/a = W}, or
aA+ B = aVp, and V(b)) =0 = A+ B/b =0, or bA+ B = 0. Subtract: (b—a)A = —aVy = A =

—aVp/(b—a); B(:—1)=Vo=BYY = B=abVy/(b—a). So V(r) = X (L —1). Therefore

Qv +agis (2-1) =0 JQu= -2 (2-1).

Now let Situation (2) be: inner sphere at zero, outer at Vp, no charge at r.

/V1p2d7=0=/V2p1 dr = Va,Qa, + Vi Qry + Vi, Qb = 04 ¢Vi, + QVo.
o B .
This time V(r) = A+ — with V(a) =0= A+ B/a=0; V(b) =Vy = A+ B/b=1}, so
T

(1-%) vam=o fo—g (%)

V(r)= (beoa) (1 — g) Therefore ¢

Problem 3.52

3 3
(a) Z f‘zf'JQ” = %/ 32?17"; Zf'J ; — (7",)2 Zf'lf](sw pdT/

3,7=1 i j ,J
3
a l _ a _ sa s s
But E tiri =% =r"cosa= E £, j, E £t 5045 E pf;=f-f=1. So

1

Vauad = /f ( r'° cos® o — ) pdT = the third term in Eq. 3.96. Vv
471'60 7”3 2
2

(b) Because z* = y* = (a/2)? for all four charges, Q. = Qyy = 1 [3(a/2)? — (vV2a/2)?] (¢—q—q+q) = 0.

Because z = 0 for all four charges, @Q., = 5[ (vV2a/2)%)(q —q—q + q) =0and Q. = Qy: = Qzz = @y =0.
This leaves only

== 1B G () D0 (5 Q) o+ (5 (5 -[F

bV
(b—a)




()
2Q,;; = / [3(ri — d;)(r; — d;) — (xr — d)?6;;] pdr  (I'll drop the primes, for simplicity.)

= /[37"1‘7’]’77’25”’]pdegdi/T‘jpdT73dj/7"ipd7‘+3didj/pdT‘i’Zd'/I‘pdT(sij

— d25ij pdT = Qij — 3(dipj + djpi) + 3dZdJQ + 2(5”(21 p— d252]Q

Soif p=0 and @ = 0 then @Z—j = Q5. qed
(d) Eq. 3.95 with n = 3:
1 1

Aeq

(5 cos® 0 — 3 cos 9) .

DN | =

Voet = (r")3P3(cosa)pdr’; P3(cosf) =

1 1
Vot = ——— E i Qiik
oc 47T60 7"4 ya g (%]
3,5,k

Define the “octopole moment” as

1
Qijk = 5/ [5ririry, — (r')(rid% + 750k + 13.0:5)] p(x') dr’.

Problem 3.53
1 1 1 1 1
V = - L
47T60{q(/21 ¢2>+q (43 44)}

21 = \r2+a2— 2racosé,
2 g = \/r2+a2+2rac059,

23 = \/7“2—|—b2—27“60059,
Ly = \/r2—|—b2—|—2rbcos9.

a a
. . 1 1 2r -
Expanding as in Ex. 3.10: | — — — | & — cosf (we want a > 7, not r > a, this time).
71 7 9 a?
1 1 2b 2
—— — —— ] = — cosf (here we want b < r, because b = R"/a, Eq. 3.16)
73 7 4 r
2 R?
= —— cosf.
ar

R
But ¢’ = ——a (Eq. 3.15), so




1

Set Eo = P a2

(ﬁeld in the vicinity of the sphere produced by +q):

R3
V(r,0) = —Ep (T - 2) cosf| (agrees with Eq. 3.76).
T

Problem 3.54
The boundary conditions are

(i) V=0 when y =0,
(i) V=V, when y = q,
(iii) V =0 when z = b,
(iv) V =0 when z = —b.

Go back to Eq. 3.26 and examine the case k = 0: d>X/dz? = d*Y/dy? =0, s0 X (z) = Az+ B, Y (y) = Cy+ D.
But this configuration is symmetric in «, so A = 0, and hence the k = 0 solution is V(z,y) = Cy + D. Pick
D =0, C =Vy/a, and subtract off this part:

The remainder (V (z,y)) satisfies boundary conditions similar to Ex. 3.4:
(i) Y:OWheny:O,
(ii) V =0 when y = a,

(ii) V = ~Vo(y/a) when & = b,

(iv) V.= =Vu(y/a) when x = —b.

(The point of peeling off Vy(y/a) was to recover (ii), on which the constraint k = nr/a depends.)
The solution (following Ex. 3.4) is

V(z,y) = Z Cyp cosh(nmz/a) sin(nry/a),

n=1

and it remains to fit condition (iii):
V(b,y) = Z C,, cosh(nmb/a) sin(nry/a) = —Vy(y/a).

Invoke Fourier’s trick:

Z C,, cosh(nmb/a) / sin(nmy/a) sin(n'ry/a) dy = _Y / ysin(n'my/a) dy,
0 a Jo

a Vo [* .
§Cn cosh(nmb/a) = —— [ ysin(nmy/a)dy
a Jo

a

Cn = sm (nmy/a) — (%) cos(mry/a)}

a

nf

) cos(nm) _ o i
nm cosh(nmb/a)

a2 cosh(nwb/a) Cosh mrb/a [ 0

a? cosh mrb/a (



B y 2 > ™ cosh(nmz/a) .
V(z,y) = - z:: cosh(nh/a) sin(nmy/a)

Alternatively, start with the separable solution
V(z,y) = (Csinkz + D coskx) (Ae* + Be ") .

Note that the configuration is symmetric in z, so C = 0, and V(z,0) = 0 = B = —A, so (combining the
constants)

V(z,y) = Acoskxsinh ky.

But V(b,y) = 0, so coskb = 0, which means that kb = £7/2,£37/2,..., or k = (2n — 1)7/2b = «,, with
n=1,2,3,... (negative k does not yield a different solution—the sign can be absorbed into A). The general
linear combination is

o0
V(z,y) = Ay cosanzsinhayy,

n=1

and it remains to fit the final boundary condition:

V(z,a) =V = Z A,, cos o,z sinh a,a.

n=1
Use Fourier’s trick, multiplying by cos o,z and integrating:

b

b 00
VO/ Ccos Ok dr = g Ansinhana/ COS (tyy/ X COS (T dix,

—b n=1 —b

2sin b
Vo——"— = Ay sinh apa(bdy ) = bA, sinh oy a.
C—— Z sinh a,a( ) sinh ay,ya

So A, 2Vo  sinay,b

2n -1
o smha.d’ But sinanb:sin< n2 71') =—(-1)", so

2 inh o,
Viz,y) = Do Z ”M COS QUp T

o, sinh a,a

Problem 3.55
(a) Using Prob. 3.15b (with b = a):

Viey) = 4Vo Z sinh(nmrz/a) sin(mry/a).

T = n sinh(nm)



B ov B 4Vy nm\ cosh(nmx/a)sin(nry/a)
o(y) = € 9z loo — ° nzogd< a ) n sinh(nm) 0
 4eWp sin(nmy/a)
N n%;d sinh(nm)
“ degVpy 1 .
A= / o(y)dy = — . Z m/ sin(nmy/a) dy
0 n odd 0
But /a sin(nmy/a) dy = . cos(nm /a)|a = i[1 — cos(nm)] = 2—a(since n is odd)
0 Y L YIlo = o Conrw '
8eo Vo 1 Vo
S |00,
Z nsinh(n) T

[Summing the series numerically (using Mathematica) gives 0.0866434, which agrees precisely with In2/8.
The series can be summed analytically, by manipulation of elliptic integrals—see “Integrals and Series, Vol. I:
Elementary Functions,” by A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (Gordon and Breach, New
York, 1986), p. 721. I thank Ram Valluri for calling this to my attention.]

Using Prob. 3.54 (with b = a/2):

" cosh(nmz/a) sin(nry/a)
Viey) = + Z n cosh(nm/2) '
oV B nm\ (—1)" cosh(nrx/a) cos(nmy/a)

o(z) = Oy ly= €oVo + Z( ) n cosh(nw/2) ‘y 0
B 1. 2 (=1)"cosh(nrz/a) | _  &Vo )" cosh(nmz/a)
=~V a * cosh(nm/2) N 12 Z cosh(mr/2) ’

a/2 60‘/0 n a/2
A= /_a/2 o(z)dx = a+2 Z cosh n7r/2) / cosh(nmz/a)dzx| .
a/2 a a/2 2a
But / cosh(nmz/a) dr = — sinh(nma/a) = — sinh(nn/2).

a2 nw ey N
_ oW 4a (=1)"tanh(nm/2) | _ 4 (=1)" tanh(nm/2)
I ; n = Vo T Zn: n
S LIRS

T

[The numerical value is -0.612111, which agrees with the expected value (In2 — 7)/4.]
(b) From Prob. 3.24:

V(s,¢) =ao+bolns+ Z (aksk + bk81k> [ck cos(ke) + d, sin(ke)].

k=1

In the interior (s < R) by and b, must be zero (Ins and 1/s blow up at the origin). Symmetry = dj = 0. So

V(s,¢) =ag + Z aps® cos(ke).

k=1



At the surface:

ZakRkCOb ko) = {Vo7 if —7w/4<¢<n/d4,

0, otherwise.

Fourier’s trick: multiply by cos(k’'¢) and integrate from —m to :

/4 (Vo k') sin(k'/4), if k' # 0,

ZakRk /7r cos(ke) cos(k'¢) dp = Vb/

—7/4

/4
cos(k'p) do = { Vosin(k'¢)/K —nia
Vor/2, if k' = 0.
But
. 0, if k#K
/ cos(k¢) cos(k'p)dep = < 2m, if k=Fk =0,
- m, if k=K #0.

So 2mag = Vo /2 = ag = Vo /4; map RF = (2Vo /k) sin(kr /4) = aj, = (2Vo/mkR¥)sin(kn/4) (k # 0); hence

1 72Tio:sin kr/4) (E) Cos(k‘qﬁ)].

k=1

V(s ¢) =

Using Eq. 2.49, and noting that in this case i = —8§:

- 260‘/0 >

o(¢) = 7 Z sin(km/4) cos(ko).
k=1

8V‘

sm(k7r/4) P
Sl €0V0; Z ———=ks"7" cos(k¢)

kRFk

s=R

We want the net (line) charge on the segment opposite to Vp (—7 < ¢ < —37/4 and 37/4 < ¢ < 7):

T

A= / c(@Rdé=2R [ o) d = 10V 3 sin(kr/4) / cos(ke) do

3m/4 (] 3 /4

4egVo = [sin(k:@ ™ ] 4eoVy o= sin(km/4) sin(3km /4)
sin(km /4 = — .
T ; (kr/4) k 3mw/4 m ; k

k  sin(kw/4) sin(3kw/4) product
1 1/v2 1/v2 1/2
2 1 -1 -1
3 1/v2 1/v2 1/2
4 0 0 0
5  -1/V2 -1/V2 1/2
6 -1 1 -1
7T -1/V2 -1/V/2 1/2
8 0 0 0




deoVp | 1 1 1
T |2 k_zk

1,3,5... 2,6,10,...

_ 4eoV

™

A=—

Ly 1,
2 k|l

1
2 1,3,5... 1,3,5,...

Ouch! What went wrong? The problem is that the series Y (1/k) is divergent, so the “subtraction” co — oo
is suspect. One way to avoid this is to go back to V (s, ¢), calculate €9(0V/0s) at s # R, and save the limit
s — R until the end:

(6 5) = ov 2670:/0 Z sin(km/4) ksk—1 cos (ko)

s ) R

2
_ €oV0 Zxk Usin(km/4) cos(k¢) (where z = s/R — 1 at the end).

Mz) = o(¢,s)Rdp = _deolo i %xk_l sin(km /4) sin(3km /4)

3 xd 1 /22 26 210
22 <“3+5+'“)‘x<2 +6+1o+“'>}

x+£+£5+
3 5
1+ 22 eoVo 14z 1+ 22
n(—— = — In
1— 22 T 1—2 1— 22

|
|
B~
[0}
o
B
| —
|~

But (see math tables) (
1
2

260% 1 1+
= — —In —
T 2 1—2z

% 1 2 —eo VL
= 0%y, (1+2) ;A= lim Az) = Y0 1,9,
T 1+ a2 z—1 s
Problem 3.56
Z ~
Y F:qE:4qp3(2cosﬁf'+sin00).
TEQT
o1 0
T
mg
Now consider the pendulum: F = —mg2 — T'#, where T — mgcos¢ = muv?/l and (by conservation of

energy) mgl cos ¢ = (1/2)mv? = v? = 2gl cos ¢ (assuming it started from rest at ¢ = 90°, as stipulated). But
cos ¢ = —cosf, so T = mg(—cos) + (m/l)(—2gl cos§) = —3mg cos 6, and hence

F = —mg(cos 0 — sin 0 ) + 3mg cos 0 & = mg(2cos O & + sin 0 ).

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on ¢ in the

field of a dipole, with mg < qp/4megl®. Evidently ¢ also executes semicircular motion, as though it were on a
tether of fixed length [.

Problem 3.57 Symmetry suggests that the plane of the orbit is perpendicular to the z axis, and since we need
a centripetal force, pointing in toward the axis, the orbit must lie at the bottom of the field loops (Fig. 3.37a),
where the z component of the field is zero. Referring to Eq. 3.104,




E-2=0=3(p-t)(#-2)—p-2=0, or3cos’0—1=0. Socos?’0 =1/3, cosf = —1//3, sinf = \/2/3, z/s =

fan 6 = The field at the orbit is (Eq. 3.103)

p 1 2 A
E —2— -6
4dmeqr3 ( \/§r+ 3 )

~ Tre \/5[_\/ﬁ(smacosqsi+Sinesin¢y+cosei)+(0089008¢i+008951n¢y—sinﬁi)}
4megr3 V 3
__P 270 55 e (s o o )
= 47reo7“3\/;[( \/ism9+cose) cos¢>x+( \@sme—i—cosH) s1n</)y+( V2 cos 6 Smg) z}
p 2 2 1 . ) . 1 \/5 A
= S =v2y /2 - = —— /%
dregrd \ 3 l( V2 ; \/§> (cospX +singy) + (\f\/g 3) z}
p__ /2 % 4 sind9 p . P
SR Y =y = 926=—_ P g
47reor3\/;[ \/g(cos(bx—l—sm<bY)} 4W€Or3\fs S ames

(T used s =rsinf = ry/2/3, in the last step.)
The centripetal force is

qap my 2 qp 1 ap
F=qE=- =- SN SN BT W
7 3v/3mensd s 3v/3megms? s\ 3v/3meom
The angular momentum is
qapm
L=smv= ,
3\/§7T60

the same for all orbits, regardless of their radius (!), and the energy is

1 1 qp q pcosf qp qp
W= —-mv?>+qV == + = — —
2 1 23./3meps?2  4meg 12 6v/3megs?  Ameny/3(3/2)s2

Problem 3.58

1
Potential of g1 V(r) a

" drweg 2

,  where 2 2 =a?+1r?—2arcosé.

1 1 n
Equation 3.94, with v’ - aand « - 6: — =— Z (ﬁ) P,(cos®). So
rir

7
q 1 L ra\" .
Vy(r,0) = 47“0;7;) (;) P, (cosb).

: : : By
Meanwhile, the potential of ¢ is (Eq. 3.79)  V,(r,0) = ; TZTH(COS 0).
Comparing the two (V, = V,,) we see that B, = (g/4mep)a’, and hence (Eq. 3.81) A; = (¢/4meg)a’/R*+1. Then

(Eq. 3.83)
(%) l Py(cos 9)] .

M8

. q — a\! _q Sl a\!
70) = G 22 () Pleont) = s 12301 () Pleont) +

l

Il
=)



Now (second line above, with r — R)

1 a\!
= — — ) P(cosB).
Va2 + R? — 2aRcosf Rg(R) i )

Differentiating with respect to a:

d 1 (a — Rcosf) 1 &
- = = — Py(cosb).
da (\/a2 + R? —2aRcos€) " (a® + R% — 2aR cos 0)3/2 RZ ( ) 1(cos 0)

Thus
q (a — Rcosf) R
0) = —2aR
o (9) 47 R? [ “ (a2 + R? — 2aR cos 0)3/2 * (a2 + R2 — 2aR cos 0)1/2
q [—2a(a— Rcos) + (a®> + R —2aRcosf)] | ¢ (R? — a?)

4R (a? + R? — 2aR cos 0)3/2 | 47R (a® + R%? — 2aRcos 0)3/2’




Chapter 4

Electric Fields in Matter

Problem 4.1

E=V/z=500/10"2 = 5x 10°. Table 4.1: a/4mey = 0.66 x 1073% s0 o = 4 7(8.85 x 10712)(0.66 x 1073°) =
734 x 1074, p=aFE=ed = d=aF/e= (734 x 107*)(5 x 10°)/(1.6 x 107%9) = 2.29 x 10716 m.

d/R = (2.29 x 10716) /(0.5 x 1071°) = [4.6 x 10~C. | To ionize, say d = R. Then R = aE/e = aV/ex =V =

Rex/a = (0.5 x 10719)(1.6 x 10~19)(10~3)/(7.34 x 10~41) =
Problem 4.2

First find the field, at radius r, using Gauss’ law: [E-da = % Qenc, or E = 477150 L Qenc.

" dg [T o 4 a o a2
Qenc = / pdr = W—GZ/ e a2 dF = a—g [—262’”/‘1 <r2 + a7 + 2)}
0 0 0

2q —2r/a 2 a? a? _ —2r/a r r?
—az{e r—|—a7‘+? -3 =qll—e 1+25+2¥ .

[Note: Qenc(r — o0) = q.] So the field of the electron cloud is E, = - -4 [1 —e2r/a (1 +27 + 22—2)} The

4meq 72

proton will be shifted from r = 0 to the point d where E. = E (the external field):

I q —2d/ N
E= — [1- “l1+2-+2— ).
dreq d? [ ¢ + a i a?

r

Expanding in powers of (d/a):
2 1/2d\° 1 [/2d\° 2y 3
e~2d/a — 1 _ 7d 4= 7d _ 7d _,'_._.:1_2@_'_2 g _ = g R
a 2\ a '\ a a a 3 \a
2 2 3 2
1— e 2d/a 1+2§+2d— 1-— 1—2§+2 dy _4(d 4o 1+2é+2d—
a a? a a 3\a a a?

2 2 3 2 3 3
Yy —25—23/5+zg+4§g+4§§—2§g—4§g+§j—3+m

4 (d\’
3 (a) + higher order terms.



1 g (4 1 4 1
= [ —_—— = —_— d = . — 3 3.
4meq d? (3 a3> 47eq 3a3 (gd) 37r60a3p @ o

[Not so different from the wuniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts
4736004 = %a‘g = % (0.5 X 10’10)3 = 0.09 x 1073 m3, compared with an experimental value (Table 4.1) of
0.66 x 1073 m?. Tronically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.]
Problem 4.3

p(r) = Ar. Electric field (by Gauss’s Law): § E-da = E (477%) = £ Qene = = [ AT 47 dF, or E =
1 4wArt  Ar? L .

——— = ——. This “internal” field balances the external field E when nucleus is “off-center” an amount
4nr? ey 4 4eq
d: ad2/4eo =F = d=+/4¢FE/A. So the induced dipole moment is p = ed = 26\/6()/A\/E. Evidently
’p is proportional to E'/2. ‘

For Eq. 4.1 to hold in the weak-field limit, E must be proportional to r, for small r, which means that p
must go to a constant (not zero) at the origin: m (nor infinite).

Problem 4.4

Field of ¢: ﬁr% t. Induced dipole moment of atom: p = aE =
r ag 4 0
© 4meqr?

1 1 2
Field of this dipole, at location of ¢ (§ = 7, in Eq. 3.103): E = — a4 (to the right).
4dmeg 13 \ dmeor?

e

[

2
1
Force on ¢ due to this field: | F = 2« 1 — | (attractive).
4meg ) 1O

Problem 4.5

Field of p; at p2 (# = 7/2 in Eq. 3.103): E; = PLg

1 5 6 (points down).
TeT

P1p2
4meqrs

Torque on pa: No = po X E; = poF1sin90° = po By = (points into the page).

Field of py at p1 (0 = 7 in Eq. 3.103): Eq = P2 (—2%) (points to the right).
4meqrs
2
Torque on p1: N1 =p1 x Eg = p1p2 (points into the page).
4dmeqrs
Problem 4.6
(a) 0 (b) Use image dipole as shown in Fig. (a).
B >f)'+ D Redraw, placing p; at the origin, Fig. (b).
‘ 27
< Pi EiZL‘(QCOSQf‘—I—SiHQé)' p=pcosOf+psindo.
+> dren(22)3 '
PiD~ _
0
p? A A
N =pxE; = Treo(@2)8 [(cosﬂf‘—i—sin@@) X (20059f'+sin99)}

2

__r ino b - B
= Treo@o) [008981n0¢)+2sm6‘0059( d))}

B p?sin f cos @

= W(—(ﬁ) (out of the page).



_ p? sin 26
T 4meo(1623)

For 0 < 0 < 7/2, N tends to rotate p counterclockwise; for 7/2 < 6 < w, N rotates p clockwise. Thus the
stable orientation is perpendicular to the surface—either 7 or |. ‘

Problem 4.7

If the potential is zero at infinity, the energy of a point charge @ is (Eq. 2.39) W = QV (r). For a physical
dipole, with —q at r and +q at r + d,

But sinf cosf = (1/2)sin 26, so | N (out of the page).

r+d
U=qV(r+d) —qV(r)=¢[V(r+d)—V(r)] =¢ l—/ E.dl

For an ideal dipole the integral reduces to E - d, and

U=—qE-d=—-p-E,
since p = ¢d. If you do not (or cannot) use infinity as the reference point, the result still holds, as long as
you bring the two charges in from the same point, ro (or two points at the same potential). In that case

W = Q[V(r) — V(ro)], and

U=q[V(r+d)=V(ro)] —q[V(r) = V(ro)] = ¢[V(r +d) = V(r)],

as before.
Problem 4.8
U = —p1-Es, but E; = ﬁ% [3(p2-f)f — p2]. So U = 477160 %5 [P1'p2 — 3(p1-F) (p2-f)].  qed
Problem 4.9
1 q . q xX+yy+=z2
F=(p-V)E(Eq45);E= ——1= .
(a) (p- V)E (Eq )i dmeg 2 r deg (22 + y2 + 22)3/2

Fr= (oo 4oyt p ) .
r = pmax pl/ay pzaz 4’/T60 (ac2+y2+z2)3/2

_q 1 —§x 2x + —§x 2y
T e P (z2+y2+22)3/2 2 ($2+y2+22)5/2 Py 2 (m2+y2+22)5/2

+ P2 [—3 2 ]}— 1 [m—::f(pxxﬂprwapZZ)}— i [p_?’r(p-r)L.

Qx(x2+y2+z2)5/2  4rmeg | 13  dmey |13 r5
1 q
F = —|p—-3(p-1)7|.
4dmreg 13 [p—3(p-)1]
(b) E L 3p- (—1)] (%) } L [3(p- )t — p]. (This is from Eq. 3.104; the mi i
= (=) (-%) —p} = = . - pl. is is from Eq. 3.104; minus signs
4d7eq 13 P P 4meq 3 2 ¢ 5 d P e US S1gns

are because r points toward p, in this problem.)

1 g
F _ —_— T . r s - .
¢E =7 e 3(p-#)# - p]

[Note that the forces are equal and opposite, as you would expect from Newton’s third law.]




Problem 4.10
1
2

—Pihi= kR |p=-V.P=—
@) o0 =P =[] :

(b) Forr < R, E = %prf (Prob. 2.12), so E = | —(k/eg) r.

0 1
—(r?kr) = —=3kr? = | —3k.
0 ( 2

r r

For r > R, same as if all charge at center; but Qior = (kR)(47R?) 4+ (=3k)(37R3) = 0, so

Problem 4.11
pp = 0; 0 = P-nn = £ P (plus sign at one end—the one P points toward; minus sign at the other—the one
P points away from).

(i) L > a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and
charge Pra?. See Fig. (a).

(ii) L < a. Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform “fringing
field” at the edges. See Fig. (b).

(iii) L ~ a. See Fig. (

= 1- 8-

) Like a dipole ) Like a parallel-plate capacitor

Problem 4.12

V= 47760 f P 4 dr = {47}60 Ik ,f' 2 dT}. But the term in curly brackets is precisely the field of a uniformly
charged sphere, d1v1ded by p. The integral was done explicitly in Probs. 2.7 and 2.8:
1 (4/3)7R%p . R R? P R3*Pcosf (r> R)
1 2 1| 4mee 12 E (r>R), 3er? 3eor? 7
4 /ﬁdT:; SOV(T,&):
reo 1 (4/3)nR%p 1 P
- )RR R R). | Prcos®
dreg R3 r, (r<R) %P'r T (r <R).

Problem 4.13

Think of it as two cylinders of opposite uniform charge density +p. Inside, the field at a distance s from
the axis of a uniformly charge cylinder is given by Gauss’s law: E2msl = %pwszﬁ = E = (p/2¢)s. For
two such cylinders, one plus and one minus, the net field (inside) is E = E; + E_ = (p/2¢) (s —s_). But

sy —s_ = —d, so E=|—pd/(2¢), | where d is the vector from the negative axis to positive axis. In this case

the total dipole moment of a chunk of length ¢ is P (7Ta2€) = (pwa%) d. So pd =P, and ’ E=-P/(2¢), ‘ for
s <a.




Outside, Gauss’s law gives E2msl = épwa% - E = 228 for one cylinder. For the combination, E =

2€g s’
E, +E_= pa’ (Si — S*) where

2ep \ s4+ s_

d
i = ST 3;

T AL ) )
oo
()3t ) - (0.

a? 1 .
2—605—2[2(P~s)sfP], for s > a.

d
2) (keeping only 1st order terms in d).

E(s) =

Problem 4.14

Total charge on the dielectric is Qior = $gopda + [, ppdr = §s P -da — [, V-Pdr. But the divergence
theorem says ¢4 P -da= [, V-Pdr, 50 Qenc = 0. qed

Problem 4.15

1 0 AN . AP -T=k/b (atr=0),
(a) po VP287"<T >r2 ‘”’P'n{ —P.i=—k/a (at r =a).
Gauss’s lauw:>E—47r160 Qj;“r For r < a, Qenec =0, bOFOI"I”>b Qenc = 0 (Prob. 4.14), so

For a <r <b, Qenc = (= k) (4ma?) + (= }) dn72dr = —dnka — dnk(r — a) = —4mkr; so ’ E = —(k/eor) .

b) § D-da=Qy,,. =0= D =0 everywhere. D =¢E+P =0=E = (—1/¢)P, so
’E 0 (for r < a and r > b); ’E_ (k/eor) T (fora<r<b).‘

Problem 4.16
(a) Same as Eg minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14)

is —P/3¢. So |E = E0+3—P D = E = ¢Eo+ iP =Dy~ P+ 1P, 50| D = D — 2P.
€0

(b) Same as Eq minus the field of &+ charges at the two ends of the “needle”—but these are small, and far

(¢) Same as Eg minus the field of a parallel-plate capacitor with upper plate at ¢ = P. The latter is

—(1/eo)P, s0|E=Eo+ 1P.| D=¢E=¢Eq+P,s0




Problem 4.17

0 (@ @

(uniform) (field of two circular plates) ~ (same as E outside, but lines
continuous, since D =0)

For more detailed figures see the solution to Problem 6.14, reading P for M, E for H, and D for B.
Problem 4.18

(a) Apply [ D -da = Qy,,. to the gaussian surface shown. DA = c A = (Note: D = 0 inside the
metal plate.) This is true in both slabs; D points down.

L == K}g

(b) D=¢E = E =0/¢; inslab 1, E = 0/es in slab 2. But € = ¢p¢,., 50 €1 = 2¢p; €2 =
E2 = 20’/360.

(c) P = eoxcE, s0 P = epxed/(€0€r) = (Xe/€r)T; Xe = € — 1= P = (1 —¢,1)0. ’Pl =

(d) V = Eia+ Eza = (0a/6ey)(3+4) =

(e) py = 0: op = +P; at bottom of slab (1) = ¢/2, || o, = +P, at bottom of slab (2) = ¢/3,
Pp ="\ 5, = —P; at top of slab (1) = —0/2; op = —P5 at top of slab (2) = —0/3.

20/3.‘

total surface charge above: o0 — (0/2) = 0/2, } 5=y

(F) In slab 1: { total surface charge below: (0/2) — (¢/3) + (0/3) —0 = —0/2, 260

] | total surface charge above: ¢ — (6/2) + (0/2) — (¢/3) = 20/3, 20
T slab 2: {total surface charge below: (0/3) — o = —20/3, = Bp = 360
[ | +o
—0/2
@
+0§§
©)
+0/3

[ | —o

Problem 4.19

With no dielectric, Cy = Aep/d (Eq. 2.54).
In configuration (a), with +0 on upper plate, —o on lower, D = o between the plates.
E =0/¢ (in air) and E = /e (in dielectric). So V = %% + %% = 2?0654 (1+<).

€




C 2¢
_ Q _ e«A 2 a r
Ca—V_md (1+1/6r):> ?0_1+er'

In configuration (b), with potential difference V: E =V/d, so 0 = egE = ¢V/d (in air).
P =egx.E = €px.V/d (in dielectric), so o, = —€gX.V/d (at top surface of dielectric).
Otot = €0V/d =05 +0p =05 —€oXxeV/d, s0 oy = €V (1 + xe)/d = €€, V/d (on top plate above dielectric).

_.c Q _1 é_'_ A A K+ 14 _ Aeo (146 Gy, 14e
Py Ty \Ze Ty ) T\ Tyt ) Ty 2 )lc,” 2

s b C,  Co _ 146 _ 2¢p _ (+e)’—de, _ 142er+4ei—de, _ (1—¢,)?
[Which is greater? &- =3 T = T aire) = ST =51y > 0. So Cy > C,.]
If the z axis points down:

| | B [ D | P |
(a) air (:j_rl) % X (jjfl) 60dV X 0
(a) dielectric (57.3-1) % b'e (ef:fl) Efiv be 2((::_:11)) 5"dv bd
(b) air Yz Eodv X 0
b) dielectric V% 62V % e — eV g
d d
’ [ os (top surface) | oy (top plate) ‘
2(e,—1) gV 2¢,. eV
(a) ~ToFD d 4 d
(b) —(& — 1)y oV 6°V (left); 6°V (right)

Problem 4.20

[D-da = Qy,,. = Dinr® = pinr3 = D = tpr = E = (pr/3e)f, for r < R; DArr? = p3nR3 = D =
pR3/3r? = E = (pR3/3¢r?) #, for r > R.

0 0
v [mas g e = ()
Problem 4.21
Let @ be the charge on a length ¢ of the inner conductor.
}{D-da: D27rs£:Q:>D:%; E= 27rZs£ (a<s<b), E= 27256 b<r<e).
a b c
B _/c E'dlz/a (27206) % +/b <27?e£> % - 27rQeO£ {m (Z) + e?ohl (Z)] '

Ve |In(b/a) + (1/e.)In(c/b)’

v
Q_Q_ 2Teq
14




Problem 4.22

Same method as Ex. 4.7: solve Laplace’s equation for Vi, (s, ®) (s < a) and Voue(s, é) (s > a), subject to

the boundary conditions x
i W = Vout at s = a, ¢
(ii) eaa% = € 8‘51‘” at s = a, EOT \
(iii) Vous — —FEpscos¢ for s> a. y
z J
From Prob. 3.24 (invoking boundary condition (iii)):

Vin(s, ¢) = Z s (ap cosko + by sinko), Veoue(s, ¢) = —Egscos ¢ + Z s 7% (cp cos k¢ + dy sin k¢).
k=1 k=1

(T eliminated the constant terms by setting V' = 0 on the y z plane.) Condition (i) says
Z a®(ay cos ko + by, sin ko) = —Foa cos ¢ + Z a=F (e cos k¢ + dy. sin k¢),
while (ii) says
€r Z kak_l(a;C cos ko + by sink¢) = —FEg cos ¢ — Z k:a_k_l(c;C cos ko + dj sin k¢).

Evidently b, = di = 0 for all k, ax, = ¢ = 0 unless k = 1, whereas for k =1,

aa; = —FEga + a_lcl, era1 = —Ey — a"2¢y.
Solving for a,
EQ EO EO
a1 = 50 Via(s,6) = — e scos = - z,
T+ x/? ( T+ /2 T+ /2
8Vvin A EO . . . . .
and hence Ej,(s,¢) = — X = .| As in the spherical case (Ex. 4.7), the field inside is uniform.
Oz (1+xe/2)
Problem 4.23
1 2 1 2
PO = EOXEEO; E1 = —7P0 = —&Eo; P1 = GOXeEl = _GOXe Eo; E2 = —*Pl = &Eo; ‘e Evidently
360 3 3 360 9
E, = (7&) Eg, so
3
oo X n
e
E=E)+E +Ey+ = LZ%(—B) Eq.

The geometric series can be summed explicitly:

= 1 1
;x 11—z 1+ xe/3)

which agrees with Eq. 4.49. [Curiously, this method formally requires that x. < 3 (else the infinite series
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.]



Problem 4.24

Potentials:
Vout(r,0) = —EOTCOSH—i—Xj%ﬂ(cose)7 (r>0);
Vined(r;0) = 3 ( ) P(cost), (a<r<b);
Vin(r,0) =0, (r <a).

Boundary Conditions:

{ (1) V;)ut = Vmed; (T = b>,

(i) el = cgPn (= )
(i) Vinea =0, (r=a).

B B,
(i) = —Epbcosf + z blTllpl(COS 0) = Z <Albl bl+1) Py(cos 0);

N B B
(ii)) = e,.z {lAlbl ! (l+1)bl+2] P(cost) = —Egcos — Z (i1+1) bl+2P(cos€);

B _
(iii) = Al + — i =0 = B, =-d*t'4,.
Forl+#1:
B 2l+1A
(i) blTll = (Albl _ abl+11> = B = A4 (b21+1 _ a21+1) ;
2041 4 By l
(i) e [lAle + (I + 1)abl+21} -+ 1)bl+2 = B =— A KHI) v 4 agl“} = A =B =0.
Forl=1:
. B a’A
(i) —Eob+ b; = Ab— le = Bi— Epb® = A, (b® —d®);
.. a’A B
(11) €p (A1 + 2b31> = _EO - 2b731 = —231 - E0b3 = GTAl (b3 + 2&3) .
So —3Egb® =A; [2(b° —d®) + 6 (b° +2d°)]; A= —3F0 :
2[1 — (a/b)3] + €-[1 + 2(a/b)3]

o —3E0 a3
Vinea (1, 0) = S = (/0 T e[ T 2(a/b)7] <r - TQ) cos b,

B00) = Vo = | g i ez U ) 0 (1 ) mod)

Problem 4.25

There are four charges involved: (i) ¢, (ii) polarization charge surrounding ¢, (iii) surface charge (o3) on
the top surface of the lower dielectric, (iv) surface charge (o;) on the lower surface of the upper dielectric.



In view of Eq. 4.39, the bound charge (ii) is ¢, = —q(x./(1 4+ x.), so the total (point) charge at (0,0,d) is
Ga=q+¢ =¢q/1+x.) =q/e.. Asin Ex. 4.8,

_1 d / /
(a) op = €oXe LGTS _% % (here o, = P-i = 4P, = egxE.);
4eq (r2 + d2)? 2¢g  2¢p
1 qd/e. o, oy
b) o = el | ——tr 22 _Tb |y = —P, = —€oX,E.).
(b) oy €0Xe |‘4:7T€0 (r2 erz)% %0 26 (here oy z €0Xe 2)

Solve for oy, of: first divide by x. and x/, (respectively) and subtract:
Xe Xe 2T (p24q2): Xe 2T (p2 4 d2)2

Plug this into (a) and solve for oy, using €. = 1 + x.:

er

-1 qd/Glr ! Op ’ -1 qd Xe
oy = -3 Xel T Xe) = 5 (Xe + Xe), 80 |0 = — ;
4 (r2+d2)% ( ) 2 ( ) 47 (r2+d2)% 14 (xe +x2)/2]
/ ;) -1 qd 1 1 qd/eﬁn / 1 qd GTX/e/G;“
0, = X 3 7 o 3 (> S0|0p = — 3 7 .
Am (2 4 2)% [+ (e +x0)/2] 27 (p2 4 g2)2 A (p2 4 g2)% [1+ (Xe + x0)/2]
The total bound surface charge is oy = o, + 0} = 7= (szjz) [1&;@ +;< 73] (which vanishes, as it should, when

X5 = Xe). The total bound charge is (compare Eq. 4.51):

A _ ! _
g = (Xe = Xe)d = (6 er) q7 and hence

26, [1+ (xe +x6)/2 e te) €
1 q/e, at
V(r) = o + for z > 0).
(r) 47760{\/x2+y2—|—(z—d)2 \/x2+y2+(z+d)2 ( )
i 2 1 2 ' r
Meanwhile, since 2/ +q = 2/ {1 + 67 < ] = - q , |V(r) = 24/(¢, + /)] (for z < 0).
r €r € + € €+ €r dmeo /22 4+ y2 + (2 — d)?
Problem 4.26
From Ex. 4.5:
0, (r<a)

=
I

1 1 Q2 1 11 1 [~ 1 Q1 /-1
Z | D-Edr=-= z %2+ = —dry =20 (=
2/ g 2( {e 2z +€0/b TQT} 87‘(’{6(7")

_Q2{1<_> S Y
B 87T€() (1+Xe) b 87T6()(1+Xe) a b '




Problem 4.27
Using Eq. 4.55: W = ¢ fE2 dr. From Ex. 4.2 and Eq. 3.103,

—1
—P3z, (r<R)
E = 9 , SO
3 (2c050r—|—51n09) (r>R)
€0
2
e [ P 4 . 27 PR3
Wyep=2(—) ZzR3 =22 .
<R T (360> 37T 27
R3P
Wisr = — / (4cos 6 + sin? Q)T sin @ dr df d¢
2 360
3 P2 ™ oo 3 P2 oo
= (F°P) 271'/ (1+3c0520)sin0d9/ %d uiCititls (—cost9—cosg’9)|;r (—13)
1860 0 R T 960 3r R
_ w(R3P)? 4N 4 R3 P?
T 9e 3R3)  27ey
21 R3 P?
Wiot = | ——
960

This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble
the system,” because it leaves out the mechanical energy involved in polarizing the molecules.

Using Eq. 4.58: W = %fDE dr. For r > R, D = ¢yE, so this contribution is the same as before.
Forr < R, D = ¢E+P = —%P + P = %P = —2¢E, so %D-E = —Z%EQ, and this contribution is

now (—2) (%—’77 Pif‘s) = —%“ szl)ﬂ, exactly cancelling the exterior term. Conclusion: This is not

surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as
the “work necessary to assemble the configuration”—the latter would depend entirely on how you assemble it.

Problem 4.28

First find the capacitance as a function of h:

_ _ 22
Air part: E = 477605 =V = 2 In(b/a), NN e
S U
2)\’ €0 € €0
Oil part: D = 2~ = E = 2~ —V = 22 In(b/a),
Q=Nh+A{- h) =€ A — A+ M = N(e, — 1)h + £] = Mxeh + £), where £ is the total height.
Alxeh +¢ h+ L
C= Q _ Alxeh+ )47T60:27T6()(X +0

In(b/a)

The net upward force is given by Eq. 4.64: F = 11242 — 1y2 12&2%‘;
The gravitational force down is F = mg = pr(b*> — a?)gh.

V © 2X\In(b/a)

6OXe‘/Q
p(b? —a?)gIn(b/a)’

h:




Problem 4.29

a z
(a) Eq. 4.5 = Fy = (p2- V) E; =Pz (E1);
Y
P14 b1 P | P2
Eq. 3.103 = E; = 0—=— z. Therefore +' y
4dmregrs 4dmegy’
T E,
z
pipe | d [ 1 . 3pip2 3pip2
Fo = — —_— = Fy = ard).
2 dreg {dy (y?’)] z dmegy? R dmegrt 2| (upward)
b2 Y
To calculate Fi, put p2 at the origin, pointing in the z direction; then p;
z D1 is at —rz, and it points in the —y direction. So F; = (p1-V)Ey =
OE
—pl—Q ; we need Es as a function of z, y, and z.
ay r=y=0, z2=—7r

1 173 .
From Eq. 3.104: E; = — (P2 - 1)r — p2|, wherer = x X4y §+22, po = p2 Z, and hence pa-r = pyz.
4meg T3 r2

B, _ P2 3z(ek4+yy+22)— (@2 +y*+2°)2]  pr [BwzX+3yzy— (2 +y° —22%)2
2= (22 + y2 + 22)5/2 - (22 + 42 + 22)5/2

0E, D2 52y . R ) ) o 1 A Ny
dy = Areq _577[39527(4‘31/2}’—(95 +y° -2z )z]+rf5(32y—2yz) ;
OE, _ P2 3z o ( p2 =3r ) | 3ppe
y 00 4meo ERA ! P dreq 10 y dmegrt ¥

But ¥ in these coordinates corresponds to —Z in the original system, so these results are consistent with
Newton’s third law: F; = —F5.

(b) From the remark following Eq. 4.5, No = (p2 X E1) + (r X Fa). The first term was calculated in
Prob. 4.5; the second we get from (a), using r = r§y:

Pip2 o - 3pip2 3pip2 2pip2
x E; = —X); x Fy = X = ; N, = .
b2 ! 471'607’3( %) x 2=(ry) (47T60T4 Z) 4meqrs X; 801 N2 4meqrs x

This is equal and opposite to the torque on p; due to pa, with respect to the center of p; (see Prob. 4.5).
Problem 4.30

Net force is | to the right | (see diagram). Note that the field lines must bulge to the right, as shown, because
E is perpendicular to the surface of each conductor.

| E




u 1 1
Problem 4.31 In cylindrical coordinates (in the z = 0 plane), p=p¢, p-V = pfi, and E = —Q §, so
5 0 4meg 52
pod\ 1 Q. pQ 08 PQ Q
F=(p V)E= (- 8= o = = -
(p-V) (s 8(;5) 47eq 82 S 4dmegs® O¢  4dmegs® ¢ dmegR3 P

Qualitatively, the forces on the negative and positive ends, though equal in magnitude, point in slightly different
directions, and they combine to make a net force in the “forward” direction:

Yy

To keep the dipole going in a circle, there must be a centripetal force exerted by the track (we may as well
take it to act at the center of the dipole, and it is irrelevant to the problem), and to keep it aiming in the
tangential direction there must be a torque (which we could model by radial forces of equal magnitude acting at
the two ends). Indeed, if the dipole has the orientation indicated in the figure, and is moving in the @ direction,
the torque exerted by @ is clockwise, whereas the rotation is counterclockwise, so these constraint forces must
actually be larger than the forces exerted by @, and the net force will be in the “backward” direction—tending
to slow the dipole down. [If the motion is in the —¢3 direction, then the electrical forces will dominate, and the
net force will be in the direction of p, but this again will tend to slow it down.]

Problem 4.32
(a) According to Egs. 4.1 and 4.5, F = a(E - V)E. From the product rule,

VE?=V(E-E)=2E x (VxE)+2(E-V)E.

But in electrostatics V x E =0, so (E- V)E = 1V(E?), and hence
1 2

[It is tempting to start with Eq. 4.6, and write F = —VU = V(p - E) = aV(E - E) = aV(E?). The
error occurs in the third step: p should not have been differentiated, but after it is replaced by aE we are
differentiating both E’s.]

(b) Suppose E? has a local maximum at point P. Then there is a sphere (of radius R) about P such that
E?(P') < E*(P), and hence |E(P’)| < |E(P)], for all points on the surface. But if there is no charge inside the



sphere, then Problem 3.4a says the average field over the spherical surface is equal to the value at the center:

1

or, choosing the z axis to lie along E(P),

1

But if E? has a maximum at P, then

/EZ da < /|E|da < /|E(P)|da:47rR2E(P),

and it follows that E(P) < E(P), a contradiction. Therefore, E? cannot have a maximum in a charge-free
region. [It can have a minimum, however; at the midpoint between two equal charges the field is zero, and this
is obviously a minimum.|

Problem 4.33
P=kr=kzx+yy+22) = pp=—-V-P=—k(1+1+1)=|-3k

Total volume bound charge:
op = P-i. At top surface, i = 2, z = a/2; so 0, = ka/2. Clearly, on all six surfaces.

Total surface bound charge: ’ Qsurt = 6(k’a/2)a2 = 3ka®. ‘ Total bound charge is zero. Vv

Problem 4.34
Say the high voltage is connected to the bottom plate, so the electric field points in the = direction, while
the free charge density (o) is positive on the lower plate and negative on the upper plate. (If you connect

the battery the other way, all the signs will switch.) The susceptibility is x. = g, and the permittivity is
€=¢€g (1 + g) . Between the plates

R 1 of R 0 of d 1 of z\ |4 ord
D=o;%x, E=-D=—" sv=_[EBa=2] = _gr="Tqm(1+2 ‘ = 2.
orx € eo(l+x/d)x /d e Jo (1+x/d) “ €0 n( +d> 0 € .
So
eV Vv 1 eV T .

= = 0% P: E
T dm2 dn2 (1 +z/d) coXe

The bound charges are therefore

)X.

T @221 +z/d

1+z/d) (1+z/d)?

_GOV[ 1 z/d ]: o/ 1 o]  @=0),
(

_ Ao =P -fi=
Em2 (1 tajap |51 cV
2d1n 2

The total bound charge is

d
o eV 1 eV . VA
/”deJF/”bda_ d21n2/0 A5 2/a2 ™ 2qme? ™ 4z

60VA 1 1
= 7—1 —_ =
dIn2 (2 +2> 0. v

1 —d |

d(1+z/d)

1
. 2

Qv




where A is the area of the plates.
Problem 4.35

1 q £ qxe T
D-.da = =D= i E=-D=|————;|P=¢xE=| ————
}{ 2= Qe 47Tr € dmeg(1 + xo) 12’ cox 4 (1 4 xe) 12
qXe i Xe <3 . qXe
=-VP=—"_(V.-— | =|—q¢q——§ Eq. 1.99); 0p =Pt = | —————————;
Qsurt = op(4TR?) = a7 jfe .| The compensating negative charge is at the center:
Xe

Problem 4.36

El is continuous (Eq. 4.29); D is continuous (Eq. 4.26, with oy =0). So E;, = E,,, Dy, = D,, =
e1Fy, = e2E,,, and hence

tan 6‘2 - .EgEz/E‘y2 o Ey1 . €9
tant, B, /B, B, e

qed

If 1 is air and 2 is dielectric, tanfs/tan 6, = e2/€g > 1, and the field lines bend away from the normal. This is
the opposite of light rays, so a convex “lens” would defocus the field lines.

Problem 4.37

In view of Eq. 4.39, the net dipole moment at the center is p’ = p — L p. We want the

e _ _1 _
lixep “ TP T
potential produced by p’ (at the center) and o} (at R). Use separation of variables:

o0

‘ B
Outside: V(r,0) = Z TITPl(COS 0) (Eq. 3.72)
1=0
1 0
Inside: V(r,6) = 1 p:; —|—§Alrlf’l(cos 6) (Eqgs. 3.66,3.102)
B _ ym B, = RIHLA; (1#£1)
i1 AR or B = !
V' continuous at R =
Bl 1 p
— = AR B A R?
R2 4dmeg €, R2 + ALk, or 1= 477606 + A
oV oV B, 1 2pcost -1 1
ol VL N4 Py(cos 6 — S IAR P(cos ) = ——
or gy Orlg Z( * )Rl+2 1(cos ) + dmeq €.R3 Z ! 1(cos0) €0 o
1 ~ 1 R ov 1 2pcosé -1
= ——P .t = —— eE' = Xe — = Xe — AR P, 0 .
o iy o (eoxE-F) = x ar | % { PP + Z 1 ) (cos 0)
B
—(l+ 1)Rl+l2 JAR™Y = xJJAR™ (1 £ 1); or — (21 + 1)AR™ = xJJAR™ = A =0 ((#1).
By 1 2 1 2p P A R? 1 Xep A R?
Forl=1: —2— = — A1 = Xe A )-B - = . :
or R3 * dmeq €, R3 1=X ( Arey €, R3 * 1) 1+ dmege, 2 Ay €, Xe™9



P 3 P A R? L Xep AIR? A R? L Xep
- — AR - =- e = 34 Xe) = .
4mege, S 4meg€, 2 dmey €, 2 2 (3+xe) dmey €,
1 2XeD 1 2(e,—1)p P 2(e, — 1) P 3¢,
= Al = 3 = 3 3 1= = .
dmeg R3e,(3+ xe)  4meg R3e.(e, +2) 4dege, (er +2) 4dmege, € + 2

oo (228 ()=

1 pcosé 1 prcosé 2(e, — 1)
4dmey €,72 drey  R3  e.(e +2)

p cosf & —1\ r
=|—)F 142 | —— | — < R).
4degr3e, { + (er+2> Rd} (r<R)

Meanwhile, for r < R, V(r,0) =

Problem 4.38

Given two solutions, V; (and E; = —=VV}, Dy = ¢Eq) and V3 (Eg = —V V3, Dy = €Ey), define V3 = Vo — 14
(Eg = E2 — El, D3 = D2 — Dl)

fv V-(V3D3)dr = fs VsDs-da=0, (V3=00nS8),s0 [(VV3) -Dsdr+ [V3(V-D3)dr = 0.
But V'D3 = V'D2 —V'Dl =pPf—Pf= 0, and V‘/;g = V‘/g —V‘/l = —E2+E1 = —E3, SO ng'Dg,dT: 0.
But D3 = Dy — D; = €E5 — ¢E; = €E3, so fe(E3)2 dr =0. But € > 0, so E3 =0, so V5 — V| = constant. But
at surface, Vo = Vi, so Vo = V; everywhere. qed
Problem 4.39

R R R
(a) Proposed potential: | V(r) = Vo—. | If so, then |E = —-VV = Vo— t,| in which case | P = eox.Vo— T,
T T T

R 1%
in the region z < 0. (P =0 for z > 0, of course.) Then o}, = eoxevoﬁ(f‘-ﬁ) = fEOXTfO. (Note: i points out
of dielectric = fi = —#.) This o3 is on the surface at » = R. The flat surface z = 0 carries no bound charge,

since i = z L #. Nor is there any volume bound charge (Eq. 4.39). If V is to have the required spherical
symmetry, the net charge must be uniform:
OtotdTR? = Qior = 4megRVp (since Vg = Qio/4megR), 80 010t = €0Vo/R. Therefore

| (e0Vb/R), on northern hemisphere
77 =\ (eoVo/R)(1 + Xe), on southern hemisphere [ -

(b) By construction, oo = 0p+05 = €9Vp/R is uniform (on the northern hemisphere o, =0, o5 = €oVo/R;
on the southern hemisphere o, = —€gxVo/R, so oy = €Vy/R). The potential of a uniformly charged sphere is
o ot (AT R? Vo R? R
_Qtt:Utt(ﬂ' )2600 S VAL

dmegr dmegr R eor r

Vo

(c) Since everything is consistent, and the boundary conditions (V' =V, at r = R, V' — 0 at 00) are met,
Prob. 4.38 guarantees that this is the solution.

(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to 1,
so we’d get bound charge on this surface, spoiling the symmetry.




Problem 4.40

Eot = 8. Since the sphere is tiny, this is essentially constant, and hence P = %Eext (Ex. 4.7).
2mens 14 xe/3
2
-1
F:/ coXe AN A (A ) s (oxe A N (=L é/dT
1+ xe/3 2meps ) ds \ 2megs 1+ xe/3 2meq s 52

—Xe )‘2 14 3 a Xe )\2R3 ~
S CrR3g = 8.
1+ xe/3 \4nm2ey ) 823 3+ xe ) mepsd

Problem 4.41

The density of atoms is N = m. The macroscopic field E is Egeif + Eglse, where Egq¢ is the average
field over the sphere due to the atom itself.

p= aEelse = P= NaEelse~

[Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two are in
fact equal, as we found in Prob. 3.47d.] Now

1 p
qu - - =Y
self 4meg R3
(Eq. 3.105), so
1 « lo' Na
E= _47T60 ﬁEelse + Eelse = (1 - 47T60R3) Eelse = (1 - 360) Eelse.
So N
«
P=—————— E= E,
(1 — Na/3ep) cox
and hence
o NO[/GO
Xe = (1 - Na/3e)
Solving for a:
Na Na Na Xe
Xe = 7 Xe=—— = 7<1+f> = Xe»
360 €0 €0 3
o 3 3 1
€0 Xe €0 Xe € [ €&r —
= — = — . But =€ — 1, = — . d
TN /3 N Bty S HXeTE€ oa N(er+2> e

Problem 4.42

For an ideal gas, N = Avagadro’s number/22.4 liters = (6.02 x 10%3)/(22.4 x 1073) = 2.7 x 10*®*. Na/eg =
(2.7 x 10%°)(47meg x 1073%)3/eg = 3.4 x 10743, where (3 is the number listed in Table 4.1.

H: 8=0.667, Na/ep = (3.4 x 1074)(0.67) = 2.3 x 1074, y, = 2.5 x 10~*
He: 8 =0.205, Na/ep = (3.4 x 1074)(0.21) = 7.1 x 1072, x, = 6.5 x 107°
Ne: 3=10.396, Na/eg = (3.4 x 1074)(0.40) = 1.4 x 1074, x, = 1.3 x 1074
Ar: B=1.64, Naje = (3.4x107%)(1.64) =5.6 x 1074, y, =52 x 10~*

agreement is quite good.




Problem 4.43
(a) Doing the (trivial) ¢ integral, and changing the remaining integration variable from 6 to u (du = pE sin 6 d#f),

() = fj’fE ue "/ kT gy _ (KT)%2e=/*T [—(u/kT) — 1]\{%

- pE —u pE
fpre /KT gy —kTe /kT}_pE

[e’pE/kT — epE/kT] + [(pE/kT)epr/kT + (pE/kT)epE/kT}
= kT o—PE/KT _ opE/KT

epE'/kT +e—pE/kT pE
= kT — pE [epE/kT o PEAT | kT — pE coth (kT) .

P = N(p)s p = (peos ) = (- E)B/E) = —(u)(B/B): P = Np—tl = |y {coth (’,j’;) - ’“T} |

3
R
0, so the graph starts at the origin, with an initial slope of 1/3. As & — oo, y — coth(co) = 1, so the graph
goes asymptotically to y = 1 (see Figure).
i
Np
1

Lety = P/Np, x = pE/kT. Theny = cothz—1/x. Asx — 0,y = (% + 35— % o)=L =

pE/kT

P pE

2 N 2
(b) For small z, y ~ 1z, so p R i or P é\;—pTE = egXeF = P is proportional to E, and | x. P

= 3eokT

For water at 20° = 293K, p = 6.1 x 10730 Cm; N = mogcules _ molecules , moles ¢ grams

volume mole gram volume *
_ 23 1 6\ _ 29. _ (0.33x10%9)(6.1x10739)? _ .
N = (6.0 x 10%) x () x (10°) = 0.33 x 10%; Xc = GrEgictoThLameio—=H s = Table 4.2 gives an
experimental value of 79, so it’s pretty far off.
For water vapor at 100° = 373 K, treated as an ideal gas, Yolume — (224 x 1073) x (%) =2.85x 1072 m?3.

mole
N o 60x 102 511 x 107 _ (2.11 x 10%)(6.1 x 1039)2 _[57x10-3
Tossx 102  Xe T 13)(8.85 x 10-12)(1.38 x 10-2%)(373) L= :

Table 4.2 gives 5.9 x 1073, so this time the agreement is quite good.




Chapter 5

Magnetostatics

Problem 5.1
Since v x B points upward, and that is also the direction of the force, ¢ must be To find R, in

terms of a and d, use the pythagorean theorem:

a? + d?

(R—d?+ad*=R?> = R*-2Rd+d*+a*>=R*> = R= 5

The cyclotron formula then gives

(a® + d?)
2d

p=qBR=|¢B

Problem 5.2
The general solution is (Eq. 5.6):

y(t) = Cy cos(wt) + Ca sin(wt) + %t +C3;  2(t) = Cycos(wt) — Cy sin(wt) + Ch.

(a) y(0) = 2(0) = 0; y(0) = E/B; %(0) = 0. Use these to determine Cy, Cs, C5, and Cy.
y(0)=0=C1+C3=0; 9(0) =wCy+ E/B=E/B=Cy=0; 2(00=0=C2+Cy, =0= Cy = 0;
2(0) = 0 = C} = 0, and hence also C5 = 0. So ’ y(t) = Et/B; z(t) = 0. ‘ Does this make sense? The magnetic
force is ¢(v x B) = —q(E/B)B z = —qE, which exactly cancels the electric force; since there is no net force,
the particle moves in a straight line at constant speed. v/

(b) Assuming it starts from the origin, so C5 = —C4, C4y = —Cs, we have 2(0) = 0= C; =0 = C5 = 0;

. E E E E E E
y(O) = @ = CQ(U + E = @ = CQ = _ﬁ = —C4, y(t) = _QWB bln(wt) + Et,
E E E E
= — P = —— [2wt — si ; =—[1— L = F/2wB.
z(t) 5B cos(wt) + 505 " y(t) 5B [2wt — sin(wt)];  2(t) 5.8 [1 — cos(wt)].| Let /2w

Then y(t) = B [2wt —sin(wt)]; 2(t) = B[1 — cos(wt)]; (y — 2Bwt) = —Fsin(wt), (z — F) = —fF cos(wt) =
(y — 2Bwt)® + (z — B)? = 2. This is a circle of radius 3 whose center moves to the right at constant speed:
Yo = 2pwt; zo = . 5

. . E E E E
(c)z(O):y(O):§:>—C1w:E:>01:—C’3:—E; CQW+E:*=>CQZC4:0.



E E E E E E
y(t) = ——= cos(wt) + Et + 5 z(t) = ] sin(wt). |y(t) = ] [1+ wt —cos(wt)]; 2(t) = ] sin(wt).

Let 8 = E/wB; then [y — B(1 + wt)] = —Bcos(wt), z = Bsin(wt); [y — B(1 + wt)]* + 2% = #%. This is a circle
of radius 8 whose center is at yo = S(1 + wt), z9 = 0.

z
...... B e
\//\V/ y
..... L
(c)
Problem 5.3
E
(a) From Eq. 5.2, F=¢[E+ (vxB)|=0= E=vB = V=5
(b) From Eq. 5.3, mv = ¢BR = 4 = % | £
rom Eq. 5.3, mv = ¢ = BRI BR

Problem 5.4

Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward
the left) cancels the force on the right side (toward the right); the force on the top is IaB = Ilak(a/2) =
Ika?/2, (pointing upward), and the force on the bottom is IaB = —Ika?/2 (also upward). So the net force is

F =[1ha’2]

Problem 5.5
I
(a) | K = Tma’ because the length-perpendicular-to-flow is the circumference.
a
1 I I
(b)J:g:I:/Jda:a/78d8d¢:27ra/ds=27raa:>a:—;J: .
s s 2ma 2mas

Problem 5.6

(a) v =wr, so (b) v =wrsinf ¢ = | J = pwrsind @, | where p = Q/(4/3)nR3.

Pro(‘iblem 3.7 5
d—? =g ] rr dr = / (8?) rdr = — /(V -J)rdr (by the continuity equation). Now product rule #5
%

says V- (¢J) = 2(V -J) +J - (Vz). But Vo =%, 50 V- (2J) = 2(V - J) + J,.. Thus [,(V -J)zdr =
/ V.- (xd)dr — / Jz d7. The first term is fs zJ - da (by the divergence theorem), and since J is entirely
% %

inside V), it is zero on the surface S. Therefore fV(V ~Nzdr = — fv Jy d7, or, combining this with the y and
d
z components, fV(V -Jrdr =— fv J d7. Or, referring back to the first line, dflt) = /J dr. qed

Here’s a quicker method, if the distribution consists of a collection of point charges. Use Egs. 5.30 and

3.100: ) i
_ R — o
/JdT—qu dthlrz I




Problem 5.8

V2p0l

(a) Use Eq. 5.37, with z = R, 6, = —6; = 45°, and four sides: B = 7
™

(b) z=R, 0 = —0; = —, and n sides: B = npiol sin(m/n).
n’

2rR
I I
(c) For small ¢, sind =~ 6. So as n — o0, B — ZM;% (I> = % (same as Eq. 5.41, with z = 0).
i

Problem 5.9

I 1
(a) The straight segments produce no field at P. The two quarter-circles give B = M; (a - b) (out).

I 1
(b) The two half-lines are the same as one infinite line: ;LR; the half-circle contributes 22 .
™

I 2
So B = Z(;% (1 + > (into the page).

Problem 5.10 s / P
(a) The forces on the two sides cancel. At the bottom, B = /;0 = F = (,uo) Jo=H""1 (up). At the

s 27s 2ms
ol pol?a i pol?a?
top, B=———<=>F=———(d . The net f S| ——— .
op, 271 a) 3m(s T a) (down) e net force is Ss(s T+ ) (up)
I,
(b) The force on the bottom is the same as before, pol?a/27s (up). On the left side, B = 50 ;
Yy
dF =T _ N N 5 pol _ MOI2 N A
=I(d xB)=1I(dxX+dyy +dz2) x oy z) =75 " (—dx§ + dy%). But the z component cancels the
™ ™
NOIZ (s/V3+a/2) 1
corresponding term from the right side, and F, = — / — dx. Here y = v/3z, so
2m s/V3 Y
I? 2 I?
Fy,=— Ho In s/v3+af = _to In|1+ fi . The force on the right side is the same, so the net
2437 s/V3 2\[77 2s
)
I? 2
force on the triangle is Ho [a — ( )1
27 | s \/§

oo




Problem 5.11

Use Eq. 5.41 for a ring of width dz, with I — nl dz:
ponl a? 7]
B= / dz. But z = acotf, $
e \J
a 1 sin® 0

s0.dz =  sin?6 d9, and (a2 + 32)3/2 T8 z

So

I 0 I 1 !
B="r" /a s (—adf) = -2 /Sin9d9: O cos )y = | E2 (cos B — cos 1),
2 a3 sin® 0 2 2 " 2

For an infinite solenoid, 63 = 0, ; = 7, so (cosfy —cosf;) =1—(—1) =2, and B = v

Problem 5.12
Z A

Rcos® |

Field (at center of sphere) due to the ring at 6 (see figure) is (Eq. 5.41):

s 0)2
dB:MOdI (2 5in 0) 573 = = 0 Gnzgar.
2 [(Rsin®)? + (Rcosf)?] 2R
dl = KRdf, K =ov 0:i v =wRsind
) ) 4’7TR2 ) )
SO 0 0
w
dl = = ——sinfdf.
ArR2 ar
o Qu [T poQu (4 poQu
B=-——/— 0do = -]. B= .
9R 4 /0 S ) (3 67R ”
Problem 5.13 22,2
Magnetic attraction per unit length (Egs. 5.40 and 5.13): f,, = ,uo 7
1
Electric field of one wire (Eq. 2.9): E = 5 Electric repulsion per unit length on the other wire:
TEQ
1)\QTh bal h 1 L Putting in thi b
e = — ey balance when v = —, or |v = .| Putting in the numbers,
2meg d Y Ho €0 v/ €olto 8




1
v = \/(8 RS0 =0 = ’ 3.00 x 108 m/s. ‘ This is precisely the speed of light(!), so in fact you could
.85 x 10— mx 10~

never get the wires going fast enough; the electric force always dominates.

Problem 5.14

0, for s < a;
B dl = B27ws = polenc B = I .
(a)j{ 8= Ho = ngb, for s > a.
TS

@ @ 2rka’ 31 8 8
(b) J =ks; I = Jda = ks(2ms)ds = k= o Iene = Jda = k5(27s) ds =
Imad
0 0 3 Ta 0 0
pols® 4 .
- 3 90 P for s < a;
3 =1—, for s < a; lenc = I, for s > a. So|B =
“ pol 5 f
Tm y or s > a.

Problem 5.15

By the right-hand-rule, the field points in the —§ direction for z > 0, and in the +¥ direction for z < 0.
At 2 =0,B = 0. Use the amperian loop shown:

fB ~dl = Bl = polenc = polzd = |B = —pogJzy | (—a <z <a). If 2> a,lon. = polad,

z
w|B = —poJay, for z > +a; amperian loop
| +uoJay, for z > —a. >

AT

—
l

Y

Problem 5.16
The field inside a solenoid is pgnl, and outside it is zero. The outer solenoid’s field points to the right (2),

(ii) | B = poIny 2, (iii) [ B = 0.

whereas the inner one points to the left (—z). So: (i) ’ B = pol(n2 — n1) 2,

Problem 5.17

From Ex. 5.8, the top plate produces a field poK/2 (aiming out of the page, for points above it, and into
the page, for points below). The bottom plate produces a field poK /2 (aiming into the page, for points above
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates
they add up to poK, pointing in.

(a) | B = poov (in) | betweem the plates, elsewhere.

(b) The Lorentz force law says F = [(K x B)da, so the force per unit area is f = K x B. Here K = ov,
to the right, and B (the field of the lower plate) is poov/2, into the page. So ’ fm = poov?/2 (up). ‘

(c) The electric field of the lower plate is 0/2¢; the electric force per unit area on the upper plate is
fe = 02/2¢o (down). ‘ They balance if pov? = 1/¢g, or ’ v=1/\/eopo = c‘ (the speed of light), as in Prob. 5.13.

Problem 5.18
We might as well orient the axes so the field point r lies on the y axis: r = (0,y,0). Consider a source point
at (2/,y’,2’) on loop #1:

2 =-2'%+Wy—y)y—22 d =dr'x+dy' y;



b4 vy V/
dl! x 2 =|ds’ dy 0 |=(—2dy)x+ (Zda")y + [(y— ) da' + 2" dy] 2.

—z' (y—y') =
B — pol dl' x 2 pol (—2"dy") X+ (¢'da")§ + [(y —y') da’ + 2" dy'] 2
YT am 23 4n [(2)2 4+ (y — y')2 + (21)2]3/2 '

Now consider the symmetrically placed source element on
loop #2, at (a’,y’,—2"). Since 2z’ changes sign, while every-
thing else is the same, the X and § components from dB; and

z
dBs cancel, leaving only a Z component. qed 5 loop 1
M——

With this, Ampére’s law yields immediately:

b ponl z, inside the solenoid;
B 0, outside Yy

S

(the same as for a circular solenoid—Ex. 5.9).

For the toroid, N/2ws = n (the number of turns per unit
length), so Eq. 5.60 yields B = ponl inside, and zero outside, 2 o
consistent with the solenoid. [Note: N/2ws = n applies only
if the toroid is large in circumference, so that s is essentially I
constant over the cross-section.]

™\

;

loop 2

Problem 5.19
’ It doesn’t matter. ‘ According to Theorem 2, in Sect. 1.6.2, [ J-da is independent of surface, for any given
boundary line, provided that J is divergenceless, which it is, for steady currents (Eq. 5.33).

Problem 5.20
charge  charge atoms moles grams

() p= -  moles. = (@) (5 ) (@), where

volume atom mole gram volume
e = charge of electron =16x10"1°C,
N = Avogadro’s number = 6.0 x 10?3 mole,
M = atomic mass of copper = 64 gm/mole,
d = density of copper = 9.0 gm/cmd.

p= (1.6 x 10719)(6.0 x 10%*) (%‘f) =| 1.4 x 10* C/em? |

I 1
b J = — = = = = -
(b T = G == U= = r3s X 10-9) (14 X 107)

is astonishingly small—literally slower than a snail’s pace.

-7
(¢) From Eq. 5.40, f,, = Ho (Iz&> = (4r X210 ) = ’ 2 % 10’7N/Cm.‘
77

= ‘ 9.1 x 1073 cm/s, ‘ or about 33 cm/hr. This

2

1 A 1 )\1)\2 1 1 Ilfg 62 Ho 11]2 C2
d)F=——; e — = —5 | =\ 5|5 = S5Jm hy
(d) 2meg d’ Je 27eg < d ) v2 27e ( d > <v2 2\ d v2f where
¢ =1/ Jaim = 3.00 x 10° m/s. Here do = & — (3010 R ERET::
= v = e ' fm w2 \9ixi03) TLE :

fe=(11x10%)(2 x 1077) =|2 x 10" N/cm. |




Problem 5.21

Ampére’s law says V x B = ppJ. Together with the continuity equation (5.29) this gives V - (V x B) =
oV - J = —podp/0t, which is inconsistent with div(curl)=0 unless p is constant (magnetostatics). The other
Maxwell equations are OK: VXE=0= V- (V xE) =0 (v'), and as for the two divergence equations, there
is no relevant vanishing second derivative (the other one is curl(grad), which doesn’t involve the divergence).

Problem 5.22
At this stage I'd expect no changes in Gauss’s law or Ampére’s law. The divergence of B would take the

form where p,, is the density of magnetic charge, and o is some constant (analogous to ¢y

and po). The curl of E becomes ’ V x E = By, | where J,,, is the magnetic current density (representing the

flow of magnetic charge), and Sy is another constant. Presumably magnetic charge is conserved, so p,, and J,,
satisfy a continuity equation: V - J,,, = —9p,/0t.

As for the Lorentz force law, one might guess something of the form ¢,,[B + (v x E)] (where g, is the
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is

1
2 = 1/eqpo: |F=q. [E+ (v x B)] +qm [B - —(vx E)} .| In this form the magnetic analog to Coulomb’s
c

Q0 gmy Gmy ;

A r?
then measure the force between unit charges at a given separation. [For further details, and an explanation of

the minus sign in the force law, see Prob. 7.38.]
Problem 5.23

law reads F = , s0 to determine «g we would first introduce (arbitrarily) a unit of magnetic charge,

e di=dz

o [ 12wl / 1 .
=— [ —dz= :
™ Z \/224»52 %

I z I Vi(z 2 M
:Mii[ln(zqt 22+52)} F o Bty 2t s %2
dT z1 i 21+ /(21)2 + 82
A - I 1 1 -
Bovxa—_Ag_ Kl > —
T ol PSR/ B/ e RN ) ERF Y FA R
_ bols | = — (22)2 + 52 1 - (21)2 + 52 1 N
A | (22)? = [(22)2 + 82 /(z0)2 + 2 21 = [(21)2 + 5% \/(21)% + 52
__uoIS<_1> S B . SR Sy 2 2 A ;
w2 | Verie  JErie ins | e+ s Jer e
. . 21 . z9
or, since sinfy = ————— and sinfly = ———,
(212 + 52 (22)? + 52
I o
= | Koo (sinfly —sinby) ¢ | (as in Eq. 5.37).
4rs

Problem 5.24
1 1 1 o -
A¢=k:>B=VxA:S§S(sk)2:];i;J:(VXB):[—a(kﬂqb: k .




Problem 5.251 1
V- A= f§v-(r x B) = 75[B~(er)fr~(V><B)] = 0, since V x B = 0 (B is uniform) and

1 1
V xr =0 (Prob. 1.63). V x A = —§V X (rx B) = —5[(B-V)r—(r-V)B+r(V~B)—B(V-r)]. But
(r-V)B =0and V-B = 0 (since B is uniform), and V -r = Ou + %y + 9z =1+1+1 = 3. Finally,
or Oy 0z
(B-V)r = (Bx;x + By% + Bzﬁi) (xX+y§+22) =B, X+Byy+B.Z2=B. So VxA = —%(B—BB) =B.

qed

Problem 5.26
(a) A is parallel (or antiparallel) to I, and is a function only of s (the distance from the wire). In cylindrical

0A - I .
coordinates, then, A = A(s)2,s0 B=V x A = s ¢ = % (the field of an infinite wire). Therefore
T

0A I T
He _&’ and | A(r) = Stk In(s/a) z | (the constant @ is arbitrary; you could use 1, but then the units
38 27ws 21

A, A, - I -
look fishy). V- A= 222 o yvxaz g mls g,

0z 0s 27s

(b) Here Ampére’s law gives %B dl = B27s I J s> I 2 pols?
W gLV : = s = enc — s = s =
P g Ho o Mo R 2

Is - A I 1
B = 'g—;R—Z . aa—s = /;(;_];2 = A = 4’:}}2 (s — b®)2. Here b is again arbitrary, except that since A
must be continuous at R, —/;L In(R/a) = — 4u0R2 (R? —b*), which means that we must pick a and b such that
T T
pol .
TR (s> — R%) 2, for s < R;

2In(R/b) =1— (b/R)?. 'l use a = b= R. Then |A =

I
—% In(s/R)z, for s> R.

Problem 5.27

K
K:Kf(éB::l:NO?y(plusforz<0,minusforz>0). z
A is parallel (or antiparallel) to K, and depends only on z, so A = A(z) X.
X y 2 A K
B=V xA=|3/0x 0/dy 8/dz| = %y - i“OTy.
Az) 0 0 & Y
K »/»/ »/»/ »/»/
A= _MOle‘ % | will do the job—or this plus any constant. / K
x

Problem 5.28

J J 1 1
(a) V-A = Ho / A\ <> dr'; V- (> =—(V.J)+J.V () But the first term is zero, because J(r’)
4 Z Z Z 2
1 1
is a function of the source coordinates, not the field coordinates. And since 2 =r—r’, V (/L) =-V <¢>

1 1 1
So V- (J> =-J-V () But V- (J> =—(V-0)+J-V (), and V'-J = 0 in magnetostatics
7 7 7 7 7

J J J
(Eq. 5.33). So V- (a) =-V (4), and hence, by the divergence theorem, V-A = —Z—O / v’ (@) dr’ =
T



J
—Z—O > da’, where the integral is now over the surface surrounding all the currents. But J = 0 on this
T

surface, so V-A =0. v
o J /Mo 1 / : :
b)) VXxA="—[Vx|—|drf= (VXJ) IxV|— ]| dr'. But V xJ =0 (since J is
4 2 drm 2
Ix 2

52 dr' =B. v

. 1 2
not a function of r), and V <¢) =53 (Eq. 1.101),s0 V x A = y /

J 1
(c) V2A = o /Vg( > dr’. But V? </Z) = JV? (¢> (once again, J is a constant, as far as
1
differentiation with respect to r is concerned), and V> (@) = —4716*(2 ) (Eq. 1.102). So

V2A = Z—;;/J(r’) [—4r®(2 )] dr’ = —pod(r). v

Problem 5.29 N
pol = % B-dl= f/ VU -dl=—[U(b) — U(a)] (by the gradient theorem), so U(b) # U(a). qed

I - 1
For an infinite straight wire, B = gi . |\U= _Hg ¢ would do the job, in the sense that
TS T
1 110
-VU = /~;0 V(o) = ZLfa—z (;5 B. But when ¢ advances by 27, this function does not return to its initial
s TS

value; it works (say) for 0 < ¢ < 27, but at 27 it “jumps” back to zero.

Problem 5.30
Use Eq. 5.69, with R — 7 and 0 — pdr:

R
A= “pr“neqs/ ing ¢ | Fdr

_ (Howry ii )| b=l g (BN g
_< 3 )31n9[rz<5>+2(R r) b= 5 rsin 6 3 5 .
Lowp 1 0. ) R 2 . 10 | 5. R 72 A
B = A= — - —— - — - =
V X 5 {rsin@@& {sm@rsm& 3 3 r— 5 r°sinf 3 3 (7]
Rz 2 . R 22
= | powp 5 F cosOt — 3 "5

Problem 5.31

\_/
=z,
=}
)
D>

[t

oW, P
e = Fy= W.(z,y,2) = — [y Fy(z',y,z)dz’ + Ci(y, 2).
(a)
Wy _ g sw, =+ [y Fu(a' da’ + C
Oz = I'y = y(l',y,Z)—ﬁ’fO z(zayvz) T+ Q(yaz)'
These satisfy (ii) and (iii), for any C; and Cs; it remains to choose these functions so as to satisfy (i):
Y OF, (2" y,2) ,,  O0C: /* OF,(¢',y,2z) ,, 0Csy oF, O0F, OF.
- d a_ d - a. — F:L’ v I . . =Y
/ Ty 22 T o (z,y.2) or oy T ar 0%

0 0
TOF(2,y,2) ,, 0C;  9Cy T OF (2, y, 2)
d -2 _p . Now — 2P 4y = F, 20,9, 2),
/o ox’ v dy 0z (@,9.2) © /o oz’ (#:9.2) = F2(0,4,2), 0



9C,  0C, . Y / / ; :
0 o F,(0,y,z). We may as well pick Cy =0, C1(y,z2) = F.(0,y',2)dy’, and we're done, with
Y z

W, = 0: Wyf/ oy 2)dals W, = / 0,4,z dyf/ Fy(ey, ) do’
0

_(OW, OW, . oW,  OW,\ . ow, oW, .
(b)VXW_(ay 8z)x+(8z 8x> (5‘z 6y)z

T OF, (2 T OF, (2, y, - .
= [Pty - [(EREEE g [POEED i 2 04 o]+ o) - 02
0 Y 0 z

IaFT ) )

But V- F =0, so the X term is {Fx(o,y,z)—i—/ ”(gx,yz)dx’} =
0

soVXW=F. VvV

z ’ y ’ x N
V~W:8WI+0W9+8WZ :0+/ an(gyvyaz) dI'Jr/ 8Fm(0,y,z) dylf/ aFy(gayaz) dx’#O,
0 0 0

Fx(07y7z) + F:F(x7yvz) - Fw(ovyaz)v

or oy 0z 0z z
in general
y z y?
Wyf/xdx—— sz/y/dy/f/ zdr' = - — zz.
0 0 2
. D) X ¥y Z
WZQSI—&—(%—ZJL‘) z.| VxW=|9/0x 0/0y 0/0z =yk+zy+zz=F. v
0 22/2 (y*/2 — 2x)

Problem 5.32
(a) At the surface of the solenoid, Bapove = 0, Brelow = ponlz = poKz; i = §; so K xn = —K 2.
Evidently Eq. 5.76 holds. v/
(b) In Eq. 5.69, both expressiions reduce to (uoR2wo/3)sinf ¢ at the surface, so Eq. 5.77 is satisfied.
4 .
88—1: = ﬂofz wo (25:;10> o = 772%5(410 sin 0 ¢; %—? = ,uolgwa sinf¢. So the left side of
R+ T R R R
Eq. 5.78 is —pgRwo sinf ¢. Meanwhile K = ov = o(w X r) = owRsinf ¢, so the right side of Eq. 5.78 is
—jpowR sin @ ¢, and the equation is satisfied.

Problem 5.33

0 0A
Because A.pove = Apelow at every point on the surface, it follows that — and Bu are the same above
x Y

and below; any discontinuity is confined to the normal derivative.

0A 0A 0A, 0A, . .
Babove — Bhelow = | ———gebove Ybelow ) & + above below ) 5 But Eq. 5.76 says this equals
0z 0z 0z 0z
IS aAy bo Ybel aAT b Tbel . .
oK (—=¥). So avove — e - and avove <o = —pupK. Thus the normal derivative of the com-
0z 0z 0z 0z
8Aa ove aA‘ elow
ponent of A parallel to K suffers a discontinuity —puo K, or, more compactly: 6b - 5 low _ —poK.
n n

Problem 5.34 L A
(Same idea as Prob. 3.36.) Write m = (m - #)f + (m-6)60 = mcosff — msinf6 (Fig. 5.54). Then
3m-F)Ff —m =3mcosfF —mcosOF +msinf 0 = 2mcosff + msinb 0, and Eq. 5.89 & Eq. 5.88. qed

Problem 5.35

(a) m = Ja=|IrR?3.

IrR? R
Zi 7;3 (2c059f'+sin90).
T

(b) B ~




T 2
(¢) On the z axis, 0 =0, r = z, # = Z (for z > 0), so B%u;]j Z|(for z <0, 0 =7, ¥ = —%, so the field
z
is the same, with |z|® in place of 23). The exact answer (Eq. 5.41) reduces (for z > R) to B ~ uol R?/2|z|3,
so they agree.
Problem 5.36 a
The field of one side is given by Eq. 5.37, with s —
2
24+ (w/2)? and sinfy = —sinb, = ﬂ,
22+ w?/2 By

ol w . .
= . To pick off the vertical 0
P e ey YN e oy M )
(w/2)

component, multlply by sing = T (w/2)2; for all four

z
I 2
sides, multiply by 4: | B = HoZ v Z. Lw/z V

21 (22 + w?/4)\/22 + w?/2 ——

- Holw? - T2
For z > w, B~ 523 z. The field of a dipole

for points on the z axis (Eq. 5.88, with r — 2z, # — 2,0 =0) is B = ';LOES z. v
T2z

Problem 5.37
(a) For a ring, m = Inr?. Here I — ovdr = owrdr, so m = fOR mriowrdr =

(b) The total charge on the shaded ring is dq¢ =

Rsin®
o(2rRsinf)Rdf. The time for one revolution is dt = 27 /w. g3

w
dg ) ‘.A __»Rd8
So the current in the ring is I = i owR*sinfdf. The ~'—7/

area of the ring is 7(Rsin )2, so the magnetic moment of the /

ring is dm = (owR?sinfdf)wR?sin? 0, and the total dipole

moment of the shell is

71' 4
m = owrR* [ sin®§df = (4/3)ownR*, or |m = ?WowR4 Z

o 47 owR: sinf - uoowR4 sin 9

¢ - d)a
ir 37
which is also the ezact potential (Eq. 5.69); evidently a spinning sphere produces a perfect dipole ﬁeld Wlth
no higher multipole contributions.

Problem 5.38

The dipole term in the multipole expansion for A is therefore Agj, =

(a) Idl — Jdr, so Z P, (cos6)J dr.

rnJrl

dp
(b) Apon = Ko yar = Ko (Prob. 5.7), where p is the total electric dipole moment. In mag-
4dmr Ar dt

netostatics, p is constant, so dp/dt = 0, and hence Ao, = 0. qed
(m=TJa=3I§(rxdl)—>m=1[(rxJT)dr. qed

Problem 5.39
(a) (Magnetic forces do no work.)




3 ¢ 2
(b) = fo ;. v=584+s00+z22; (vxB)=|5 s¢ 2 —<&> (—28+52)
2ms 0 20 0 27s
2ms

F=q(vxB)= (%) (28 +52).

(c) a=(5— 508+ (sd +250)  + 52 (see, for example J. R. Taylor, Classical Mechanics, Eq. 1.47).
F=ma = (§—50°)8+ (s6+25)+58="(—58+32),
s
qio

h = (
where o Y=

) . Thus

§—5d2=—a’,| |sd+2sh=0,| |5=al.
S S

(d) If Z is constant, then 2 = 0, and it follows from the third equation that $ = 0, and hence s is constant.

. : 1
Then the first equation says ¢? = «(2/s?), so |¢ = +=Vaz|is also constant (the second equation holds
s

automatically). ’ The charge moves in a helix around the wire. ‘

Problem 5.40

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on a
mobile charge ¢ balances the magnetic attraction: F = ¢[E 4+ (v x B)] =0 = E = —(v x B). Say the current
is in the z direction: J = p_v 2z (where p_ and v are both negative).

?{B-dl:B%s:uojvrféB:%qb;

E-da= FE2rsl = L

1
/ —(ps +p-)1s’l = E = —(ps + p-)s8.
€0 26O
1 _ . 2
Te()(p+ +p-)s8=— [(vi) X (u0p2 = ¢)} = %pwzsé = py +p- = p_(eopov®) = p- (;) :
2
Evidently p; = —p_ (1 — 02> = pg’ or p_ = —v?p,. In this naive model the mobile negative charges fill a
c Y

smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v < ¢, the effect
is extremely small.

Problem 5.41

(a) If positive charges flow to the right, they are deflected and the bottom plate acquires a positive
charge.

(b) gyB=qgE = FE=vB=V =FEt= with the bottom at higher potential.

(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative
charge. The potential difference is still the same, but this time the top plate is at the higher potential.
Problem 5.42

From Eq. 5.17, F = If(dl x B). But B is constant, in this case, so it comes outside the integral: F =

1 ( i dl) x B, and [ dl = w, the vector displacement from the point at which the wire first enters the field to
the point where it leaves. Since w and B are perpendicular, F' = I Bw, and F is perpendicular to w.




Problem 5.43
The angular momentum acquired by the particle as it moves out from the center to the edge is

L= /—dt /th /er)dt:/rxq(va)dt:q/rX(dle):q{/(r-B)dl—/B(rdl)}.

But r is perpendicular to B, sor-B =0, and r-dl = r-dr = d(r-r) = 3d(r?) = rdr = (1/27)(27r dr).

2w
In particular, if & = 0, then L = 0, and the charge emerges with zero angular momentum, which means it is
going along a radial line. qed
Problem 5.44

From Eq. 5.24, F = [(K x B,y.) da. Here K = ov, v = wRsinf ¢, da = R*sinf df dp, and
Bave = 3 (Bin + Boyt). From Eq. 5.70,

R
SoL = —2i/ B2nrdr = —2£ /Bda. It follows that | L = —ifb, where ® = [ Bda is the total flux.
s 0 Y3

2 2 A
Bi, = guoaRwZ = guoon(cosﬂf' —sin# 6). From Eq. 5.69,

4 = R 4 2 . R
BoutZVxA:Vx<M0Rwabm9¢):m’Rwa[ 1 8(5111 e)f_183<51m9> 0]
ror

3 r2 72

3 rsin @ 00 r
poR*wo o . oA HoRwo A
= 3T(Zcos@r—i—sm@@): (2cosft +sin60) (since r = R).
B... = uo]gwa (4cosf9f‘—sin9é).

o Rwo

K x By = (owRsinf) ( > [é X (4cosfF —sinf )| = %(awR)2(4cosﬁé+sin0f) sin 6.

Picking out the z component of @ (namely, —sin ) and of # (namely, cos @), we have

(K X Bave)z = —%(O’WR) sin® f cos ), so

F, :—%(awR)QRQ/sm Hcosﬁdﬁdgb——?(awRQ) 27 <SHZ 9) 0/2, or FZ—%(O’MRQ)QZ
Problem 5.45

(a) F =ma = g.(vx B) = Zfrqiq;"(vxf); :Z—;z;i?(vxr).

(b) Because a L v, a-v=0. But a- V_E%( V) = ;jt( )—v%. SO%:O. qed

© G =l e miex ) B (7) <0 Bl v - gt (T 5 )
e R R L

@) HQ d=Q @) =mrxv) ¢— Ll G &) Butz-d=5-é=0 s (r=xv) ¢=0 But

47



1 . A . n
r=rt,and v= i 7T+ 700+ rsinfo ¢ (where dots denote differentiation with respect to time), so

P60 ¢ L
rxv=|r 0 0 = (—r*sin0¢) 6 + (r20) ¢.
7 70 rsin ¢

Therefore (r x v) - ¢ =120 =0, so 0 is constant.  qed
(i) Q- # = Q(z ) =m(r x v) -t — H0edm

Hogedm Hoqeqm

0=— _ _ Ho%eqm

Q cos e or ) yP—

. And since 0 is constant, so too is Q). qed

F-f). Butz-f=cosf,and (rxv) Lr= (rxv) =

(i) Q-0 = Q(z- 6) :m(rxv)-é—M(f'-é). But z- = —sinf, #-6 =0, and (r x v)-0 = —r?sin ¢

4
D). s0 —Osing = —mrsinfo = b= L —F iplpe @ - Hodelm
(from (1)), so —Qsinf = —mr“sinf¢p = ¢ = pn Rl 2 with | k = = T Irmcosd
k k? k? sin® 0
(e) v? =7 2 41262 4 r?sin? 09, butO—Oandgbf ,so7'"2:v2—r2sin20—4:v2— Sl;
r r
dr 72 02 — (ksinf/r)? S [rorN2 L, dr ur\2 o
<d¢> = E = W =T |:(k/’> — S1ln 9:| ) % =T (z) — sin“ 6.
1 vr ur
d — o= ——sec ! 0
/ 9= ¢=do sin 6 see (ksin&) ecl(¢ = go) sin ] = ksing’
m‘/k —sin? 6
Hoqeqm tan O
here A= —————.
r(@) = cos|[(¢ — quo) sinf]’ where drmu
Problem 5.46 z
+L
Put the field point on the x axis, so r = (s,0,0). Then B = L
po [ (Kx %) , o = G
= Tda; da=Rdpdz; K=K¢=K(—singpXx+ K ;
cos¢p¥);2 =(s— Rcosg)kXk — Rsingy — 2 2. =
X y 2 s i y
K x 2 = K —sing cos ¢ 0 = 5 O\
(s — Rcos¢) (—Rsing) (—2) e A1
K[(—zcosg) X+ (—zsing)§ + (R — scos @) Z] ;
22 =224+ R?*+ 5% —2Rscos¢. The = and y components %—J
integrate to zero (z integrand is odd, as in Prob. 5.18).
Mo (R —scoso) MOKR/ /OO
B, = —KR dpdz = — do,
4 / (22 + R? + s2 — 2Rs cos ¢)3/2 ¢ dz i J 508 (224 d2 [CEY O B

o dz
here d* = R* + s — 2R . N / = ’ =
where +s 5c08 ¢ ow oo (22 + d?)3/2 d2\/m 0

2
_ MR ER / ( (R — scosd) d¢; (R —scos¢) = 1 [(R? — %) 4+ (R?* + s* — 2Rscos ¢)] .
0

27 R?2 + s2 — 2Rscos @) 2R

CwK [ e o [T do "
_M{(R _S)/o (R2+52—2RSCOS¢)+/0 d¢]'




T

T de oA 4 Va2 = b2 tan(¢/2)
/o atbeosg /oa+bcos¢‘man atb

= 74 tan~! af = b tan(r/2) | _ 4 (I> -2 Here a = R? + s
Va2 a+b V-2 \2) a2 - ’

b= —2Rs, so a® —b*> = R* + 2R?*s® 4+ s* — 4R?s> = R* — 2R?s* + s* = (R? — 5*)%; Va2 — b2 = |R* — d?|.

poK [(R? — s?) poK [ R? —s?
B, =M M TS o fop 2 BB (2T L)),
S {32—32| ke AN

0

K K
Inside the solenoid, s < R, so B, = MOT(l—&—l) = uoK. Outside the solenoid, s > R, so B, = MOT(—H—I) =0.

Here K = nl, so’ B = ponl z(inside), and 0(outside) ‘ (as we found more easily using Ampére’s law, in Ex. 5.9).

Problem 5.47

2
(a) From Eq. 5.41, | B = Hol Tt 1 373 + L 573 (
2 [R% + (d/2 + 2)?] [R% + (d/2 — 2)?]

9B uoIRQ{ (—3/2)2(d/2 + 2) +(—3/2)2(65/2_@(_1)}
0z 2 2 215/2 9 — _\215/2
[R2 + (d/2 + 2)?] [R2 + (d/2 — 2)?]
30l R? { —(d/2 + 2) (d/2 - 2) }
+ .
2[R+ /2 +2)27 R+ (d/2 - 2)?
3wl R? —d/2 d/2 _
E {[R2+<d/2>215/2 i [R2+<d/2>215/2} i

82
0z

z=0

(b) Differentiating again:

0’B _ 3ulR® { -1 —(d/2 + 2)(—=5/2)2(d/2 + 2)
0 2 R4+ (R4 (d2+2)Y7”
i -1 n (d/2—z)(—5/2)2(d/2—z)(—1)}
[R? + (d/2 - 2)2"° [R? + (d/2 - 2)2]""? '
>’B 3l R? -2 2(5/2)2(d/2)?2 | _ 3uol R? (_ , & N 5d2)
020 2[R+ @2 (R @2 ][R+ (d/2) 4 4
3uol R2 9 9 . . .
= W (d - R ) . Zero if in which case
_ molR? 1 1 R | 8ol
PO= {[Rz F®2PT7 Ry (R/2)2]3/2} o G R T BrR

Problem 5.48

The total charge on the shaded ring is dg = o(27r) dr. The

time for one revolution is dt = 27/w. So the current in the ZJ
dq

ring is I = 5 = owr dr. From Eq. 5.41, the magnetic field of
g,

<f>w




2

this ring (for points on the axis) is dB = %Uu}rm dr Z, and the total field of the disk is

R 3d
B = MOQUw/ ( 2:_ 5)3/2 2. Let u=1? sodu=2rdr. Then
0 r z

_ Hoow /R2 udu _ Hoow |, u+ 222
R N e Vu + 22
When z > R, the term in square brackets is
2 2 1 2 2 2 2 1 2 4
(= 20BN (ML 3R
z[1 4 (R/z)?2]~1/2 222 222 824

(L R SRR R\ RN R
i 222 8 z4 222 424 - 824 ) 424

i Hoow {(R2 +22%) 5 ] .
— 2z
0 2 VR? + 22

Q

SO

poow R* | poowR*
A —Z=—17.

B —
9 4.7 823

Meanwhile, from Eq. 5.88, the dipole field is

Baip = % (20059f+sin09> ,
and for points on the +z axis ¢ = 0,7 = z, & = 2, so Bgip = go—nz 2. In this case (Problem 5.37a) m = mrowR* /4,
Tz
R4
so Baip = % Z, in agreement with the approximation. v/
z
Problem 5.49
,UJ()I dl x 2 N . ~ N . .. 5 .
B = Dl B B 2 = —RcosgpXx + (y — Rsing)y + z%. (For simplicity I'll drop the prime on
s

$.) 2% = R%cos®p+ y* — 2Rysing + R%sin® ¢ + 22 = R? +4? + 22 — 2Rysin¢. The source coordinates
(z',y',2') satisfy 2’ = Rcos¢ = di’ = —Rsingdep; y' = Rsing = dy’ = Rcospdg;2’ =0 = dz’ = 0. So
dl' = —Rsingdp X + Rcospdoy.

~

X vy z

dl!'x 2 = | —Rsingdp Rcospdp 0|= (Rzcospdp)k+ (Rzsinddp)§ + (—Rysinpdo + R do) z.
—Rcosé (y— Rsing) z

5 _ lolRz /2” cos ¢ do _ molRz 1 1 o 0

’ dm o Jo (R? +y2 4+ 22 72Rysin¢)3/2 4m Ry \/R2+y2+22 — 2Rysin¢|g ’

since sin ¢ = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms
of elementary functions.

B —o0 p — MRz /2” sin ¢ do g _ MoIR 2 (R — ysing) d¢
o drJo  (R2+y?+ 22— 2Rysing)*/?’ At Jo  (R2 442 + 22 — 2Rysin)*/*’




Problem 5.50

1
From the Biot-Savart law, the field of loop #1 is B = Ho1

™

dly x 2
jé % the force on loop #2 is
1

1 (dl 2 R . R
—Izj{dIQXB MOIJQ%jI{dQXle ) Now dl x (dly x 2 ) =dli(dly- 2 ) — 2 (dl; - dly), so

(dl
F:—mfllz{j{j{ (dly - dly) j{dllj{ (a2 }
4

The first term is what we want. It remains to show that the second term is zero:

2 = (r2—21)X+ (Y2 —y1) ¥+ (22— 21) 2,50 Vo(1/2 ) = aim (w2 —21)” + (y2 — 1) + (22 — 21)2}71/2 X

0 -1/2 0 -1/2
+ e [(962 —21)? + (y2 —y1)* + (22 — 21)2] / y+ 9% [(l‘z —21)? + (Y2 —y1)? + (22 — 21)2] / z
(a—z1) . (—w) . (2—21), 2 2 % 1
= — /}3 X — /23 Yy — 43 Z:_ﬁ:_ﬁ So ﬁdlz:_ VQ 7 d12:0(by
Corollary 2 in Sect. 1.3.3). qed
Problem 5.51 .
I [dlx 2 I [dlxt
(a) B= %j{ :2 = —'L;L >2< r’ dl x # = —dlsin¢z, dlsin¢ =rdf (see diagram in the book),
T T r
so B = MOI ﬁ
47
11
(b) For a circular loop, » = R is constant; B = ,ug %d@ ——  which agrees with Eq. 5.41 (z = 0).
()
v/}&«’ T —
/ 06 —
// 04
(L\D.S / 05 10 15
" )
\\ _04 ,»//
27
,UOI/ \de— ol |: 93/2:| _ M()I\/Q?T.
3a
0
2m
pol pol pol
d) B="— 1 0)dd=—02m)=|—.| V
@ B =2 [ 1+ ecostyan = 42 om) = | B
Problem 5.52
(a) . )
Ix2 1 Bx2
47 e = 47?/ e

1
(b) Poisson’s equation (Eq. 2.24) says V2V = ——p. For dielectrics (with no free charge), p, = —V - P
€0

1 P(r') -2
Eq. 4.12), and the resulting potential is V (r) = ') dr’. In general, p = ¢V - E (Gauss’s law),
4 22
TEQ



so the analogy is P — —¢yE, and hence V (r) = f—/ /7/ s—dr'. qed

[There are many other ways to obtain this result. For example, using Eq. 1.100:

v <’£) - _v. <:2> = 47103 (2 ) = 4nd3(r — 1),

7 2
V) = [Vaee—r)ar = - [vi)v ar' = L / V)] i - o § V)2 dal
4 el An 2 2
1 (v / . 1 [E(@{) ,
(Eq. 1.59). But V'V (r’) = —E(r’), and the surface integral — 0 at oo, so V(r) = i 2 dr', as
T

before. You can also check the result, by computing its gradient—but it’s not easy.]

Problem 5.53
=Bx [jdl=[Bxr|#A=-1(Bxr).

(a) For uniform B, [;(B x dl)

2
pol . pol polw (1 1Y\
(b) B ’bof xdl = (27m 2mb )w 2m (a b $70
(c) A:—prfO AdX=|—1(r x B).
pol » pol -+ pol A [ 1 pol .
d) B=:-—¢; B(Ar) = ;i A = —— A-d) = — But r h s thy
@B =15 Bow) = 2oL g, e ) [ a5 20 e §). But x here s the
I -
vector from the origin—in cylindrical coordinates r = s§ + zZ. So A = Mot [s(é X @) + 2(z x gb)}, and
s
- . I
8x¢)=12, (Zx¢)=-8. S0 ,lzio (28 —s2.
s

The examples in (¢) and (d) happen to be divergenceless, but this is not in general the case. For (letting
L = [/ AB(Ar)d\, for short) V-A = —V - (rx L) = [ (Vxr)—1-(VxL)] =r-(VxL), and
VxL= fo [V x B(Ar)]d\ = fo A2[V x B(Ar)] d\ = po fo A2J(Ar)d)\, so V- A = por - fo A2J(Ar) d), and
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct
an explicit counterexample, we need the field at a point where J # 0—say, inside a wire with uniform current.

J -
Here Ampére’s law gives B 2ms = piglone = pioJms®> = B = 'u%s @, so
1
J N J N J
A:—rx/)\ B2 Y dspdr = — 2% s(r x @) = K227 (25 — s2).
0 2 6 6
pod |10 4 0 9 wod (1 todz
A = = — (- =—1(-2 = .
v 6 [583(82)+8z( *) 6 \s ~ 70
Conclusion: ’ (ii) does not automatically yield V - A = 0. ‘
Problem 5.54
(a) Exploit the analogy with the electrical case:
E-— li3p-#)i-p] (Bq3.104) =-VV, withV = ——P2 T (5q 3102
— _ . — . 3. = — wi = . O .
dreq 13 P Pl ’ dreg 1 4
1
B=""3m #i-m] (Eq58)) =-VU, (Eq.5.67).

4 3



o M- r
47 12
b) Comparing Egs. 5.69 and 5.87, the dipole moment of the shell is m = (47/3)woR* z (which we also got
( paring Eq; p g
powo R* cos
3 72
Inside the shell, the field is uniform (Eq. 5.70): B = 2p90wR2, so U(r) = —2pigowRz + constant. We may

Evidently the prescription is p/eg — pom : |U(r) =

in Prob. 5.37). Using the result of (a), then, |U(r) = for r > R.

as well pick the constant to be zero, so |U(r) = —%uoaer cosf | for r < R.

[Notice that U(r) is not continuous at the surface (r = R): Upn(R) = —2pgowR?cosd # Ugui(R) =
3uoawR2 cosf. As I warned you on p. 245: if you insist on using magnetic scalar potentials, keep away from
places where there is current!]

(c)

_ HowQ 37N coss 67\ Gnodl| U, 10U45 10U,
B =R [(1 5R2>C%9r <1 sz )00 = VU= T e O e 00

ouU
9¢

2 2
10— (559) (5 o= vion =~ (559) (1) om0
oU w 3r? w r’
a = (r) (1 5m) o= 000 = (27) (- g ) eos0 4000

Equating the two expressions:
pow@ 6 _ pow@ r?
(471'R) <1 5R2>rcos€+f(r)— <4ﬂ'R 1 FR? rcosf + g(6),

pow@
4T R3

But there is no way to write 73 cos@ as the sum of a function of 6 and a function of r, so we're stuck. The
reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero.
Problem 5.55

(a) V-B=0, VxB=ppJ,and V-A=0, VxA=B = A= 47r/—d7

0=U(r,0,9) =U(r0).

or

>r cosf + f(r) = g(0).

1 B
V-A=0, VxA=B,and V-W =0 (well choose it s0), VW =A = W:Z/ZdT/'
T

(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I'll
try something of the form W = ar(r - B) + #r?B, and see if I can pick the constants a and 3 in such a way
that V.- W =0and Vx W = A. 5 o .
V-W=qa[r-B)(V-r)+r- V(- -B)]+3[*(V-B)+B-V(?)]. Vr:a—$+a—z+@—1+1+1_3
V(irB)=rx(VxB)+Bx (Vxr)+(r-V)B+ (B-V)r; but B is constant, so all derivatives of B vanish,
and V x r =0 (Prob. 1.63), so

V(r-B):(B~V)r:<B aa + B, Ba> (1X+y§+22) =B, %+ B,§ + B.2=B;
o .0

3 0z

V(r?) = (iax—i—yay—kii) (2 + > +2%) =20% +2yy +222 =2r. So



(r-B)]+3[0+2(r-B)] =2(r-B)(2a + 83), which is zero if 2a+ 5 = 0.

V-W=a[3(r-B) + =
(r-B)(Vxr)—rx V(@ -B)]+8[r*(VxB)-BxV(#?)] =al0— (rxB)]+3[0—2(B xr)]

VXW=q«
1
= —(rxB)(a—20) = —5(1' x B) (Prob. 5.25). So we want o — 2 = 1/2. Evidently o — 2(—2«) = 5o = 1/2,
. 1 2 - . .
or a =1/10; 8 = —2a = —1/5. Conclusion: | W = 10 [r(r-B) —2r’B] .| (But this is certainly not unique.)
() VxW=A= [(VxW)-da=[A-da. Or § W-dl = <
J A - da. Integrate around the amperian loop shown, taking
W to point parallel to the axis, and choosing W = 0 on the e
axis: 7 !
' . I nl 521 Z‘/
Wl = / <W> lsds =20 20 (using Eq. 5.72 for A). s
o \ 2 2 2
I 2
W:—”OZS 2| (s < R).
I l IR IR?]
For s > R, —Wl = /~L0n w < )R ds = 1" R 4 Ko R In(s/R);
5 4 2
IR?
W = “0” [1+2In(s/R)] | (s > R).

Problem 5.56
Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that
V. [Ux(VxV)]=(VxV)(VxU)-U-[Vx(VxV):

/V-[Ux(VXV)]dT:/{(VxV)-(VxU)—U-[Vx(VxV)]}dT:jI{[Ux(VxV)]-da.

As always, suppose we have two solutions, B; (and A;) and Bs (and Aj). Define Bs = By — By (and
AgEAQ—Al),SOthatVXASZBg aHdVXB3:VXB1—VXBQZ/L()J—,U()JZO. SetU:V:A3
in the above identity:

/{(V X Ag) . (V X A3) — A3 . [V X (V X A3)]} dr = /{(Bg) . (Bg) — A3 . [V X B3]} dr = /(33)2 dr
= %[Ag x (V x A3z)]-da = ]{(Ag x B3) - da. But either A is specified (in which case Az = 0), or else B is

specified (in which case Bg = 0), at the surface. In either case §(As x Bs)-da = 0. So /(B3)2 dr =0, and
hence By = B5. qed
Problem 5.57

From Eq. 5.88, Biot = Boz— liomo (2 cos@f‘—i—sin(‘)é). There-
73
fore B-t = By(z - ) — ZO 020 s = (BO - A;;T:;gncos@.
This is zero, for all §, when r = R, given by By = Ko 07 or
2w R3
3

1/
R = (Koo .| Evidently no field lines cross this sphere.
27TB()




Problem 5.58

(a) I = @ :%; a = 1R m:@wR”:QwR?z. L =RMv=MwR*L =MwR?3.
2r/w) 2w 27 2
m_Q wR*  Q _(Q T .
T = 9 MoRE o m= (2]\4 L, | and the gyromagnetic ratio is | g = M
(b) Because g is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere
(or any other figure of revolution): | g = %
e b eh  (1.60 x 10719)(1.05 x 1073%) YR
() m =52 = am 4(9.11 x 10-31) =461 1072 A,
Problem 5.59
1 3
_ — — z
(a) Bave = (3/4)71‘R3/Bd7- = InR3 /(V X A) dr =
3 3 o J dr'g
_— A_ = — —_ _— = ’
47 R3 7{ X da 4T R3 47 f {/ 2 drp x da ¥4
310 1 ’
—_— — T )
(A 2R J x S dap d Note that J depends on
™

the source point r’, not on the field point r. To do the surface
integral, choose the (z,y, z) coordinates so that r’ lies on the
z axis (see diagram). Then 2 = \/R2 + (2/)2 — 2R%’ cos¥,
while da = R%sinfdf d¢#. By symmetry, the  and y com-
ponents must integrate to zero; since the z component of ¥ is
cos @, we have

fida = Z/ cosf R2sin0.d0 do = 27TR22/ cossin "
2z \/R2+(2’/)2*2RZ’C089 0 \/R2+(Z’)272Rz’cosﬁ
Let u = cosf, so du = —sin 6 df.

1
27rR22/ Y du
1 \/R2 +(2/)?2 = 2Rz2'u

= 2mR*% {2 27 Z(EZIQZ,)); sicdd VR + ()% - QRZ'U}

1

= _??ZTRR;’; {[RQ + ()% + R VR?+ ()2 — 2Rz — [R? + ()2 — R VR + (2')2 +2Rz’}

= — [3(2;)2 z} {[R*+ () +R]IR—7| - [R*+ (¢)? - R] (R+2)}
4%2’2 = 4%1"’7 (r' < R);

ATR3 |
ki

o,
3(2")? 3 (r)3

r', (r' > R).



3 4
For now we want 1’ < R, 50 Baye = —¢i/<JXI‘/)dT/ =M /(Jxr')dT'. Nowm =1 [(rxJ)dr

T T
4m)2R3 3 4T R3
2m
(Eq. 5.90), so Baye = Z—iﬁ qed /
Ixxz
(b) This time " > R, so Baye = (47?;';20]%3 —Rd/ ( X (;)3> dr’ = E ; dr’, where 2 now
goes from the source point to the center (2 = —r'). Thus B,ye = Been-  qed

Problem 5.60 4
a) Problem 5.53 gives the dipole moment of a shell: m = IawR‘l z. Let R — r,0 — pdr, and integrate:
g 3 P g

4 R 47 RO 1
m= %wpi/o rtdr = %wp?z But p = (4/;)27TR3’ SO |m = gQwRQZ.
Mo 2m | puo 2Qw
b Bave - D
(b) 47 R® |47 5R
o msinf Lo QwR? sinf -
AxP0 _|Ho
(c) 4 12 ¢ 4t 5 12
(d) Use Eq. 5.69, with R — 7,0 — pd7, and integrate:
A _ Howp sin 6 qb/ 4 g _ oW 3Q sind RS - _| Mo QwR? sin 6 QE
3 3 47R3 12 5 47 5 72

This is identical to (c); evidently the field is pure dipole, for points outside the sphere.

3r? 612 A
(e) According to Prob. 5.30, the field is B = Af:]g [(1 - 5;2> cosOt — (1 - ;2> sin 0 0} . The average

obviously points in the z direction, so take the z component of # (cos @) and @ (—sin6):

_ MOWQ 1 _ﬁ 2 _ﬁ .2 2 .
Bave = R (4/3)7TR3/|:<1 £z ) €08 0+ (1 Fp2 ) sin 0| r*sin@drdfde

T 3 5 3 5
= e on [ [(5 - g ) oo+ (5 - S ) o] o
0

(47 R2)? 3 55R2 3 5 5R2
uow@ 4 16 os? 7 ) 3uow@ 1 /7T 9

= R 0+ — 0 0do = — 7+9 0 0 do
ST RA . \75° T sin ¢ ) sin STR 75/, (7 + 9cos” §) sin
pow@ 3 ‘” pow@ pow@

= -7 0—3 0 = 20) = b)). v
200n 5 (7080 = Beos0)| = 50 B (20) = o g (same as (b))

Problem 5.61

The issue (and the integral) is identical to the one in Prob. 3.48. The resolution (as before) is to regard
Eq. 5.89 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a
delta-function, A§(r), with A selected so as to make the average field consistent with Prob. 5.59:

2 2 2
47:)R3A ZO RI? = A= Mgm' The added term is %m&s(r).

Bave A3 (r)dr =

e |




Problem 5.62
For a dipole at the origin and a field point in the x z plane (¢ = 0), we have

B = 2cosHt +sinfh) = 2c059 sinfx + cos0z)+sinf(cosfx —sinbz
s

4

/L
4T
Z— [3sin 6 cos 0 % + (2 cos? 6 — sin” 0) Z].

3

Here we have a stack of such dipoles, running from z =
—L/2 to z = +L/2. Put the field point at s on the
x axis. The % components cancel (because of symmetri-
cally placed dipoles above and below z = 0), leaving B =

L2 (3cos?0 — 1
Mooma / 7608 ) dz, where M is the dipole mo-
7r

4 73
ment per unit length: m = ITR?* = (ovh)TR? = 0wR7rR2h = T
1 0
Mzﬂzwang‘. Now sinf = f, S0 — = SIL; z =
h < T 73 s3
—scot = dz = —5— dfl. Therefore
sin” 6
6 .3 3 0
m 0 R m
B = @(WJWRS)Q/ (3cos? 6 — l)Sm3 .82 do = MoUwz i/ (3cos? @ — 1) sin 6 db
2m /2 $° sin“ 6 2s /2
R3 Om R3 RS
= % 2z (—cos 30+ cos ) e = % €08 O, (1 — cos? Om) 2 = % cos 0,, sin’ 0., z.
_(L/2 3L
But siné,, = #, and cosf,, = #, so|B=-— Q’LLOUWR =375 Z
2+ (L/2)? Vst +(L/2)? Als? + (L/2)2]%/




Chapter 6

Magnetic Fields in Matter

Problem 6.1
1
N =m;XBy; By = i [B(my-#)F —my]; £ =§;m; =miZ; mg =mey. By = Mo,
47 13 An 3

No _Homama oo pomama o a?] e = 821 So| N — po (abD)® | o o

T 4r 3 (Ix2) = T 4r 13 eremy = ma“1, ma = . D0 =T 3 X. inal orientation :
).
Problem 6.2

dF = [ d1xB; dN = rxdF = I rx(d1xB). Now (Prob. 1.6): rx(d1xB) + dlx(Bxr) + Bx (rxdl) = 0
But d[rX(rxB)] = drx (rxB) +rXx(drxB) (since B is constant), and dr = dl, so dIxX (BXxr) =rXx(dlxB) —
drx(rxB)]. Hence 2rx(dlxB) = d[rx(rxB)] — Bx(rxdl). dN = 3I{d[rx(rxB)]—Bx(rxdl)}.
"N =1I{$d[rx(rxB)] —BX §(rxdl)}. But the first term is zero ($d(---) = 0), and the second integral is
2a (Eq. 1.107). So N = —-I(Bxa) =mxB. qed
Problem 6.3
(a)

According to Eq. 6.2, F 2nIRBcosf. But B =

%W, and Bcosd = B -§, so Bcos =
%%[3(m1 #)(F-y)—(my-y). But my -y = 0 and
-y = sing, while m; - # = mycosf. .. Bcosf =
0 3my sin ¢ cos ¢.

F =27IRY L 3m, sin ¢ cos . Now sing = £ cos¢p = v/r2 — RZ/r,s0o F = 3”7°m1IR27”2T§R2.

dn r3 r
Yyl 3
But IR?*m = msy, so F = 2“°m mo e , while for a dipole, R < r,so|F = %minz.
T T
(b) F = V(m2-B) = (m2-V)B = (m2£) (e L (3(my-2)2 — my)| = L2mymaz - (%),
2m1 _3%

3o MMy 5

or,since z=7r: |F=— 1

2 r




Problem 6.4

dF = I{(dyy)xB(0,y,0) + (dz2)XB(0,¢,2) — (dy §)XB(0,y,€) — (dz2)xB(0,0,2)}
= I{—(dyy)x [B(0,y,¢) — B(0,y,0)] +(dz2) x [B(0,¢,2) — B(0,0,z)]}

~ 9B ~ 9B
~ €5, Neay

0B 0B - . .
2 ). - OB . OB OB . OB
o {ZX oy Yoz } [NOte that fdy 53[0 % € 5200, and [dz 5, 00z 9 lo00 }

X ¥y oz X v z
F=ml|0 0 1|_-|0 1 0 :m{A . (9B, 0B. . w}
{ 9B, 9By 9B 9B, 9B, 8B, } Y dy By ER 5
oy 9y 9y 0z 0z 0z
0B, 0B, 0B, _ B 9B, 0B,
=m [f{ . +¥ By +z 9% } (usmg V-B = 0 to write 5yy + 9z Oz ) -

But m-B = mB, (since m = mgx, here), so V(m:B) = mV(B,) =m (%B;T& + 8£f§' + 36BZ'” Z)
Therefore F = V(m-B). qed
Problem 6.5

(a) B = poJozy (Prob. 5.15).

J = JoZ
m-B =0, so Eq. 6.3 says H 0
() B = s s

(c) Use product rule #4: V(p - E) m
= px(VXE)+Ex (Vxp)+(p-V)E+ (E-V)p. y
But p does not depend on (x,y, z), so the second
and fourth terms vanish, and V x E = 0, so the
first term is zero. Hence V(p-E) = (p- V)E. qed

This argument does not apply to the magnetic analog,
since V x B # 0. In fact, V(m-B) = (m - V)B + po(m x J).
(m-V)Ba = mo%(B) = moquQy, (mV)Bb = mo%(quo.’I}y) =0.

Problem 6.6

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to
be paramagnetic. The rest (having an even number) should be diamagnetic.

Problem 6.7

J, = VXM =0; K, = Mxi = Mé. fi
The field is that of a surface current K, = M ¢,
but that’s just a solenoid, so the field

and inside B = puoKjp = poM. Moreover, it points upward (in the drawing), so




Problem 6.8
1 a 2\ A 1 2\ A ~ ~ 2/ 7oa 25
VxM=1J, = 76—(5 ks*)z = —(3ks*)z = 3ksz, K, =Mxn=ks*(¢px8) =—kRZ.
5 0s S
So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should

be zero. .. is it? Yes, for [J,da = fOR(3k5)(27rs ds) = 2nkR3, while [K;,dl = (—kR?)(2rR) = —2nkR3.] Since
these currents have cylindrical symmetry, we can get the field by Ampere’s law:

B - 271s = polene = uo/ Jy da = 2rkpos® = |B = u0k32g§ = poM.
0

Outside the cylinder I, = 0, so

Problem 6.9

Kp = Mxf=M"
(Essentially a long solenoid)

> B (Essentially a physical dipole)

| M | B (Intermediate case)

K [The external fields are the same as in the electrical
case; the internal fields (inside the bar) are completely
different—in fact, opposite in direction.]

Problem 6.10
Ky, = M, so the field inside a complete ring would be ugM. The field of a square loop, at the center, is
given by Prob. 5.8: By, = V2 oI /7 R. Here I = Mw, and R = a/2, so

 V2poMuw

22 g M
By = _ 2V2poMuw.

(a/2) ma ’

net field in gap : |B = uoM (1 —
a

2\/§w>




Problem 6.11

As in Sec. 4.2.3, we want the average of B = Byt + Bin, where Byt is due to molecules outside a small
sphere around point P, and By, is due to molecules inside the sphere. The average of B,y is same as field at
center (Prob. 5.59b), and for this it is OK to use Eq. 6.10, since the center is “far” from all the molecules in
question:

dr

o MX %2
Aou = 7
YT 4r 2 2
outside
The average of By, is Z—; (%)—Eq. 5.93—where m = %WR3M. Thus the average B, is 2uoM/3. But what is
left out of the integral A, is the contribution of a uniformly magnetized sphere, to wit: 2uoM/3 (Eq. 6.16),
and this is precisely what By, puts back in. So we’ll get the correct macroscopic field using Eq. 6.10.  qged

Problem 6.12

z
(a) M = ksz; J, = VXM = —k¢; Ky = Mxi = kR¢.
B is in the z direction (this is essentially a superposition of solenoids). So \‘_Jb/
Use the amperian loop shown (shaded)—inner side at radius s: !
$B - dl = Bl = pglenc = pio [ [Jp da+ Kyl] = po [—kl(R — s) + kRI] = pokls. ~ Ko !

’ B = poksz inside. ‘

(b) By symmetry, H points in the z direction. That same amperian loop gives $§H-dl = Hl = poly,, = 0, since

there is no free current here. So 7 and hence Outside M = 0, so B = 0; inside M = ksz,

so B = poksz.
Problem 6.13

(a) The field of a magnetized sphere is Z1oM (Eq. 6.16), so

2
B=Bg - gqu, with the sphere removed.

. 1
Inthecawty,H:%B,soH:%(B —%MOM):HO—FM—%M: H:HO—&—gM.

(b) The field inside a long solenoid is ug/K. Here K = M, so the field of the bound current on
the inside surface of the cavity is poM, pointing down. Therefore

Ko |B =By — poM;

1 1
H = -(By — jugM) = =By~ M = [H =H, |
0 0

(c)
¢ @ > Ky This time the bound currents are small, and far away from the center, so

whﬂeH:iBO:HoJer H=H,+M.

[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medium; in the
sphere (intermediate case) both B and H are modified.]




Problem 6.14

; B is the same as the field of a short solenoid; H = ;710B — M.

\V(E/z

P
~.

NS
NS

Problem 6.15
“Potentials”:
Win(r,0) = > At Pi(cos®), (r < R);
{ Wous(r,0) = > 7fﬁPZ(cos 0), (r > R).
Boundary Conditions:
(1) Win(R,0) = Wout (R, 0),
{ (i) —Woue| 4 Win| =ML =Mz = M cosb.
(The continuity of W follows from the gradient theorem: W(b) — W (a) = fab VW .-dl = — f: H . dl;
if the two points are infinitesimally separated, this last integral — 0.)

{ (l) = AlRl = 7311 = B = RZH'IAJ7

RT+
(i) = > (1 + 1)%H(cos 0) + > 1A R'=2Pi(cos ) = M cos 6.
Combining these:

M
Z(Zl + 1R A P/(cos @) = M cosf, so Ay =0 (1 #1), and 34, = M = A, = 3

M M
Thus Wi, (r,6) = ?r cos = ?z, and hence H;, = - VWi, = —

1 2
B = po(H+M) = po (—3M+M> =| suoM. |V




Problem 6.16

- I - Xml »
Hdl=1I; =1 soH=:L¢. B=uy(l+y,H= 14+ xm)—. | M = y,,H = | 22 .
¢ fone =1, 850 H= 50 po(1+ xm)H = po(1 + Xm) 5 — X s ®
10 i at s = a;
Jy=VxM=-— 7 = K, =Mxh = ’
b (‘35( 27rs>z ’ " { Ii at s =b.
Total enclosed current, for an amperian loop between the cylinders:
1 .
1+ X =(1+xm), so fB.dlzuofenC:uo(me)I;»B:M¢./
2ma 27s

Problem 6.17

T 2 2 .
From Eq. 6.20: $H-dl = H(2rs) = I, = { (s°/a%), (s <a);

I (s >a).
1+xm)Is .
H_{Z?(ﬂa( s<a )} SOB:,LLH: ﬂ0(2ﬂ—)‘§2) ) (S<a)7
27s > ) ’ %7 (S > a).
Xm ! —
Jy = xmJs (Eq. 6.33), and J; = L5 so | J, = 5 | (same direction as I).
a

Xml
2ma

I, = Jy(ra?) + Kp(2ma) = Xl — Xl = @ (as it should be, of course).
Problem 6.18

By the method of Prob. 6.15:
For large r, we want B(r,) — By = Bp2, so H =

K, =Mxh=y,,Hxh = | K, = (opposite direction to I).

LB — LByz and hence W — —LByz =
Ho Ko Ho
—-L Byrcosé.
Ko
“Potentials”:
Win(r,0) = ZAlrlPl(cos 0), (r < R);
Wout(r,0) = ——Bor 0050—1—2 —Zr Pi(cosh), (r > R).
Boundary Conditions:
{ (i) Wm(R 0) = Wout (R, 0),

(i) —poZFee |, + p25in |, =0.
(The latter follows from Eq. 6.26.)

1 B
(il) = po |:MBOC080+Z(Z+1 RH_QPZ(COSG:|+MZZA[RI 1Py(cos ) = 0.
0

For I # 1, (i) = B; = R¥*1 A, so [uo(l + 1) + pl] AR~ = 0, and hence A; = 0.

Forl=1, (i) = AR = ——BOR—l—Bl/R2 and (ii) = B0+2uoBl/R3+uA1 =0, s0 A1 = —3By/(2p0+ 11).
B B B B
Win(r,0) = ——D%_pcosg— — D% g gy, = B0, 3B
(2p0 + 1) (2p0 + 1) (2p0 + 1) (240 + 1)
(2p0 + ) L+ xXm/3




By the method of Prob. 4.23:
Step 1: By magnetizes the sphere: My = x,,,Hp =
the sphere given by Eq. 6.16:

mBo. This magnetization sets up a field within

2 2
B, = gﬂoMo X

2
=315 - By = g/@Bo (where k = 11;)

Step 2: Bi magnetizes the sphere an additional amount M; = ﬁBl. This sets up an additional field in
the sphere:

2 2 26\ 2
B2 = *ILLQMl = *I{Bl = <H) B()7 etc.

The total field is:

B

B=Bo+Bi+By+---=Bo+(26/3)Bo + (2k/3)*Bo + - = [1 4+ (2k/3) + (26/3)* +---] By = m

1 3 34+ 3xm 3(1 m 1 m

_ _ +3x :(+X),soB:( + X )Bo.
1 _2’%/3 3_2Xm/(1 +Xm) 34+ 3Xm — 2Xm 3+ Xm 1+Xm/3
Problem 6.1% ) L,

Am = —G-Bi M = A7m = —invB, where V is the volume per electron. M = x;,H (Eq. 6.29)
= No(ic-IT-nXm)B (Eq 630) SO Xm — *4?;2?/#0- [NOte: Xm < 1, so 1 WOH’t worry about the (1 —+ Xm)
term; for the same reason we need not distinguish B from Bese, as we did in deriving the Clausius-Mossotti
equation in Prob. 4.41.] Let’s say V = 3mr3. Then y,, = —4 (4::7‘;;). I'll use 1 A= 10719 m for r.

Then ., = _(10—7) (4(9?’&'160{13?;(1532,10)) = which is not bad—Table 6.1 says x.m, = —1 x 1072,

However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital
radius is smaller for the inner electrons, they count for less (Am ~ 72). I have also neglected competing
paramagnetic effects. But never mind. .. this is in the right ball park.
Problem 6.20

Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on
a hard surface. If it’s delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it
back and forth many times; each time you reverse the direction, reduce the field slightly.

Problem 6.21

(a) The magnetic force on the dipole is given by Eq. 6.3; to move the dipole in from infinity we must exert an
opposite force, so the work done is

U/rF.dl/rV(m.B)-dlm-B(er.B(oo)

oo o0

(T used the gradient theorem, Eq. 1.55). As long as the magnetic field goes to zero at infinity, then, U = —m-B.
If the magnetic field does not go to zero at infinity, one must stipulate that the dipole starts out oriented
perpendicular to the field.

(b) Identical to Prob. 4.8, but starting with Eq. 5.89 instead of 3.104.

(c)U = —%%[3 cos 01 cos By — cos(fy — 01)mymsg. Or, using cos(fy — 61) = cos by cos Oy + sin Oy sin b5,
U= Z—O m;;nz (sin 6y sin By — 2 cos 6y cosbs) .
™




Stable position occurs at minimum energy: 2% = 9U —

90, — 00,
g—gl = o2 (cos 0y sin 0y + 2sin ) cos ) = 0 = 2sin ) cos By = — cos 01 sin fy;
‘3—9[2 = BOTLR2 (sin 0 cos O + 2 cos 01 sinfly) = 0 = 2sin 6y cosfy = —4 cos 0 sin bs.

Either sinf; = sinfy =0 : _9 or &

Thus sin 64 cos 0y = sin b, cos 7 = 0. or  cosfy = cosfy =0 : 11 or 11
® @

Which of these is the stable minimum? Certainly not (2) or @)—for these my is not parallel to By, whereas we
know my will line up along B;. It remains to compare(® (with §; = 62 = 0) and @ (with 61 = 7/2, 03 = —7/2):

Uy = B2 (=2); Uy = Boi2 (—1). Uy is the lower energy, hence the more stable configuration.

’ Conclusion: They line up parallel, along the line joining them: — — ‘

(d) They’d line up the same way: — — — — — —
Problem 6.22

F:Ij[dle:I(%dl) ><B0+17{d1><[(r-VO)BO]—I(fdl) ><[(rO-VO)BO}zzfdlx[(r.VO)BO]

(because ¢ dl = 0). Now

(dl x By), Ze”kdl (Bo)k, and (r-Vy) = Zrl Vo)i, so
l

Fo=1Y e [ }’{ . dl]} [(V0)u(Bo)s] {Lemma 1 j’{ rdly = 3 etjmam (proof below).}

Jiksl

I Z eijkeljmam(V())l(B())k Lemma 2 : Zeijkﬁljm = 5il5km - 5im5kl (pI‘OOf below).
J,k,lm i

1> (Bitbkm — Sim6k1) am (Vo)(Bo)k =T [ar(Vo)i(Bo)k — ai(Vo)k(Bo)]
k,l,m k

= [(Vo) (a-Bg) —ai(Vo- Bo)]

But Vi -Bg =0 (Eq. 5.50), and m = Ia (Eq. 5.86), so F = V(m - Bg) (the subscript just reminds us to take
the derivatives at the point where m is located). qed

Proof of Lemma 1:
Eq. 1.108 says §(c-r)dl = a x ¢ = —c¢ x a. The jth component is 3° §c,rpdly = =3 | €jpmCpam. Pick
¢p = Oy (i.e. 1 for the Ith component, zero for the others). Then §ridl; = — > €jimm = Y., €jmam. qed
Proof of Lemma 2:

€ijk€ljm = 0 unless ijk and [jm are both permutations of 123. In particular, 7 must either be [ or m, and &
must be the other, so

Z €ijk€ljm = A(Sil(;km + B(Simdkl-
J



To determine the constant A, pick i =1 =1, k = m = 3; the only contribution comes from j = 2:
€123€123 = 1 = Ad11033 + Bd13ds1 = A= A= 1.
To determine B, pick it =m=1,k=1=3:
€123€321 = —1 = Ad13031 + Bd11033 = B = B = —1.

So
Z €ijk€ljm = 5il6km - 6im5kl~ qed
J

Problem 6.23
(a) By = £22m35 (Eq. 5.88, with § = 0). Somy-B; = —2™’ F = V(m-B) (Eq. 6.3) = F = £ [—@mi] 2=

4 23 2 23 ° 2w 23

35‘72:2 Z. This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward
(—mgg2):
3uom? 3uom? 1/4
——— —mgg=0=|z= .
2mz4 2mmag

(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet:

3uom?  3uom
2wt 2yt

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet:

3uom? 3uom? 0
— —mgg = 0.
2yt 2m(x +y)t 49
Buom? [ 1 1 1 1 Lo 1 1
Subtracting: ’0 T T g T T (m+y)4] mag+maqg =0, or 3 4 + (z+y)4 =0,s0: 2= W+W'

Let o = x/y; then 2 = ﬁ + m Mathematica gives the numerical solution oo = ’ x/y = 0.850115...

Problem 6.24
(a) Forces on the upper charge:

1 ¢% . 2p0m pom? =3\ .
F,=— L3 F,=Vm B) =V = )z
1T dmep 2 T (m-B) (m 4723 or \ 24 )7

At equilibrium,

4meg 22 2zt q?

1 ¢  3uem? 6 2
q- _ OSkom - 2 = Ho€QTT = \/6@

where 1/,/€oig = ¢, the speed of light.
(b) For electrons, ¢ = 1.6 x 1071? C (actually, it’s the magnitude of the charge we want in the expression
above), and m = 9.22 x 1072* Am? (the Bohr magneton—see Problem 5.58), so

9.22 x 10724
T \/6(1 6 x 10-19)(3 x

07 = (472 x 1073 m. |




(For comparison, the Bohr radius is 0.5 x 107 m, so the equilibrium separation is about 1% of the size of a
hydrogen atom.)

(¢) Good question! Certainly the answer is Presumably this is an unstable equilibrium, so unless you
could find a way to maintain the orientation of the dipoles, and keep them on the z axis, the structure would
fall apart.

Problem 6.25

(a) The electric field inside a uniformly polarized sphere, E = ——P (Eq. 4.14) translates to H = —m(MOM) =

—gM. But B = po(H+M). So the magnetic field inside a umformly magnetized sphere is B = po(— éM—l—M) =
2

g,uOM (same as Eq. 6.16).

(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = #/3]*30
(Eq. 4.49). Now x. translates to x,,, for then Eq. 4.30 (P = ¢yx.E) goes to uoM = uoxmH, or M = x,,H
(Eq. 6.29). So Eq. 4.49 = H = Tlm/?»HO' But B = po(1 + xm)H, and By = poHy (Egs. 6.31 and 6.32),
so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is

B N in Prob. 6.18).
/U’O(l“i’Xm) (1+Xm/3) /l07 1+X»m/3 (as i Pro )

(¢) The average electric field over a sphere, due to charges within, is E,ye = 47r60 Rs Let’s pretend the charges
are all due to the frozen-in polarization of some medium (whatever p might be, we can solve V. P = —p to find
the appropriate P). In this case there are no free charges, and p = [P dr, 5o E,ye = [P dr, which
translates to

471'(-:0 R3

fo 2m
A7 R3’
with Eq. 5.93. (We must assume for this argument that all the currents are bound, but again it doesn’t really

matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H.
Goedecke, Am. J. Phys. 66, 1010 (1998).)

Problem 6.26
Eq. 2.15: E = p{4£€0 ISP
Eq.49: V ZP'{ﬁfv Z2d7/
Eq. 6.11: A = poegM x {47760 fv

But B = po(H + M), s0 Baye = =222 + 110Maye, and Muye = 725, 50 | Baye =
3

In 13 el in agreement

dr’ } (for uniform charge density);

——

(for uniform polarization);

§>

} (for uniform magnetization).
En = p sior) (Prob. 2.12),

For a uniformly charged sphere (radius R): LR
Eou = p (5= 58 ) (Ex. 2.3).

1
i = 57— P -r),
So the scalar potential of a uniformly polarized sphere is: " ‘3?’ (Rs ) .
out = gfz(P'r)a
d the vector potential of a uniforml tized sph '{“’I?(M”’
an e vector potential of a uniformly magnetized sphere is: 3 .
Ay = %%(M X 1),

(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11).




Problem 6.27
At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of

H is continuous (Eq. 6.25 with K; = 0). So 31L = B, H| = H}. But B = yH (Eq. 6.31), so LB| = LB].
Now tanf, = Bll‘/B and tanfy = BQ/B2 )

tanfy  BY BI  B)

tan 6, BJ— BH - Bill\ T

(the same form, though for different reasons, as Eq. 4.68).

Problem 6.28
In view of Eq. 6.33, there is a bound dipole at the center: m; = x,,,m. So the net dipole moment at the
center is Meepter = M + my = (1 + xppn)m = ﬁm. This produces a field given by Eq. 5.89:

_mr 1
Bientsr = oy B0mD)E —m].
This accounts for the first term in the field. The remainder must be due to the bound surface current (K,) at
r = R (since there can be no volume bound current, according to Eq. 6.33). Let us make an educated guess
(based either on the answer provided or on the analogous electrical Prob. 4.37) that the field due to the surface

bound current is (for interior points) of the form Bgyrface = Am (i.e. a constant, proportional to m). In that
current
case the magnetization will be:

Xm Xm 1 AN Xm
M=y,H="—B = 3(m- =—A
XH = KB = 2 ()~ m) 4 X Am
This will produce bound currents J, = VXM = 0, as it should, for 0 < r < R (no need to calculate this
curl—the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less,
except at r = 0), and

m mA . A
Ky, = M(R) Xt = 4§R3(—mxr)+xu(mxr):xmm< yo R3 )sm9¢>
But this is exactly the surface current produced by a spinning sphere: K = ov = cwRsinf cf), with (cwR) <
XmMm (‘: 4WR3) So the field it produces (for points inside) is (Eq. 5.70):
2 2 A 1
Bsur ace — o R) = - m - - .
curlfrent 3”0(00.’ ) 3MOX m (ﬁ, 47TR3)
Everything is consistent, therefore, provided A = 2poxm (AL - ﬁ), or A (1 - —xm) = —2Loxm Byt
Xom = (ﬁ) —1,s0 A (1 — % + %%) 7% = }gg ,or A (1 + 2uo) - 2%, A= ﬁ%, and hence
pofl e 2(po — p)m
B=—<—=[3(m-)t— — . d
Am {7“3 B £)F ] + R3(2p0 + ) o

The exteriorfield is that of the central dipole plus that of the surface current, which, according to Prob. 5.37,
is also a perfect dipole field, of dipole moment

4 4
Mgsyrface = *TFRS(O'(UR) = *7TR3

current 3

(2 ) = 27 2 20— _ s
surface Lo A1 R3 (QMO + /U') M0(2/140 + N:)

2/10 current



So the total dipole moment is:

- 3pm
mtotzﬂm“v‘ﬂm (o = 1) = a

Ho po  (2po + ) (2p0 +p)’

and hence the field (for r > R) is

1
B=Fo (3 )\ sy —m).
47 \2u9 +p ) 13

Problem 6.29
The problem is that the field inside a cavity is not the same as the field in the material itself.

(a) Ampére type. The field deep inside the magnet is that of a long solenoid, By ~ poM. From Prob. 6.13:
Sphere : B =By — %,uOM = %uOM;
Needle : B =By — uoM = 0;
Wafer: B = poM.
(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway
between two distant point charges, By ~ 0. From Prob. 4.16 (with E — B, 1/¢g — pg, P — M):
Sphere : B = By + M = %/LoM;
Needle : B = Bg = 0;
Wafer: B =By + poM = poM.
In the cavities, then, the fields are the same for the two models, and this will be no test at all. Fund it
with $1 M from the Office of Alternative Medicine.




Chapter 7

Electrodynamics

Problem 7.1

(a) Let @ be the charge on the inner shell. Then E = 47360 %f' in the space between them, and (V, — V;) =
_fbaE'dr = _47r160Qfa rl dr = 471'60 (é - %)

 ydnco [Bagaeo@ - odmaVa=Vo) |, ~ (Va—Vb)
I—/Jda— /Eda e e (Ja—1/b) 4 (a—1/b)"

Vo—Vo | 1 1 1
(b) R = I " | 4o (a b)l

(c) For large b (b > a), the second term is negligible, and R = 1/4woa. Essentially all of the resistance is in
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the
2 1

cross-sectional area (477?) gets larger and larger. For the two submerged spheres, R = Tioe = 5204 (one R as

the current leaves the first, one R as it converges on the second). Therefore I = V/R =

Problem 7.2
(a) V.= Q/C = IR. Because positive I means the charge on the capacitor is decreasing,

d 1

d—cf == ——Q, so Q(t) = Qoeft/RC. But Qo = Q(0) = CVj, so | Q(t) = Cvoeft/RC,
d 1 Vo

Hence I(t) = — d? CVO%e t/RC _ EOe t/RC

o Vi
(b) W =|1CV§.| The energy delivered to the resistor is / Pdt = / I’Rdt = Ig / e /RO gt —
0 0

0
ol L

R\ 2 .
(¢) Vo = Q/C + IR. This time positive I means Q is increasing: aQ I=—(CVW-0Q)= Q
°= ‘ P ¥ ar T RC 0 Q-CVy
f—dt = In(Q — CW) = fit + constant = Q(t) = CVpy + ke V/FC. But Q(0) = 0 = k = —CVj, so

RC RC

_ dQ 1 Vo _
=CWV _ t/RC _ _ t/RC t/RC
Q(t)—C’ 0(1 e ) I(f)—fdt OLO(RC )— —€ .




Y Ve[ —t/RC 3, _ Ve —t/rRC\ | _ Ve _ 2
(d) Energy from battery: /0 Vol dt = ﬁ/o e dt = T (fRCe )‘0 = fRC =

Since I(t) is the same as in (a), the energy delivered to the resistor is again | $CV{Z.| The final energy in

the capacitor is also %C’Voz, SO the energy from the battery goes to the capacitor, and the other half
to the resistor.
Problem 7.3

(a) I = f J - da, where the integral is taken over a surface enclosing the positively charged conductor. But
J = oE, and Gauss’s law says [E-da = %Q7 sol =0 [E-da= 2Q. But Q = CV, and V = IR, so

o _ fo
I:aCIR, or R_E' qed

(b)Q=CV=CIR= % = _1=—-L0Q=|Q(t) = Qe /"], or, since V = Q/C, V(t) = Voe /. The
time constant is 7 = RC' =

Problem 7.4
I=J(s)2rsL = J(s)=1I/2rsL. E=J/o=1/2nscL =1I/2rkL.
* 1 b—a
fo/b E~d1f72ﬂkL(afb). So|R = il
Problem 7.5
£ E?’R  dP 1 2R
I= i P=PPR=——+; — =¢&7 -~ = =2 —r
T+R7 R (T+R)27 dR 8 (T+R)2 (T+R)3 0:>7"+R R:>
Problem 7.6

E=4¢Edl = for all electrostatic fields. It looks as though & = § E - dl = (0/€g)h, as would indeed
be the case if the field were really just o/¢p inside and zero outside. But in fact there is always a “fringing
field” at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of

the loop. The current is

Problem 7.7

Bl
=0
direction of flow: (vXxB) is upward, in the bar, so downward through the resistor.)

B2
(b) F = I1B =| ==, | to the [left.

d B?? d B?? 2.2
(C)F:ma:md—::— 7 v:d—::—(Rm)v: U:UOe_%t.

(d) The energy goes into heat in the resistor. The power delivered to resistor is I?R, so

a) £ = -9 — _p|dr — _Bly; £ =IR = |1 Never mind the minus sign—it just tells you the
dt dt g

aw B2%y? B2 B*%  dw
o I’R = RQU R = 7 vie 2 where a = oS R amuvie” 2t
o] —2at |O° 1 1
The total energy delivered to the resistor is W = amuv] / e 2 dt = amuvg 5 = amv%Z— = imvg. v
0 —40 0 «




Problem 7.8

I 1 1 1
(a) The field of long wire isBsz ,so@:/B-da:gL / —(ads) = Ho aln<s—|—a>.
S

™

dd wola d s+a ds wola 1 ds 1ds polav
b)f=——=-— —1 d — =wv,s0 — — = ——
(b) dt 21 dt n( s >’ MEG T T o \sradt st 27s(s + a)

The field points out of the page, so the force on a charge in the nearby side of the square is to the right. In
the far side it’s also to the right, but here the field is weaker, so the current flows ’ counterclockwise. ‘

(c) This time the flux is constant, so

Problem 7.9
Since V-B = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that [B-da is the same for all surfaces with a given
boundary line.

Problem 7.10

& =B-a= Ba®cosf
Here 6 = wt, so

E= —% = —Ba?(— sinwt)w;

& = Bwa? sin wt. ‘

(view from above)

Problem 7.11 .
E=Blv=IR=1= %v = upward magnetic force = [IB = %v. This opposes the gravitational force
downward:

B?]? dv dv b B2 0= g mgR
mg — v=m—; — =g — av, where a = .g— v = v == = )
97 R at’ dat 7 mr I tTa | B
dv 1 ot
=dt=——In(g—aw) =t+const. => g—av=Ae *; att =0, v=0, so A=g.
g—au e

At 90% of terminal velocity, v/v; = 0.9 =1—e " = 7 =1-0.9=0.1; In(0.1) = —at; In10 = at;

t= élnlO, or | togy, = ﬁln 10.
g

Now the numbers: m = 4nAl, where 7 is the mass density of aluminum, A is the cross-sectional area, and
l is the length of a side. R = 4l/Ac, where o is the conductivity of aluminum. So

p=28x10"%Qm

_ 4nAlgal  16ng  16gnp g lo=98 m/s?
U= AoB22  oB2 B2 0" = 2.7 x 10® kg/m?
B=1T

So v, = (16)(9.8)(2.7><103)(2.8><10_8) _ tooy, = L2402 13(10) = [2.8 ms. |

If the loop were cut, it would fall freely, with acceleration g. ‘




Problem 7.12

a? d® 7a?

a\?2 m & Ta W )
o=m (5) B = TBO cos(wt); € = i TBow sin(wt). I(t) = ) By sin(wt).
Problem 7.13
@ e 1 dd
= /Bd;z:dy = th/ d;z:/ Yy dy = —kt’a®. €=-—— = —|L1kta®.
0 0 4 dt

Problem 7.14
Yy
M~ Suppose the current (I) in the magnet flows counterclockwise (viewed from

above), as shown, so its field, near the ends, points upward. A ring of
pipe below the magnet experiences an increasing upward flux, as the magnet

pipe— approaches, and hence (by Lenz’s law) a current (I;nq) will be induced in it
S such as to produce a downward flux. Thus I;,q must flow clockwise, which is

falling opposite to the current in the magnet. Since opposite currents repel, the force
magnet | on the magnet is upward. Meanwhile, a ring above the magnet experiences

a decreasing (upward) flux, so its induced current is parallel to I, and it
B attracts the magnet upward. And the flux through rings next to the magnet
ring is constant, so no current is induced in them. Conclusion: the delay is due

— to forces exerted on the magnet by induced eddy currents in the pipe.

Problem 7.15

o o Iz, ;
In the quasistatic approximation, B = { Honl 2, (s <a)

0, (s >a).

Inside: for an “amperian loop” of radius s < a,

do dI dI .
® = Brs® = ponlns; fE.d] EQWS__E:_MOmmgE E:_u();lsE '
Outside: for an “amperian loop” of radius s > a:
® = Bra? nIna®; E2mws = —ponma’ — _ pona® dl
s - dt’ 2s dt

Problem 7.16

(a) The magnetic field (in the quasistatic approximation) is “circumferential”. This is analogous to the current

in a solenoid, and hence the field is | longitudinal. |

(b) Use the “amperian loop” shown.
Outside, B = 0, so here E= 0 (like B outside a solenoid).

So §EBedl = El = —42 — _ 4 [B.da = —4 [* pol) gy /\ a — \
| U

B =—Hodly (a) Byt dI = —Iywsinwt,

yA
E= Holow sin(wt) In (ﬂ) Z. j
s

™

SO




Problem 7.17

(a) The field inside the solenoid is B = pgnl. So ® = ma?uonl = € = —mwa®pen(dl/dt).

wa?ponk
7
B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or

to the right, | through the resistor.

In magnitude, then, £ = ma?uonk. Now & = I, R, 50 | Liesistor =

d & 1d® 1 2ma? ponl
(b) A® = 2nauonl; I = d—cf =R R4 = AQ = EAQ in magnitude. So |AQ = %.
Problem 7.18
I I sta ! I
<I>:/B-da;B “qu, _“Oa/ @ _Mlay sta
2/ s 2m s
dd a I
€ = LoopR = —QR === ‘;(; n(l+a/s) %

1n(1+a/s)d[ = Qzluoaln(lJra/s).

dO =
Q 2rR

2R

The field of the wire, at the square loop, is out of the page, and decreasing, so the field of the induced
current must point out of page, within the loop, and hence the induced current flows ’ counterclockwise.

Problem 7.19

woNI 3 (i .
In the quasistatic approximation, B = { 0’2“ 2 £S§?§;§;ﬁ;g;

(Eq. 5.60). The flux around the toroid is therefore

—hds =

_,uONI/‘”wl poNlhln(l_i_E)zuOthI d@iugthdI ,uOthk
“ 2 a 2ra ~ dt 2ra  dt  27a

2T T

The electric field is the same as the magnetic field of a circular current (Eq. 5.41):

_ kol a? .
B= 2 (a2 4 22)3/2 %
with (Eq. 7.19)
~1d® _ Nhwk SOE—@ ~ Nhwk a® 5| _Ho Nhwka 5
po dt — 2ma 2 2ma ) (a2 4 22)3/27 | 4w (a2 + 22)3/2

Problem 7.20
0B/0t is nonzero along the left and right edges of the shaded rectangle:



The (inward) flux through the strip on the left is increasing; the (inward) flux through the strip on the right
is decreasing. This is analogous to two current sheets under Ampere’s law, with B — E and polene — —d®/dt
(Eq. 7.19). The one on the left is like a current flowing out (taking account of the minus sign), so its field is
counterclockwise and the one on the right is like a current flowing in, so its field is clockwise.
Problem 7.21

The answer is until some boundary conditions are supplied. We know that V x E =
—(dBy/dt)z (and V - E = 0), but this is insufficient information to determine E. Ordinarily we would invoke
some symmetry of the configuration, or require that the field go to zero at infinity, to resolve the ambiguity,
but neither is available in this case. E = l@(yfc —x§) would do the job, in which case the force would be

2 dt
zero, but we could add any constant vector to this, and make the force anything we like.

Problem 7.22

(a) From Eq. 5.41, the field (on the axis) is B = %Wi, so the flux through the little loop (area ma?)

]22
is | @ = _Homlad

T 2B+ 22

(b) The field (Eq. 5.88) is B = “2 (2 cos 0  + sin 0 6), where m = Ima®. Integrating over the spherical “cap”

4w 73

(bounded by the big loop and centered at the little loop):

NOIGQ

2
b= /B-da = @Iw—g/(ZCOSH)(r2 sin 0 df d¢) =
T

47

0
277/ cos 0sin 6 dO
r 0

] 272
where 7 = v/b2 + 22 and sinf = b/r. Evidently ® = polna® sin’ 0 ‘0 _ | _tomla b[ , | the same as in (a)!!
T 2 0o T | 2002 + 22)32

poma’b?

(C) D1V1d1ng off ((I)l = .Z\412_I'27 (bg = M21[1)2 M12 = Mgl = W

Problem 7.23

o _ L odl

= =My =

—ME.



QO

D[

a

It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances,
T’ll find the flux through the little loop when a current I flows in the big loop: ® = M1. The field of one long

wire is B = g;i = ®; = “2—“; ;a Lads = “OIa In2, so the total flux is
ITaln?2 In2 kaln?2
b =20, = fosam M= Het &= M, in magnitude.
™ s T

Direction: The net flux (through the big loop), due to I in the little loop, is into the page. (Why? Field
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced

current in the big loop is such that its field points out of the page: it flows ’ counterclockwise. ‘

Problem 7.24
B = puonl = ®; = ponIrR? (flux through a single turn). In a length [ there are nl such turns, so the
total flux is ® = pon?mR2Il. The self-inductance is given by ® = LI, so the self-inductance per unit length is

Problem 7.25

The field of one wire is B; = 52 i, sod =2 “”I 1 f s _ % In (%) The € in the numerator is

negligible (compared to d), but in the denominator we cannot let € — 0, else the flux is infinite.

l
= Ho n(d/e). | Evidently the size of the wire itself is critical in determining L.

Problem 7.26
- I Ih
(a) In the quasistatic approximation B = % ¢. So ®, = MO / —hds IJO In(b/a).

Nh
This is the flux through one turn; the total flux is N times ®1: & = Fo ln(b/a)[o cos(wt). So
T
d® Nh 4m x 1077)(10%) (102
g=-T Mo In(b/a)Ipw sin(wt) = (4 x J10°)( ) In(2)(0.5) (27 60) sin(wt)
dt 2m 2m .
2.61 x 10~
= 261 x 10~ sin(wt) | (in volts), where w = 27 60 = 377/s. I, = % = % sin(wt)

= ’5.22 x 1077 sin(wt) ‘ (amperes).
dl, X 10~ - . )
(b) & = fLE; where (Eq. 7.28) L = °N " n(b/a) = (4 x 10 )(106)(10 ) In(2) = 1.39 x 1072 (henries).

Therefore & = —(1.39 x 107%)(5.22 x 10" w) cos(wt) = ’ —2.74 x 10~" cos(wt) ‘ (volts).

2.74 x 1077 N2h
Ratio of amplitudes: % =11.05x 1073 |= M02777Rw In(b/a).

Problem 7.27

With I positive clockwise, £ = —L% = Q/C, where @ is the charge on the capacitor; I = ‘Z—?, SO
‘22722 = —%Q = —w?Q, where w = \/% The general solution is Q(t) = Acoswt + Bsinwt. At t = 0,



Q=CV,s0 A=CV; I(t) = % = —Awsinwt + Bwsinwt. At t=0,1=0,s0 B=0, and

. /1C . t
I(t) = —CVwsinwt =| -V f S11 <\/E> .

If you put in a resistor, the oscillation is “damped”. This time —L‘U =9 & +IR, so L e Q 4 RdQ %Q =0.
For an analysis of this case, see Purcell’s Electricity and Magnetism (Ch 8) or any book on oscﬂlations and
waves.

Problem 7.28

1
() W =1LI* L= pon*mR?l (Prob. 7.24) |W = iuoanRQUQ .

(b) W =3 §(AI)dl. A = (onl /2)R ¢, at the surface (Eq. 5.72 or 5.73). So W, =

turn. There are nl such turns in length [, so W = %,uonQWRglﬁ. v

(c) W = ﬁ [B%*dr. B = ponl, inside, and zero outside; [dr = wR%l, so W = ﬁﬂ%rﬁ[szQl =

%uonzﬂRQZIZ v

(d) W= 2% [[B?dr — §(AxB)-da]. This time [B?dr = pn*I*n(R? — a?)l. Meanwhile,

A xB = 0 outside (at s = b). Inside, A = “OT"Iaqﬁ (at s = a), while B = ponl z.
—1,2.272 (7 5

AXB = 2Ho™ 1 a(\¢><z{) points inward (“out” of the volume)

s / L 5

f(AxB) cda = [(LpEn?I%a8) - [ad dz(—8)] = — Lu2n2I2a22r. K\

W = (pd3n?Pm(R? — a®)l + pdn®IPral] = Lpon*I?R*nl. v JA

Problem 7.29

ponl 1 9 1 ,u0n212/ uon b 1 99
B = ; W= Bdr = —_— hsdepds h2 1 =|— I“hIn(b/a).
278’ 2410 2o 4m? sd¢ 82 . el n(b/a)

“OQ"IRI - 2w R, for one

1
2

w»

N>

2/1

L= 'uon hln(b/a)| (same as Eq. 7.28).
27

Problem 7.30

Is
]{Bodl = B(27s) = polenc = /‘OI(Sz/R2) = B = 57‘?R2 .
1 22 [n pol®l s* 1R ol
W= B2dr 0 / ms)lds = T ()] = {17 = LIQ'
2#0/ = 0 4n2RE J, ° (27s)l ds 47TR4(4) o 167
So I — gl’ and £ =L/l = independent of R!
Problem 7.31
dI dl
(a) Initial current: Iy = &/R. So —L— =IR= — = —EI =] = Ioe*Rt/L, or |I(t) = @e*Rt/L.
dt dt L L
£2 dw
b) P =I?R = (§/R)* e /LR = S0 —2Rt/L _ 7
(b) — (&/R) Re a

&2 & ( L
W= S0 —2Rt/Ldt o (L _oRryL
R /), © R ¢

(c) Wo =112 =1L(&/R)?. v
Problem 7.32
(a) By = 22 L 1,[3(a;-2 )2 — a;], since m; = I1a;. The flux through loop 2 is then

4r r3

1 2
=2 (0+L/2R) = | SL(&/R)

2R 0

1 . N . R
— N[3(a1-% )(az-% ) — aj-as] = MI,. | M= _[3(ar-% )(azg-% ) — a;-as).

Ho
b, = B, =
2 1a 47 2 3 4 3




(b) & = —M%, %h =-&1; = Mll%z. (This is the work done per unit time against the mutual emf in

loop 1—hence the minus sign.) So (since I; is constant) Wi = M I I, where I is the final current in loop 2:
Ho
W= 4 3
Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole
moments were fized, and we did not worry about the energy necessary to sustain the currents themselves—only
the energy required to move them into position and rotate them into their final orientations. But in this
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited
there.
Problem 7.33
(a) The (solenoid) magnetic field is

o fpors - [reri] <)
@ (s > R).

[3(11’11”2 )(m2°’£ ) - ml-mg].

From Example 7.7, the electric field is

sdB - sR .
- _554)_ —7MOUW¢ (s <R),
| R2dB . RS .
*%E(ﬁ = *2*8#000005 (s > R).
At the surface (s = R) E = f%uoRQJw (ﬁ, so the torque on a length ¢ of the cylinder is

1
N = —R(c27RY{) (2,uoR20w) % = o’ Rl 7,

and the work done per unit length is

w 94 [ dw
7= Teo“ R /dt do.

But d¢ = wdt, and the integral becomes

wi 1 W
/0 wdwziw?; = 72—%(UwfR2)2.

(This is the work done by the field; the work you must do does not include the minus sign

)
1
(b) Because B = 110K 2 = ppows R Z is uniform inside the solenoid (and zero outside), W = Z—BQWR2€.
Ho

w 1 I 2
7= Q—NO(uoawfR)QﬂR2 =5 (owysR?)

Problem 7.34
OE I _ I

The displacement current density (Sect. 7.3.2) is Jy = €057 = 5 = z. Drawing an “amperian loop” at

ma?
radius s,
I 9 52 pols? tols ~
B-dl =B - 2ns = pola,,, = po—= 78" = pol— = B = ;7 | B= .
Ta? a? 2mwsa? 2mwa?




Problem 7.35

o(t) Qv It [ 1t .
E = — Z; t = = —_— .
(2) €0 2 o) ma?  ma?’ | mepa? z
dE 2 2 I -
(b) Iy, = Jyms® = ey ms? = | T2 i{B cdl = poly,. = B2rs = pol = = B =| L2 s 4.
ene dt a? ene a? 2ma?

(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle
of radius s. The charge density (at time t) is

- It

o(t) =

Since we are told this is independent of s, it must be that I — I(s) = 3s2, for some constant 3. But I(a) = 0,
so Ba? =1, or 3= I/a®. Therefore I(s) = I(1 — s%/a?).

2

S
B27s :/LOIcnc :[},0[]*[(8)] :,LLOIG*Q =|B= 2ma?

I -
Ho so. |V

Problem 7.36

T 2
(a) Ja=¢o MOQOM cos(wt)In (a/s) z. But Iycos(wt) =1. So |Jq = ?uﬂ]ln(a/s) Z.
T T

. ILLQGQW2I

(b) Iy = /Jd ~da= 7/ In(a/s)(2nsds) = quow2I/ (slna — slns)ds
0 0

27
a 2] 3
= poo? 1 [Sfha — Shfia + %] = | H L
0
Id M060w2a2

(c) T Since poeg = 1/¢2, Iy/1 = (wa/2¢c)?. If a = 1073 m, and 17‘1 = 155+ so that £2 = -,

8
w= 2= = %f?{s, or w=0.6x10"/s ={6x 10" /s;| v = £ ~ 10" Hz, or 10* megahertz. (This is the

microwave region, way above radio frequencies.)
Problem 7.37

Physically, this is the field of a point charge ¢ at the origin, out to an expanding spherical shell of radius vt;
outside this shell the field is zero. Evidently the shell carries the opposite charge, —q. Mathematically, using
product rule #5 and Eq. 1.99:

= poeow?I [(ln a)% — % Ins+ %}

1 q . 1 q qd 3 1 q, . . 0
V- -E= — V- 2 diwv =2 _ — L. = — ).
O(vt — 1) (4 o r) + pr— £ VI[O(vt —r) 60(5 (r)f(vt —r) + PP (T ) —0(vt —r)

But 63(r)0(vt — ) = 6°(r)0(t), and Z0(vt —r) = —5(vt —r) (Prob. 1.46), so

q

p=eV-E= [¢3r)0(t) — -

o(vt —r).

(For ¢ < 0 the field and the charge density are zero everywhere.)
Clearly V-B =0, and V x E = 0 (since E has only an r component, and it is independent of 6 and ¢).
There remains only the Ampére/Maxwell law, V x B = 0 = p0J + poegOE/0t. Evidently

___OE _ g 0 . q .
J=—¢ 50 = €0 {47r60r2 o [0(vt — 7‘)]} el vé(vt — 1) T




(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv,

as expected—Eq. 5.26.)
Problem 7.38

From V-B = ugp,, it follows that the field of a point monopole is B = Z—;%’i . The force law has the
form F o g, (B — C%VXE) (see Prob. 5.22—the ¢? is needed on dimensional grounds). The proportionality

1
constant must be 1 to reproduce “Coulomb’s law” for point charges at rest. So |F = ¢, (B — 2v><E> .
c

Problem 7.39
Integrate the “generalized Faraday law” (Eq. 7.44iii), V x E = —puoJ,, — %—?, over the surface of the loop:

d dd
/(VxE)-da-%E-dl—é‘——uo/Jm-da—%/B-da——uolmem—E.

dl dl 1d® 1
But £ = _LE’ SO i @Imem + T or [ = %AQm + ZACI)’ where AQ),, is the total magnetic charge

passing through the surface, and A® is the change in flux through the surface. If we use the flat surface, then
AQu = Gm and AP = 0 (when the monopole is far away, ® = 0; the flux builds up to pogm,/2 just before
it passes through the loop; then it abruptly drops to —pogm/2, and rises back up to zero as the monopole
disappears into the distance). If we use a huge balloon-shaped surface, so that g, remains inside it on the far
side, then AQ,, = 0, but ® rises monotonically from 0 to pog,,. In either case,

HoGm
I = .
L

[The analysis is slightly different for a superconducting loop, but the conclusion is the same.]
Problem 7.40

% 1 14 oD 0 0 [Vpcos(2mut) Vo .
FE=— c = EF=-F=—. = = —(ef)=€e— | ——— 7| = —[=2 2 t)]|.
p =J.=o0 5 " Ja 5~ o1 (eE) 5 [ pi 7 [—27v sin(27vt))
The ratio of the amplitudes is therefore:
Jo Vo d 1

— [2m(4 x 10%)(81)(8.85 x 10712)(0.23)] ' =

jd a ﬁ 2nveVy B 2mvep

Problem 7.41 7
Begin with a different problem: two parallel
wires carrying charges +A and —A\ as shown. /
A A b b y

Field of one wire: E = 5-2—8; potential: V' = —
0S

52c; In(s/a). /-
Potential of combination: V = ﬁ In(s_/s4), o +

X
o V() = gl e

4dreg (y—b)2+22

Find the locus of points of fixed V' (i.e. equipotential surfaces):

e47r€0V/A =pu= (y + b)2 + 22
RO

= pu(y? — 2ub+ 0% + 2%) = y? + 2yb + b? + 2%
-1+ (-1 +22(n—1) —2yb(p+1) =0 = y* + 22 +b* — 243 =0 (ﬁzu>;

(y = bB)> + 22 + 12 — 1202 = 0= (y — bF%) + 2% = (6% — 1)



.. . . . 2 (2 2b
This is a circle, with center at yo = b3 = b(Z—ﬂ) and radius = by/B2Z — 1 = b,/ & +2“+(L)_1(§‘2 2utl) Ml/lﬁ.
This suggests an image solution to the problem at hand. We want yo = d, radius = a, and V = Vj. These

determine the parameters b, pu, and A of the image solution:

L = e e =
= — = s = . =o.
a  radius ﬁ 2/ a

4o’p=(n+1? =p? +2p+1 = p> + (2 —4a®)p+ 1= 0;

40? — 24 /(1 - 2022 — 14
== 2( ) o 14T g dal —1— 2% —142ava? — 1,

4meq Vo 4megVo
=1

T (2042 —1£2ava? - 1)
I'= /Jda = U/E'da = UﬁQenc = i)\l
€0 €0

That’s the line charge in the image problem.

I A dmaV,
The current per unit length is i = — = A _ Uk . Which sign do we want? Suppose

I e In(202-1%2av0?-1)

the cylinders are far apart, d > a, so that a > 1.

1 1
— 2 2 _ 2 2
()—20[—1:&2& 1—1/&2—2Ct — 1+ 2« |:1_M_8Oé4+

B {4a2 —2-1/202+ - -~ 4a? (+ sign),

=222(1+£1) - (14+1)F —

402 —1/4a2 (— sign).

The current must surely decrease with increasing «, so evidently the + sign is correct:

4oV
In (2042 — 14+ 2ava? — 1) ’

d
1= where o = —
a

Problem 7.42
Vias,0) = 3 s*bysin(ke), (s < a);

k=1
From Prob. 3.24,

Vout (s Z s7*dy, sin(ko), (s > a).

(We don’t need the cosine terms, because V is clearly an odd function of ¢.) At s = a, Vi, = Vour = Vooo/ 2.
Let s start with Vm, and use Fourier’s trick to determine by:

Zakbk sin(k¢) = :> Zakbk/ sin(ko) sin(k'¢) dp = Yo [ ¢sin(k’¢g) dp. But

2 J_.

/7T sin(k¢) sin(k’¢) dp = worxs, and

—T

/_qusin( '6) dé = [(1) sin(k'g) — ,fcos(k’d»)}

—Tr

Vo [ 2m Vo [ 1\" Vona1/ s\k
kp, — 201 _ 20 qyk —_0(_= . Y 2(=2) s
wa by = o { ’ (-1) ] , or by = _— ( a) , and hence Vi, (s, ¢) E ’ ( a) sin(ko).



Vo x= 1 k — 1 .
Similarly, Vous (s, ¢) = — — z (_ﬂ) sin(k¢). Both sums are of the form S = E E(—x)k sin(k¢) (with
T s
k=1 k=1

x = s/a for r < a and z = a/s for r > a). This series can be summed explicitly, using Euler’s formula

(€' = cosf + isind): fImZ ’k‘z’*ImZ

, s0oS=-Im [hl (1 + xei‘z’)] .

??'M—‘

But In(1 4+ w) = L +1 3 ->
_Z
u w w 211) 3w 2

Now In (Re') =In R +16, so S = —0, where

tand — Im (1 + xei‘z’) 5 [(1 + xe“’b) (1 + xe_i¢)] o (e"‘b - e_i¢) _ wsing
77 Re (I+ze?) L1+ 2e®)+ (1+2e @)  i24z(e®+e )] 1+acosg
V. ssin ¢ .
Vals.0) = Lot (220) (s <)
Conclusion:

Vout (8, ¢) = Etan_1 (CW) , (s> a).

T s+ acos ¢

aVvou‘c 8V;u
(b) From Eq. 2.36, o(¢) = —eq { ds | = s s_a} .
Wour _ Vo 1 (—asin ¢) W asin ¢
ds asing \2] (s+acosg)? [« [(s+acos¢)? + (asing)?
L+ (s+acos¢)
_ _E asin ¢ _
71 \s2+2ascosp+a?)’
WV _ Vo 1 [(a+scosg)sing —ssingcosg] | _ Vo asin ¢
ds T ssing 2 (a + scos ¢)? 7 |(a+scos¢)? + (ssin¢)?
L+ (a+scos¢)
W asin ¢
7w \s2+2ascosp+a? )’
OVin OVous Vo sin ¢ eVo sing €0V0
= = —_— = = 2
05 |._, Os ~ 27a <1 + cos qS) s0 o(¢) ma (1+ cos¢) a an(¢/2)-

Problem 7.43
(a) V2V = 1o ( (Zf)> + (=) _zd ( df) =0= % (sdf> =0= sﬁ = A (a constant) =

s 0s Os 022 sds \ds ds ds
A% =df = f = Aln(s/sg) (so another constant). But (ii) = f(b) = 0, so In(b/sg) = 0, so so = b, and
V(s,2) = AzIn(s/b). But (i) = Azln(a/b) = —(Ipz)/(7a?),so A = — o 1 Vs, z) = _Ipz In(s/b)

7a? In(a/b)’ wa? In(a/b)’




B oV, oV, Ipz 1 . Ip In(s/b) . Ip z S\ .
(b) B =-VV = Tos S 92T 7a? sln(a/b) st a2 In(a/b) e In(a/b) (§S+ln (5) Z) '
_ v Ip z _ eolpz
(€) 0(2) = €0 [Es(a7) = Bala™)] = 0 LraQ In(a/b) (2) _0] = | 7 n(a/b)’

Problem 7.44

(a) Faraday’s law says VXE = —%—?, soE=0= %—]? = 0 = B(r) is independent of ¢.

(b) Faraday’s law in integral form (Eq. 7.19) says § E-dl = —d®/dt. In the wire itself E = 0, so ® through
the loop is constant.

(¢) Ampere-Maxwell= VXB = ugJ + ,uoeo%—]f, so E=0, B=0=J =0, and hence any current must be
at the surface.

(d) From Eq. 5.70, a rotating shell produces a uniform magnetic field (inside): B = %uoawai. So to cancel

3B N 3B R
such a field, we need ocwa = —5—0. Now K = ov = owasinf ¢, so | K = ——Osin9¢.

Ho 2410

Problem 7.45
(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13

and 2.14), so the image dipole points m

(b) From Prob. 6.3 (with r — 2z):

2 2 1 2\ /4
po | 3o | 3w mT g | L (Brem .
21 (22)4 21 (2h)4 2\ 2rMg

(c) Using Eq. 5.89, and referring to the figure: m
Ko 1 A A\ a N A A\ a N h I
= E {[B(mz-#1) 1 —mz] + [3(—mZ - &) T3 + m2]}
Bpom oo - - f2
:47_(_/2721)3[(Z'I'1)I‘1—(Z'r2)r2}. But z-#; = —% -t = cos#. r :
3 N
= 74 IZOW;/?) COSQ(f‘l + f‘z) But f‘l + f‘2 = 2¢inf 1. M
T,
3ugm r h h F2
= - ~sinfcosft. But sinf = —, cosf = —, and r; = Vr2 + h2.
271'(7’1)3 T1 T1
_ 3pomh r R -m

2 (7’2 +h2)5/2 r.

Now B =po(Kx2)=2xB=pzx (Kxz)=pu[K-2K-2)] =K. (Iused the BAC-CAB rule,
and noted that K - Z = 0, because the surface current is in the xy plane.)

1 3mh r L 3mh r
K=" @xB)=- @x5) == e e

Lo 21 (r2 4 h2)5/2 ¢ aed




Problem 7.46 z
Say the angle between the dipole (m;) and the z axis is 6 (see diagram).

The field of the image dipole (msy) is

- /1,0 ]. AN\ A
B(Z) = Em[?)(mg 'Z)Z—mQ] X
h
for points on the z axis (Eq. 5.89). The torque on m; is (Eq. 6.1) -
my
N = my B = s [3(ma - 2)(m) > 2) - (m x my)]. oW
But m; = m(sinf % + cos0z), ms = m(sinf X — cos6z), so my -2 = —mcosf, m; x Z=—msinfy, and
m; X my = 2m? sin @ cos 5.
2
= 477?20}1)3 [3m2 sinf cos 0§ — 2m?> sin@cosHy)} = 4’;:(();7;)3 sinf cosdy.

Evidently the torque is zero for § = 0, w/2, or m. But 0 and 7 are clearly unstable, since the nearby
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is § = 7/2:

parallel to the surface‘ (contrast Prob. 4.6).
In this orientation, B(z) =

_% %, and the force on m; is (Eq. 6.3):

~ Buem®

3#07712 5
—h ~An(h+2)4 ’

47 (2h)*

2
F_V[ Hom }

dn(h + z)3

z=h

At equilibrium this force upward balances the weight Mg:

2 1 2\ 1/4
Siom =Mg=h=|- Stom .
47 (2h)4 2 \4rMy
Incidentally, this is (1/2)'/% = 0.84 times the height it would adopt in the orientation perpendicular to the
plane (Prob. 7.45Db).

Problem 7.47 ) R
f=vxB; v=wasinb¢; f =waBy sin9(¢
So € =wa?By [[/*sin6($x2)-0df. But 0-(hx

&= [f-dl, and dl = adb .
)_z (Oxp) = 2t = cosb.

/2

—_

in%0
s ] fwazBO
2

0 5 (same as the rotating disk in Ex. 7.4).

/2
£ = waQBo/ sinf cos 0 df = wazBo[
0

Problem 7.48

F= IBZ' ®=2B[Y Va>—2%dr (a = radius of circle).

z

%

I

E=-92 723\/(12 y2% = 2Bv\/a2 — y2 = IR.

I= QB”\/ 1/2—\/ —y2. So F = 43“( —y?) = my.
o ng )
Ucircle = m, =y
¢ dy 4B? [* 9 4B? 140 4B% 4 o 16 B2%a3
forre = |~ = — )y = -2 = - -
circle /+a v mygR [a(a v )dy mgR (a7 3y ) ng(3 )= 3 mgR




Problem 7.49
(a) From Prob. 5.52a,

, .
2
A(r’t):i/mdf’ soE:—%

4m 2 2 ot
[Check: V X E = —%(V x A) = —%—]?, and we recover Faraday’s law.]

(b) The Coulomb field is zero inside and (1§ # = 248§ — ¢4 outside. The Faraday field is
—%, where A is given (in the quasistatic approximation) by Eq. 5.69, with w a function of time. Letting
w = dw/dt,

/L()RLZJO’ . ~
- rsinf ¢ (r < R),
E(Ta 07 ¢7 t) =
oR? _ poR*osin® -
or? 3 2 (r>R).
Problem 7.50 B J B
¢BR = mv (Eq. 5.3). If R is to stay fixed, then QRE = md—: =ma=F=¢qF,or E = RE' But
do do 1 do dB 1 1
%E'dl = —E7 so E27R = —E, SO — ﬁ% = RE, or B= —5 (_R2¢)> + constant. If at time t =0
T T
1 1
the field is off, then the constant is zero, and B(R) = 3 (RQ(I)) (in magnitude). Evidently the field at R
77

must be half the average field over the cross-section of the orbit. qed
Problem 7.51

In the quasistatic approximation the magnetic field of the wire is B = (uol/27s) J), or, in Cartesian
coordinates,
pol . o pol ( Yy, x ) pol (—yX+zy)
B = ——|—8S S = — _— — = 07
27rs( sin¢ X + cos ¢ ) 2ms sx+sy 2r a2 49?2

where x and y are measured from the wire. To convert to the stationary coordinates in the diagram, y — y—vt:

_ ol [~y —vt)X+ 2]
2r 2?2+ (y —vt)?

Faraday’s law says

__ 9B _ ol v Lyt tay)
VRS 21 {x“r(y—vt)2 2t (g — oo 2O t)}'

At t =0, then,

 polv { % 2[—y2ﬁ+xy$’]} _ polv {(x2 —y2)>‘<+2wy5']} _ polv

VxE =
2 | 22 + y? + [22 4 y2]? 2 [x2 + y?]? 2152

(cosgf)é—i—sinqﬁ(f)).

Our problem is to find a vector function of s and ¢ (it obviously doesn’t depend on z) whose divergence is
zero, whose curl is as given above, that goes to zero at large s:

E(s,¢) = Es(s,0)8 + Ey(s,0) ¢ + E.(s,9) 2,



Wl‘h
]. () ].(?E(i)
E

V'E:sa (sEs) + 5 09 =0,
(VXE), = %aaf(]; ;L;Iv cos ¢
(VX E)y = faaE; - *gfég sin ¢,
(V x E). = % {aas(s@) - 88%} ~ 0.
The first and last of these are satisfied if Fy = E4 = 0, the middle two are satisfied by E, = —/;(;I: sin ¢.

Evidently | E = — oY sin ¢ Z. | The electric and magnetic fields ride along with the wire.

Problem 7.52

Initially, mf,’g =% = T = Ime? = 1 192 After the magnetic field is on, the electron circles in a
or TEQ T
new orbit, of radius r; and velocity vy:
2
muy 1 QQ Lo 11 QQ
= +quuB =T = —mv] = + —quir B.
T1 47"-60 Tl a0 T 2 ! 2471'60 T1 2(] 1

But ry =7 +dr,so (r) "t =r"t (1+ %)71 >~ (11— d{), while v1 = v + dv, B = dB. To first order, then,

11 4¢Q dr 1 qu 1 1 qQ
T, = 1—— — dB d h dl'=T, -T = dB — -
) 4meg T ( r ) + 2q(vr) » and hence ! 2 dreq 12
Now, the induced electric field is E = g‘fi—]f (Ex. 7.7), so m% =qE =% ‘fﬁ, or mdv = 4 dB. The increase in

kinetic energy is therefore dT' = d(%va) = mvdv = L-dB. Comparing the two expressions, I conclude that
dr=0. qed

Problem 7.53
dd «

i —a. So the current in Ry and Ry is I = m; by Lenz’s law, it flows counterclockwise. Now
the voltage across R; (which voltmeter #1 measures) is Vi = IRy = % (Vp is the higher potential),
1 2
—aRy )
and Vo = —IRy =| —— | (V}, is lower).
2 2 Ri+ Ry ( b )
Problem 7.54
dd dB 2
(a) € = = _WT2E = —anr? = IR = (in magnitude) I = FO];T .| If B is out of the page, Lenz’s

law says the current is clockwise.
(b) Inside the shaded region, for a circle of radius s, apply Faraday’s law:

fE-dl = E2rs = —71s’a = E = —%qﬁ = —%(—sincﬁﬁ—i—cosqﬁy) = %(ssinqﬁ&—scomby) =—(yx—2xy).

Along the line from P to Q, dl = dz %, and y = 7/v/2, s0 V = —/E dl = —% /yd:c - —%%(r\@). Thus

ar?

P is at the higher voltage, and the meter reads -




That’s the simplest way to do it. But you might instead regard the 3/4-circle+chord as a circuit, and use
Kirchhoff’s rule (the total emf around a closed loop is zero): V + IRy — aA; = 0, where R; = 3/4R is the
resistance of the curved portion, and A; = (3/4)7r? +7r2/2 = (r?/4)(37 + 2) is the area (3/4 of the circle, plus
the triangle). Then

2

2
V= a%(377—|—2) - ar

3
mra Br+2-8m =" v

a
°R—

R 4 4
Or we could do the same thing, using the small loop at the top: —V + IRy — @Ay = 0, where Ry = (1/4)R

and Ay = (1/4)mr? —r?/2 = (r?/4) (7 — 2).

rar? R r2 ar? ar?
= Z_a—(r—-2)=—(7— 2) = —.
R o1 Y=o ra ) =0 v
Problem 7.55
dI dv d?v hBdI hB [ hB d?v hB
E=vBh=—-L—; F=IhB = = =_— = =W ith |w = )
v dt’ A Az T m dt m (L )U’ Pz Dl =y

Problem 7.56
A point on the upper loop: r2 = (acos ¢a, asin ¢a, 2); a point on the lower loop: r; = (bcos ¢, bsin ¢y, 0).

2 2= (ry —11)* = (acos gy — bcos ¢r)? + (asin gy — bsingy)? + 22
= a? cos? ¢y — 2abcos ¢y cos ¢y + b? cos® @1 + a? sin? po — 2absin ¢; sin ¢ + b2 sin® ¢y + 22
= a® +b% + 2% — 2ab(cos ¢ cos ¢y + sin ¢ sin ¢1) = a? 4 b* 4 22 — 2abcos(py — 1)
ab

= (a® +b* + 2?) [1—2Bcos(¢2 — ¢1)] = 7 [1—2Bcos(¢2 — ¢1)].

dly = bdgy ¢y = bdpy[—sin ¢y X + cos ¢y §]; dlz = adp dy = adpa[—sin ¢ X + cos ¢2 §], so
dly-dly = abdgy dpa[sin ¢ sin ¢g + cos ¢y cos po] = abcos(¢pa — ¢1) ddy des.

_ Ho dly-dly #0 ab cos(¢2 — ¢1)
7{]{ A\ /ab]B // V1= 2Bcos(z — 1) dg2 dg1.

Both integrals run from 0 to 27. Do the ¢- integral first, letting u = ¢o — ¢1:

271'—(151 27
COoS u COos u

\/lfQﬂcosu \/172500811,

—¢1

(since the integral runs over a complete cycle of cosu, we may as well change the limits to 0 — 27). Then the
¢1 integral is just 27, and

2
1o cos u ,uo cosu
M= —+/abB2 v abgl
47 abf3 2m 0 lfQﬁcosu “ / \/1725cosu

(a) If a is small, then 8 < 1, so (using the binomial theorem)

1
V1 —2Bcosu

2m coS U 2m 2
=~ 1+ fBcosu, and / ————du X cosudu+ﬂ/ cos?udu = 0 + B,
o V1—20cosu 0 0



poma’h?

and hence M = (uom/2)/abB3. Moreover, 3 = ab/(b? + 2?), so M = 02 1 27

(same as in Prob. 7.22).

(b) More generally,

1 3 5 1 3 5
(1+6)71/2:1756+ §6271—66 =+ mzlJrﬂcoqur 552cos2u+5530053u+~~,

SO

27 27 27 27
3 5
M:’u;\/abﬂ{/ cosudu—i—ﬁ/ COSQUdu+§,32/ cos3udu+§53/ cos4udu+...}
0 0 0 0
"; Va bﬁ3(1+ =B+ ()ﬂ4+~~>. qed

= £ \/abj {o +B8(m) + gﬂQ(O) + gﬂ?’(%r) +e ]

Problem 7.57
Let @ be the flux of B through a single loop of either coil, so that ®; = N;® and &3 = No®. Then

@ N2d<I> & _ N

- N, — 2
& Var °e TN,

qed

Problem 7.58
(a) Suppose current I; flows in coil 1, and I in coil 2. Then (if ® is the flux through one turn):

L, M Lo M
@1:I1L1+M12:N1¢; (DQ:IQLQ-I-MIl:NQ(I), OI‘CI)—Il +12 IQN +I1N
Ny 2
In case I; = 0, we have % = @' if I, = 0, we have % = ﬂ Dividing: I ,or LiLo = M?. qed

(b) =& =4 = 1,40 +M‘“2 =V cos(wt); —& = d% =Ly42 —i—M‘Hl = —I2R qed
(c) Multiply the first equation by Lo: L1Lo % ‘”1 + Ly dle Lng coswt. Plug in Lgd 2 = LR — M‘“1 )

LoV
MQ% — MRI5 — M2% = LoVicoswt = | Ix(t) = — coswt. | L1 ‘“1 + M (L2V1w51nwt) Vj cos wt.

MR
dI V; L % Ly
ditl = ?i (coswt - wasinwt) =1(t) = fi ( sinwt 4 Rcoswt)
(d) ‘/Out IZR [J/\ff‘l/%l coswt R LQ N2 The ratio of the a litude ]\[2 od
- - = T35~ " N ratl mpli is —=.
Vin Vicoswt V1 coswt M N, plitudes is N, q
Vi 1 L V- Lo
(€) Pn=Vin1 = (W coswt)(L—ll) (w sinwt + ﬁ COSwt) (Lll) (w sinwt coswt + L2 cos wt)
2 (L2V1)2 2 2, - . .
Pyt = Vourlo = (I2)*R = R cos” wt. | Average of cos® wt is 1/2; average of sinwt coswt is zero.

So (P) = 5 (1)’ <LL1;); (P} = 5 (1)’ mgﬂ ~ Ly {W} Py — (P — VL2

2 LiLsR 2L1R




Problem 7.59
(a) The charge flowing into dz in time dt is

dl d\ dA dl
dg=1(z)dt —I(z+dz)dt = —Edzdt— At +dt)dz — A(t) dz = Edtdz = WD
Since the left side is a function only of ¢, and the right side is a function only of z, they must both be constant;

call it k:

d\ 1
If A(0) =0 and I(0) = 0 the constants C; and Cy must both be zero: A(t) = kt, I(z) = —kz. V
kt I . kz -
(b) In the quasistatic approximation, E = A §= §; B= Hof g Moz ®.
2mens 2mens 2ms 2rs
10 kt
v 5 0s (527reos> 0 v
10 pokz\
v-B= s@qS( 271'5)_0 v
OFE » 10E | 0B
0B , 10(sB) . ok, OE
VxB = 0z ¢+; 0s = 27TSZ7'MOEOE v

For a gaussian cylinder of radius s about the z axis, at height z and with width dz:

fE-daz M oms)ds = Mgy = 292 _ Qene fB-da:O. v

2megs €0 €0 €0

For a circular amperian loop of radius s about the z axis, at height z:

k
f{ dl—O———/B da, « j{B dl = “0 z(27rs)—,uol uolenc+,uoeo—/E da. v

(Note that [B-da and [E - da are zero through this loop.)

Problem 7.60

(a) The continuity equation says E = —V-J. Here the right side is independent of ¢, so we can integrate:
p(t) = (=V-J)t+ constant. The “constant” may be a function of r—it’s only constant with respect to t. So,
putting in the r dependence explicitly, and noting that V.J = —p(r,0), p(r,t) = p(r,0)t + p(r,0). qed

(b) Suppose E = £l f’j;’g dr and B = fJX)" dr. We want to show that V-B = 0, VXB =
wod + uoeo%—?; V-E = ip, and VXE = —%—1?, prov1ded that J is independent of ¢.

We know from Ch. 2 that Coulomb’s law (E = 4ﬂ60 f 5 dT) satisfies V.-E = %p and VXE = 0. Since

B is constant (in time), the V-E and V XE equations are satisfied. From Chapter 5 (specifically, Eqs. 5.47-
5.50) we know that the Biot-Savart law satisfies V-B = 0. It remains only to check VXB. The argument in
Sect. 5.3.2 carries through until the equation following Eq. 5.54, where I invoked V’-J = 0. In its place we
now put V'-J = —p:

2
VxB = poJ — ZLO/ (3-V)—= dr  (Eqs. 551-5.53)
7T ~

(-3-V') 2 (Eq. 5.54)




Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is

2 2 .
FV/'J = F(—p). So:
Ho 2 . 9 71 /p)i o8
VxB = pod — — [ —(=p)dr = poJ 723 Hol - aed
1o 4W/¢2( p)dT = o +M0608t{47reo 5 30T Ho +M0€08t qe
Problem 7.61
1 (“Ndz y
(a) dEZ:R?SIHQ /dE
sinf = ;Z =V22+ 52 2
/ Zdz B )\ |: _1 :| vt S
47‘(’60 22 + 52 3/2 47760 \/m vt—e %H z
vt - vt
1 -7
E. 47760{ vt — €)% + 52 \/(vt)2+52}.

(b)

N !

dmeo vt —e)2+ 52 /(vt)2 + 2 €0

A [\/(Ut—e)Q FaZ— /()2 +aZ — (e —vt) + (vt)} .

260
_d®p | A v(vt — €) v(vt)
(©) =<0 dt 2{\/(vt—e)2+a2 - vV (vt)2 + a2 +2v}.

Ase— 0,vt <ealso —0,s0 I — %(21}) = Av = 1. With an infinitesimal gap we attribute the magnetic field
to displacement current, instead of real current, but we get the same answer. qed

Problem 7.62
/ Y

| B
h/
| |
(a) Parallel-plate capacitor: E = %0’ V=FEh= %% =(C= % = GO;UZ =|C= %
1
(b) B = oK = o~ ® = Bhi = hl LI= L= Z}hz;sc Hoh

w
(¢) [CL= poen] = (4 x 1077)(8.85 x 10712) = | 1.112 x 10717 s*/m? |

(Propagation speed 1/v/LC = 1/ /fioeo = 2.999 x 108m/s = c.)

(d) D=0, E=D/e=0c/e, so just replace €g by ¢; —
H =K, B=uH = pK, so just replace pg by pu. M




Problem 7.63

(a) J = o(E + vxB); J finite, 0 = co = E 4+ (vXB) = 0. Take the curl: VXE 4+ VX (vxB) = 0. But

0B OB
Faraday’s law says VXE = 5 So i Vx(vxB). qed

(b) V-B =0 = §B-da =0 for any closed surface. Apply this at time (¢ + dt) to the surface consisting of
S, 8, and R:

/ B(t+dt)-da+/ B(t+dt)-da—/B(t+dt)-da:0
’ R S

(the sign change in the third term comes from switching outward da to inward da).

dd — S/B(t—i—dt).da_/sB(t)‘da:/s B(t +dt) — B(¢t) -da—/RB(t—&-dt)-da

%—]?dt (for infinitesimal dt)

dd = {/S %]tg-da} dt — /R B(t +dt)-[(dlxv)dt] (Figure 7.13).

Since the second term is already first order in dt, we can replace B(t + dt) by B(¢) (the distinction would be

second order):
dd = dt/ a—B-dafdt%B-(dlxv) = dt{/ <8B> -da — / VX(VXB)-da}.
s Ot c~—— s\ 0t s

(vxB)-dl
dd 0B

Problem 7.64
(a)

1
V-E = (V- -E)cosa+¢(V-B)sina = —p. cosa+ clgpm sina
€
1 1 1 1
= —(pe cOs a + cfig€opm Sina) = —(pe cosa + ~py sina) = —pl,. v
€0 €0 C €0

V-B' = (V:-B)cosa — 1(V -E)sina = pgpm cosa — ipesinoz
c c

€0
1
= po(pmcosa — pe sin @) = f1g(pm COS @ — cpesina) = piopl,. v
clio€o
/ . 0B OE\ .
VXE = (VxE)cosa+c¢(VxB)sina=|—ugJ, — o cosa +c | pode +M0€OE sin v

1 B’
= —po(Jmcosa — cJ sina) — % (Bcosa — Esina> = —puod, — aat e
c

VxB = (V xB)cosa— 1(V x E)sina = (HoJe Jruoﬁoaa];]) cos o — ! <,u0.]m - f)alt3> sin o
c c

/

1 0 OE
= po(Jecosa+ —J,, sina) + M060§ (Ecosa + cBsina) = poJ’, + uoeo—at s
c



1
QR v X B) + (B~ v x )
1 . . 1.
gecosa+ —gpsina | |(Ecosa+ cBsina) +v x [ Bcosa — —Esina
c c
. 1. 1 )
+(gmcosa —cgesina) | ( Beosa — ~Esina | — v x (Ecosa + cBsina)
c c
qe{(ECOSQa—I—chinacosa—chinacosa+Esin2a)
9 1. 1. .2
+v X [ Bcos“a— -Esinacosa + —Esinacosa + Bsin® « }
c c
1. . 9 9 1.
—&—qm{ —Esinacosa + Bsin® a + Bcos” o — —Esinacosa
c c
1 . 1., 1 , 1.
+v X 7B51nacosa——2Esm a——QEcos a — —Bsinacosa }
c c c c

1
ge (E+v xB)+qn <B—2v><E> =F. qed
c




Chapter 8

Conservation Laws

Problem 8.1
Example 7.13.
1
E=2’\ ~3
TeEo S 1 A1
S:—(EXB:42 5 2;
pomllg [ s
27 s
/ A bl A
P:/S da:/S27r5d5: /7d5: In(b/a).
2meg S 2meg
/ A bl
ButV:/E~d1: /fds: In(b/a), so[P = IV]
2meg s 2meg
Problem 7.62. o
E=—2
€0 1 1
S=—(ExB)=""y;
. ol Ho cow
B=uKx=—x
w
Ih
P:/S~da:5whza—, butV:/E- dl="h, so|P=1V]
€0 €0
Problem 8.2
o Q It
E=—2%0=—"5; Q) =1t Et)=|—2
@EB=Z5 0= Q) =1t > E()=| 3
ok Ins? wols =+
B2rs = — s’ = —— = B(s,t) = )
m™s Ho€o at TSs /’1'0607_(_60&2 (S? ) 27Ta2 ¢
1 1 1 It \> 1 (pols\’ e
b) tom = 5 (0B? + —B*) = - Jeo (— | +— = 02+ (3/2)%]
0 = (a8 5o87) =5 o () + g (8) | = e e - 2

12t

————58.
2m2epat

1 1 It wols .
S=—(ExB)=— —8§) =
,uo( xB) 1o (7760@2) <27Ta2>( )




Ouem pol? It It I?t ~ Ouem

2 A
— { = . _V.S=__" V. - v
ot 2m2at m2ega’ 2m2epat (s8) m2egat ot
2 b 72 2 1
(€) Um = /uemw27rs ds = 27””;:7&/0 [(ct)? + (5/2)?]sds = M?:; [( )2% + 484}
12p? b2 I’t I?wtb?
= % {(ct)2 + 8] .| Over a surface at radius b: P, = —/S ~da = el [b§- (2mbw§)] = W:a4 .

AUem  powI?b? _ 5 TI?wtbh?
= o 2c°t = reodd Py. v (Set b= a for total.)

Problem 8.3

The force is clearly in the z direction, so we need

1 1
(T) da), = T.pday + Toyday + T, da, = — (BZBI day + BB, da, + B.B, da, — 532 daz>
Ho
1 1
= — |B.(B-da)— =B daz} :
Ho 2

2 N 4
Now B = g,uoaRwZ (inside) and B = Zoﬂ; (2cosft + sinf O) (outside), where m = gwR?’(awR). (From
o

Eq. 5.70, Prob. 5.37, and Eq. 5.88.) We want a surface that encloses the entire upper hemisphere—say a
hemispherical cap just outside 7 = R plus the equatorial circular disk.

Hemisphere:

om
47 R3

Lom
47 R3

B, = Hom {2(}050( )z "‘Sin@(é)z}

Py [2 cos? 6 — sin? 9]

(3cos 0 — 1)

da = R’sinfdfdéi; B-da= fORs (2cos0)R?sin 0 df d; da. = R*sin 6 df de cos b;
™
2 _ pom 2 2 2p0) pom 2 2
B? = (47rR3) (4cos® @ +sin” §) = (47TR3) (3cos®0+1).
1
(‘T)~da)z = ;(Mom) [(3005 9—1)20089R281n9d9d(f)—*(3COS 9+1) schostHd(b}
1
= 1o ( ) [ RQSIHQCOSQdeQ{l (12cos®0 — 4 — 3cos® 0 — 1)
= % (0 3 > 9(:05 9—5) sin 0 cos 6 df d¢.
/2 /2
2 2\ 2
(Fhemi) _ ko owk /(90053075cos0)sin0d9:u07r owk fgcos4f)+§cosz€
z 2 3 3 4 2 0
0

- ocwR? 2 0+9_§ _ Hom ocwR? 2
Ho 3 i 2)7 1 3



Disk:

2 N
B, = g,uoaRw; da=rdrdp¢ = —rdrdoz;

2 2 2
B da = fguoaRwr drdp; B?*= <u00Rw) . da, = —rdrde.

3
2 2
1 /2 1 1 /2
(T -da), = — (ZpgoRw | |—rdrde+ =rdrde| = —— ( ZpgoRw | rdrdg.
po \3 2 2up \ 3
cwR\? 7 ocwR? 2
(Faisk), = —2p0 (3) 27r/rdr = —27ru0( 3 ) )
0

Total:

R2\” 1 R2\?
F=—mug <0w3 ) (2 + 4) Z =|—mug (au; ) Z | (agrees with Prob. 5.44).

Alternatively, we could use a surface consisting of the entire equatorial plane, closing it with a hemispherical
surface “at infinity,” where (since the field is zero out there) the contribution is zero. We have already done
the integral over the disk; it remains to do rest of the integral over the plane, from R to co. On the plane,

_ _ Mo s o,
0 =0, and (for r > R) B = 130 = "o
1 1 1 1 2
(T -da), = — |B.(B.da.) — ~B®da.)| = — B?da, = — (“Om) (—r dr dg).
Ho 2 210 240 \4mr3

The contribution from the rest of the plane is therefore

1 fuem\?2 /Oo 1 o (4, 2 1
Flest), = —5— (7) 2 —dr=——| -mR _
(Frest) 20 \ax ) T YT T1en \ 3T 4

_ Mom ocwR? 2
= 1 3 .

This is the same as (Fhemi)z, so—when added to (Fyisk).—it will yield the same total force as before.

Problem 8.4 7z

(a)

T (Rlow)'[ 1
N ARA
R

(? -da), =T.pday + T,y day + T, da,.

But for the zy plane da, = da, = 0, and da, = 3 ¢
—rdr d¢ (Tl calculate the force on the upper charge). r A\
1
(‘T) -da), = ¢ (EZEZ — 2E2> (—rdrdg). 2 y
1 q . T
Now E = ——2—5 cos 01, and cost) = —, so E, = X V
dmeg 2 2
2 7’2
0, F? = a 5. Therefore
2meo ) (r2 4 a?) , oo -
1 q r3dr q> 1/ udu . 9
F,=— 2 = = = lett =
260 (27T€0) 7r/ (r2—|—a2)3 dmeg 2 (u—|—a2)3 (e mgu=r )
0 0
_ q21 B 1 N ag 00: qglo—’_i_ﬁ: q2 1 /
4req 2 (u+ta?)  2(u+a?)? . 4meq 2 a?  2a* dreg (2a)?°




1

(b) In this case E = e

A . a
2% sinfz, and sinf = —, so
7% 2

2 2 qa 2 1 € [ qa 2 rdr d¢
E=FE; = ( 2)3, and hence (T) -da), = —— ( . Therefore
+a

27T€0 2 27'('60 7"2 +a2)3
T rd @1 1 )7 242 1 2
J— 271/ LA - B R L [
2 2’/T60 (r2 + a2 dmeo | 4 (r2 +a2) . 4meg 4a4 dreg (2a)?
0

Problem 8.5

g . ~ ~ ~
(a) E= T 2z, B=—povk, g=e(ExB)=pc’vy, p=(dA)g=

(b) (i) There is a magnetic force, due to the (average) magnetic field at the upper plate:

F =qg(uxB) =0cA[(-uz) X (—2poovR)] = Lpgo®Avuy,

I, = /th = %MOUQAvy/udt = %du002Avy.

[The velocity of the patch (of area A) is actually v+u = vy — u 2, but the y component produces a magnetic
force in the z direction (a repulsion of the plates) which reduces their (electrical) attraction but does not deliver
(horizontal) momentum to the plates.]

(ii) Meanwhile, in the space immediately above the upper plate the magnetic field drops abruptly to
zero (as the plate moves past), inducing an electric field by Faraday’s law. The magnetic field in the vicinity
of the top plate (at d(t) = dyp — ut) can be written, using Problem 1.46(b),

. oB .
B(z,t) = —poov0(d — z) %, = B¢ = Hoovu o(d—2) %x.
In the analogy at the beginning of Section 7.2.2, the Faraday-induced electric field is just like the magnetostatic
field of a surface current K = —ovu X. Referring to Eq. 5.58, then,

—%uoavuy, for z < d,
Eing = 1 .
+5Hoo0vuy, for z >d.

This induced electric field exerts a force on area A of the bottom plate, F = (—oA)(—1poovu ), and delivers
an impulse

I, = %MOUQAvy/udt = %uoazAvd}?.

(I dropped the subscript on dy, reverting to the original notation: d is the initial separation of the plates.)

The total impulse is thus I = I; + I, =|dApgo?v §, | matching the momentum initially stored in the fields,

from part (a). [I thank Michael Ligare for untangling this surprisingly subtle problem. Incidentally, there is
also “hidden momentum” in the original configuration. It is not relevant here; it is (relativistic) mechanical
momentum (see Example 12.13), and is delivered to the plates as they come together, so it does not affect the
overall conservation of momentum.]

Problem 8.6

(a) gem = €0(E X B) = ¢EBY; Pem =|c0EBAdY.

(b)I:/OOOth:/OOOI(lxB)dt:/OOOIBd(ixi)dt:(de)/Ooo (-C;Cf)dt




= —(Bdy)[Q(c0) —Q(0)] = BQdy. But the original field was E = 0/¢p = Q/ep A, so Q = ¢gEA, and hence

Problem 8.7
(a) E; = E, =0, E, = —0/¢y. Therefore

2 2

€0 o 1 €0 o

Toy=Teo =Ty = =0; Tpp=T, —EEQ_—%; TZZ:eO<Ef—2E2>_2E2:260
p2 [~1 0 0
‘?:2— 0 -1 0
N0 0 41

(b) F = f? -da (S = 0, since B = 0); integrate over the zy plane: da = —dx dyz (negative because

outward with respect to a surface enclosing the upper plate). Therefore

2 F
F, = /Tzz da, = —U—A, and the force per unit area isf = — =| —— 7.
2€p A 2¢q

(¢) -T,, = is the momentum in the z direction crossing a surface perpendicular to z, per unit

area, per unit time.
(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is

0.2

f=——2| (same as (b)).
2¢

Problem 8.8
B = puonl z (for s < R; outside the solenoid B = 0). The force on a segment ds of spoke is

dF = I'dl x B = I'ignl ds(8 x 2) = —I' gnl ds ¢.

The torque on the spoke is

R
N = /r x dF = I’ugnI/sds(—é X @) = I’uonI% (R? —a®) (—2).

a

1
Therefore the angular momentum of the cylinders is L = /N dt = —g,uonI(R2 —a?)z / I'dt. But [I'dt = Q,
SO

1
L= ——puonIQ(R*—a*)z| (in agreement with Eq. 8.34).

2
Problem 8.9 01 0B
e T 1 _ _ 0/a o 4
(a) Between the shells, E = Teg 12 f, g=¢(ExB) 2 (T x Z).

L:/(rxg)dr: Q4B0/i2[r>< (fxz)]r2sin9drd9d¢:%/r[f«x (# x 2)] sin 0 dr df do.
i T 7I




Now £ x (F x 2) = #(F-2) —2(f - ) = Fcosb = 2, but L has to be along the z direction, so we pick off the z
component of #: [ x (# x 2)]. = cos> — 1 = —sin?4.

_ QBO/ . 3 QBo / / QBy (4\ (V*—a*\ 1 2 o
L, = 1. [ rein Odrdfdp=— g 2 ; sin®@df | rdr=— 5 |3 5 = 3QB0(b a).

L= —%QBO(ZP —a?)z.

(b) The changing magnetic field induces an electric field (Example 7.7). Assuming symmetry about the z

dB -
axis, E = 7%% qb The force on a patch of area da is dF = Eo da, and the torque on this patch is dN = s x dF'.

The net torque on the sphere at radius a is (using s = asin 68 and da = a? sin 0 df do):

_ (9 (148 / _ _Qd%dB / Qa”dB
Nao = (4m2) (2 dt ) do=—"g-ori2n [sin®0df = S

v d dB
QS 5 5% the total torque is N = %E(b — a?) %, and the angular momentum delivered

. dB .
L:/thzg(bg—aQ)z/Bodtdt —%(bQ—aQ)Boz. v

Similarly, N =

to the spheres is

Problem 8.10

(a)

0, (r <R) 210M 2, (r < R)
E = . B= (Ex. 6.1)
1 I
m%f‘, (r>R) Z; 3 2cosOF +sinfb|, (r > R)
(where m = é7TR?’M)' g=¢(ExB)= Ko Q—m(f‘ x @) sinf, and (¢ x 6) = @, so
3 ' (4m)2 5 ’ ’
o mQ
£:r><g:(4ﬂ_)2 p no(F x @).
But (# x ¢) = —6, and only the z component will survive integration, so (since (), = — sin 6):
. 20 2 g e’} 1 o 1
L-— ‘(‘ZZ‘)?z = (sinfdrdodo). /d(;S:Zw; /sin39d0— - /72 = ( ) R
0 0

L= ‘EZZEZQA(QW) (g) (11%) = %MOMQRQZ.




(b) Apply Faraday’s law to the ring shown:

. d® . 2 dM
fE -dl = E(2nrsinf) = = —7(rsin 6)? (3M0dt>

= E= f—%(rsinﬂ) @

M -
The force on a patch of surface (da) is dF = cE da = —Md—(r sinf) da ¢ <0’ = @ )

3 dt 7w R?
. poo dM , 5 . . .- N
The torque on the patch is dN = r x dF = 3@ (r?sinf) da (f x ¢). But (f x ¢) = —6, and we want

=

only the z component (0, = —sin6):

M
N:_@Li r251n29(r25in9d9d¢)-

™ 27

L 4 oo dM 4 210 dM

H =R 3 = . =9 N=_FPC""ort(Z)on)=| =200 R2 22 5.
ere r = R; /sm 0do 3 /dqb T, SO s ZR (3)( ) 9 QR o 2
0

0

0
2 2
L:/th: —%QRZZ/dM: %MQRQZ (same as (a)).

M

q(t)

(c) Let the charge on the sphere at time ¢ be ¢(t); the charge density is ¢ = R
T

The charge below
(“south of”) the ring in the figure is
s = o (21 R?) /sin 0" do’ = g (—cosd)|, = %(1 + cos6).
0

So the total current crossing the ring (flowing “north”) is I(¢) = —=—(1 + cos ), and hence

2.dt
I A 1 dg(1 0) A
=——(-6)= g (1+cosf) 0. The force on a patch of area da is dF = (K x B) da.
2w Rsin 6

K — tc}
(*) 47 R dt sin 6

—

Ho %ﬂ'R3M oM

4T RS

1 dquoM (14-cos®)  ~ . o
= Rdt 6 smo  [2(0x2)+2cosf (6 xT)].

—¢

2 -1 A
B.ve = {3MOM2+ (2cosfT +sin6 6) 3= [2Z 4 2cos O T + sin 6 O];

KxB

dN = Rt xdF =

Lo M <dq> (1 + cos6)

S (BB e (h e AV P2
ot \ 2t 2] £x(0x12) cosf (f x ¢)|R*sinfdf do

sin 6 —— N——
6(i - 2) — (¢ - 6) -6
poMR? (dq

— @ ).
— dt)( + cos @) cosOdbdp 0

M A A
= M102 (i}) (1 + cos)R*[cos 00 + cos 0 0] dO dop =
™



27
The x and y components integrate to zero; (é)z = —sin#, so (using /dgf) =27):
0

6 3 \dt 2 3 /1,

poMR? (dg\ (2 _ 2p0, . ,0dg 200, p2da
3 (dt 3 g MG g ME G2

2 2 s2 3 4
N, = 'LLOMR < > /1+c059 )cosfOsinfdf = — HoME (dq) (sm€ _ o8 9)
0

Therefore

2 2
L:/th: HOMRQA/dq— gOMRQQA (same as (a)).

(T used the average field at the discontinuity—which is the correct thing to do—but in this case you'd get the
same answer using either the inside field or the outside field.)

tolp b

2 (b2 + 22)3/2
origin at the center of the upper loop, with the z axis pointing up, so z = —h at the location of the lower loop.)
Treat the lower loop as a magnetic dipole, with moment m = I,7a?z. The force on m is given by Eq. 6.3:

Problem 8.11 The magnetic field of the upper loop is given by Eq. 5.41: B = Z. (I put the

B . B o tolp b2 B pora?b?I,I, O 9 o\ —3/2 .
F = V(m B)-V(Iamz 5 (b2+22)3/2)_ 5 5, (0P +2) T2
272 272
_ pomab I Iy 3 9 o\ —5/2 . 3w a“b‘h R
= f (—2> (b +z ) (2Z)Z = TMOIaIbm z. v

Problem 8.12 Following the method of Section 7.2.4 (leading up to Eq. 7.30), the power delivered to the two
loops is
aw
dat

(where these are the changing values as the currents are turned on, not the final values). Now

—Eoly — EIy

B dl, dI, dI, dl,
ba=—Lazr —M—ar & =—-Lvgr Mdt

SO

aw dl, dly dly dl, d 9
a ( a MI“dt) + (LbIb 7 + MI, dt) dt< L.I; + LbIb + MI, Ib>

The total work done, then, to increase the currents from zero to their final values, is

1 1
W = 5Lalg + 5Lbl,f + MI,I,. qed

Problem 8.13

dd 1
(a) &= 2 ® =7na’B; B =puonly; E=1.R. So|I, = & (

dls
dt

,LL07TCL2’I”L)




d® 5 dl 1 Iy » - polr b? .
(b) ?{E ~dl = T E(2ma) = —poma nE =E= —ghoan— ¢. B= 2 471 22)3/2 z (Eq. 5.41).
1 1 poan di woly b? a 1 dl, ab’n .
= — = — — _ = | —— 17,77
S 1o (E X B) 140 ( 9 dt ) ( 2 (b2 + 22)3/2 (¢ X Z) 4,&0 dt (b2 N 22)3/2 S
Power:
r 1 dr, T 1
— . = 2 = —— 2p2 _— d
P /S da /(S)( wa)dz 5 THoa b T (b2 +z2)3/2 z

#‘m _ 1 1 _3
RN o) B2 ) 0
IS) I, = (RI)I, = I,’R. qed

The integral is

-~

5 d
dt

Problem 8.14 The fields are zero for s < a and s > b; between the cylinders,

where I = A\v.
(a) From Eq. 8.5:

242 2,,2 2
1 1 1 1 A 1 Ao A 1
= - E*+ —B%) == — ( ) =——1 o
“T3 (60 + o ) 2 [EO (27‘(’60) 52 T 27 s2 877260( + otV )52

Writing eguo = 1/¢2, and integrating over the volume between the cylinders:

woN A2 v?
_— = — = 1+ —= | In(b/a).
¢ 8m2e ( 02) / 2ms ds = 4meq ( + 02) n(b/a)

A o v . oA’
= (B xB) = (27reos> ( 21s > 2= 2t

P oA uo)\v
7= 4 / —2msds = o In(b/a) z.

(b) From Eq. 8.29:

(¢) From Eq. 8.10:

1 d 2.2
S— L(ExB)= 1 g= % —W:/s-da: HoXC0 ) (b/a) 2.
Ho €010 dt 2m

Problem 8.15

1 NI -
(a) The fields are E = 4 f, B= Ho 22 ¢ (for points inside the toroid—see Eq. 5.60).
4dmeg 2 21 s
NI NI
—ExB) = — M5 LT 05

drega? 2mwa 872 a3



(Note that inside the toroid r ~ a§ and s ~ a.)

po gNTwh
) Z

po gNI
872 a3

> (2mawh) =

4Tt a

(b) The changing magnetic field induces an electric field, as given by Problem 7.19 (with z = 0):

dl
E= Nhw— Z. The impulse delivered to ¢ is therefore

47ra2 dt

I:/th:/qutz—
Problem 8.16

According to Eqgs. 3.104, 4.14, 5.89, and 6.16, the fields are

L [dl Hoq
N — Nhwlz
hwz / 7 dt = T v

1 2

BT (r<R) SHoM, (r <R),
E= B=
11 o Ho M o\ A
—47T60773[3(p~r)r7p}7 (r > R), I3 B(m-#)f —m], (r > R),

where p = (4/3)7R*P, and m = (4/3)7R*M. Now p = ¢ [(E x B) dr, and there are two contributions, one
from inside the sphere and one from outside.
Inside:

1 2 2 2 4 8
Pin = 6()‘/ <_3€OP> X <3/,L()M> dr = —§/,L0(P X M) /dT = —§/,L0(P X M)g’er?’ = ﬁﬂ[)ﬂ-Rs(M X P)

Outside:

Pon = oo 42 [ =5 {B(p-£)F — bl x [3(m )£ — m]}
Now £ x (pxm) = p(f-m)—m(f-p), so tx [ X (pxm)] = (£ m)(f'xp) (
CAB rule directly gives £ X [f x (pxm)] = £[f-(pxm)]—(pxm)(E-£). S

=3(p-#)(fxm)+3(m-£)(Fxp)+(pxm) = 3{F[f - (p x m)] — (p x m)}+(

(f‘ xm), whereas using the BAC-
f—p|x[3(m-#)F —m]} =
= —2(pxm)+3¢[f (p>< m)].

Mo 1 ~la 2
Pout —W/T—G{—Z(pxm)+3r[r-(pxm)]}r sin @ dr df d¢.

To evaluate the integral, set the z axis along (p X m); then - (p x m) = |p x m|cosf. Meanwhile, ¥ =
sin 0 cos ¢ X +sin 0sin ¢ y + cos # 2. But sin ¢ and cos ¢ integrate to zero, so the X and ¥ terms drop out, leaving

* 1
Pout = Fo / —dr | < —2(p x m)/sin9d9d¢+ 3|lp x m]| Z/COSQHSiHHded)
].67T2 0 T4
= Ho
127 R3

{2(p x m)4dr + 3(p x m)ll;} =—

4 4 4
= __FHe (WRSP) X (37TR3M> “033(1\/[ x P).

(p x m)

27

8 4 4
Ptot = ( + ) poR*(M x P) = §MOR3(M x P).




Problem 8.17
(a) From Eq. 5.70 and Prob. 5.37,

e
AT R2’

2
r<R: E=0, BzymaRwi with 0 =
4
(2cos O +sin 0 6), with m = gwawR‘l.

L e _ Hom

SR:B=— %%
" 47T607‘2r T 4n 3

The energy stored in the electric field is (Ex. 2.9):

1 €2
W = h
B 8meg R
The energy density of the internal magnetic field is:
2 2,2 2,2 2,2
1 1 2 e Low=e tow? e 4 o poe‘w R
— 7B2 —_ — = W . R - .
“E T o 240 (3“0 “’47rR2> 7or2R2 0 Pe T ey 547
The energy density in the external magnetic field is:
1 pd m? 9 o WP R 1
= — — (4 0 + sin“ 0 _— 3cos? 6 + 1
UB = 3 T o (408 0+ sint0) = 18(167r2) ;5 (Beos 04 1), s

T 2

oo

2, 2p4 2, 24 2,,2

toe“w*R 1, / 9 . / poe“w*R 1 poe“w*R

Wp,., = 2082 [ 20 [ (3cos20+ 1) singdd [ dp = 12 () (4)(2m) = HET

Bous (18)(16)w2/r6T r | (Beos 04 1) sin = a2 \3r5 ) DO = Tes
R 0 0

2 2 2 2
poe“w R poew?R 1 e poe’w’R
T0sx CHU= g et = e R 367

WB = WBin + Wbout =

1 2R
(b) Same as Prob. 8.10(a), with Q — e and m — gewRQ: L= ,uolegw Z
T

2 734
o€ h 9rh (9)(m)(1.05 x 10
() TerwR =g 7 wk=15 (47r X 1077)(1 60 x 10~ 19

2 (WR\? wR 9.23 x 1010
1+ 2 (= 142 it
9 c 9 c

3 x 108
(2.10 x 10%)(1.6 x 10719)2 9.23 x 10710

R= e
8m(8.85 x 10712)(9.11 x 10—31)(3 x 108)2 2.95 x 10—11
Since wR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is clearly

5 =923 %10 m/s |

1 €2

87‘(60 R

I
o 9

= mc?;

) =2.10 x 10%;

= 3.13 x 10*! rad/s. |

=295 % 10" m

unrealistic.

Problem 8.18
Maxwell’s equations with magnetic charge (Eq. 7.44):

i) V-E=1p, (i) V XE = —pody — 28,
€0 ot

. . OE
(i) VB = popm, (iv) V xB = pode + poco 5,



The Lorentz force law becomes (Eq. 8.44)
1
F=¢E+vxB)+g¢,(B-5vxE].
c
Following the argument in Section 8.1.2:
1
F-dl= |¢g.(E+vXxXB)+qgn <B —V X Eﬂ -vdt = (¢ E + ¢,,B) - vdt,
c

aw
—=[(E-J.+B-J,,)d
7 ( + )dr
(which generalizes Eq. 8.6). Use (iii) and (iv) to eliminate J. and J,,:

1 OE 1 1. OB
E-J.+B-J,)=—E (VxB)—qE- %= - —B-(VxE)- —B. —,
( ) o ( ) 6B = m’ ( ) B o

1
(60E2 + B2>
Ho

but V- (ExB)=B-(VxE)—-E-(V xB), so

1
(B 4B Jp) = -V (BxB) -
0

N | =
SIS

(generalizing Eq. 8.8). Thus

aw _ _d [1
dt ~  dt ) 2

1 1
eoE? + BQ> dr — — ¢ (E x B) - da,
Ho Ho

which is identical to Eq. 8.9. Evidently Poynting’s theorem is unchanged(!), and

1 1 1
u:<60E2+BQ>, S = —(E x B),
2 1o 140

the same as before.
To construct the stress tensor we begin with the generalization of Eq. 8.13:

F—/{(Eﬂ—va)pe-F(B—leVXE)pm} dr.

The force per unit volume (Eq. 8.14) becomes

...,
\

1
= (peE+Je X B) + <me - ?JWL X E)

Ho ot
= eo[(V~E)E—E><(VxE)]Jri[(V-B)B—Bx(VxB)]—egg(ExB)
Ho ot

Ho

1 E 1 1 1 0B
60(VE)E+ <V X B608> X B+7(VB)B*ILL0€Q <MV X E— 787
0

€0 [(V ‘E)E — %V(Ez) + (E - V)E} + L [(V -B)B — %V(Bz) +(B- V)B} — eo%(E x B).



This is identical to Eq. 8.16, so the stress tensor is the same as before:

1 1 1
TM = € <EZE] - 25”E2> + % <BzB] — 252]B2) .

Likewise, Eq. 8.20 is still valid. In fact, this argument is more straightforward when you include magnetic
charge, since you don’t need artificially to insert the (V - B)B term (after Eq. 8.15).

The electromagnetic momentum density (Eq. 8.29) also stays the same, since the argument in Section 8.2.3
is formulated entirely in terms of the fields:

g =co(E xB)|
Problem 8.19 7
E = de L’ r
4meq 13 Um
B _ Hodm T’ pogm (r—dz) d r
4 3 4 (r?2 +d? — 2rdcos0)3/2 .
Qe

Momentum density (Eq. 8.32):

Hodedm (7d) (I‘ X 2)
g=¢(ExB .
ol )= (47)% 13 (12 4 d2 — 2rd cos 9)3/2

Angular momentum density (Eq. 8.33):

Butrx (rxz)=r(r-2)—r’z=r>cosft —r’z.

H0GeGmd r X (I‘ X 2)
£=(rxg)=— .
(47m)% 13 (r2 4 d2 — 2rd cos 0)3/2

The 2 and y components will integrate to zero; using (), = cosf, we have:

L = _UOQEde 2/ ’1“2(0052 6—1)
(4m)? 3(r24+d? — 2rdcos 9)3/2
1

(oo} 1 _
= Moqum 7 // u ) 573 dudr.
; 2+ d2 — 2rdu)

Do the r integral first:

r?sin@drdfdp. Let u = cosf :

oo

/ rdr B (ru—d) < u d _u+1l 1
J @ -2 A=) P 2rdul

Cd(1—u?) +d(1—u2)d7 d(1—u?)  d(l—u)

Then

1 1
Hogegmd ;1 [ (1 —u?) uwwmﬁ/ 10GeGm u?
L= - Robetm 5 [ (1 + w)du = H0dedm =
8 d/ 1—wu) 8 z [ (1+u)du 8 Z\ut 2

—1 —1

Hoqeqm 5.
4 47




Problem 8.20

p 6O/V(EXB)dTZ—60/‘}(VV)><BdT=—60/[V><(VB)—VV><B]aZT

1%

1
eoj{VBxda—i—eo,uo/VJdT:—Q/VJdT.
S 1% cJy

(I used Problem 1.61(b) in the penultimate step. Here V is all of space, and S is its surface at infinity, where
B = 0, so the surface integral vanishes.) Using V(r) = V(0) + (VV)-r =V (0) — E(0) - r,

p— CiQV(o) /JdT - c%/[E(O) 1|7 dr.
For a current loop, [Jdr — [Idl =1 [dl =0, and (Eq. 1.108):
/[E(O) 3 dr — /[E(O) jTdl = I/[E(O) ‘x]dl = Ta x E(0) = m x E.

So

1
p:—c—z(me). v

Problem 8.21
(a) The rotating shell at radius b produces a solenoidal magnetic field:

oB:—Mi(a<s<b).

B = oK z, where K = - __=x_
oK z, where opwpb, and oy, oy S 9]

(Note that if angular velocity is defined with respect to the z axis, then wy is a negative number.) The shell at
a also produces a magnetic field (pow,@/27l) Z, in the region s < a, so the total field inside the inner shell is

to@ .
B=—7 — .
5 (W —wp) Z, (s <a)
Meanwhile, the electric field is
1 A 0
= —-8= S b).
2meg S S 2meols S, (a<s<i)
Q pows QY (o oy Howp@® - fowp @ 2
— E B — —_ — . ,e — — .
g =co(ExB)=c (27Teols 27l (8x2) 4225 ¢ TX 8T g (rx¢)
Now r X ¢ = (s8+ 22) X ¢ = s% — 28, and the 8 term integrates to zero, so
fown@” pows@® o oo | Hows @2 (b —a?)
L= a2z 2 4T= "o m(b* —a®)lz = irl Z.

(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by

dd 1 do -
EQ?TSZ—E :E:—%Egb, and in the region a < s < b
Ho@ 2 HoQuwy 2 2 Ho@ 2 2 1 po@ dea zdwb n
b =— a — - - = o7 a - 5 E = o_. o1 - T .
gnp We mwn) Tt = (57— 0%) = T (waa” —wps”) s Bls) = g oS (et gt 80 ) 6



In particular,

E(a) = —

poQa (dws — dwp - _ k@ dwa_ gdwp\ -
Anl (dt dt>¢’ and BO) = =20\ V)

The torque on a shell is N =r x ¢gE = ¢sFE Z, so

poQa\ (dw, dwp | / > oQ*a® )
N, = Qa (- ~ ) 5 Lo= [ Nydt=-— -
@ Qa( Anl ) < it dt ) 2 Le= | Nodf dr (Wa @) 2

MOQ 2 dw, deb ~ /OO MOQ2 2 2 ~

N, = — - ;o Ly = = - .

b Qb ( g lb) (a o b prall LR | Ny dt il (a*wq — bPwy) 2
M0Q2 2 -~ MOQQWZ) 2 2\ 5
Lt = Lo+ L — by — —|_ _ ).
tot + L, = il (a we — bPwp — a?w, + a wb) Z il (b —a®) 2

Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum
in the fields (a). v/

Problem 8.22
B=yppnlz (s<R); E=

_q

P where 2 = (z — a,y, 2).
0

&= B % B) = aluon) (72 ) 500 x2) = 105 yx - (0 - 05

4meg Am 3

Linear Momentum.

7 N
p = /gd Hogn / € 32)2 j-xzﬂ i)j;]?)/z dzx dydz. The X term is odd in y; it integrates to zero.

4
= _ Fognt v / (z—a) dxdydz. Do the z integral first :
4m [(z — a)? 4 y2? + 22]3/2
z < 2
(@—aP +92Vo—aP TP+ 2w (- +9?)

pognl (z —a) . '
- ——————dxdy. Switch to pol dinates -
2 y/[(x_a)2+y2] vy witch to polar coordinates

r=scosp, y=ssing, drvdy = sdsdep; [(x —a)® +y*] = s* 4+ a® — 2sacos ¢.

_,uoqnly /( (scos¢ —a)

27 s%2 4+ a? — 2sa cos @)

No /271' COS (725 d¢ 2 <1 A > /27\' dd) It
W — = — 1 I = :
o (A+Bcos¢) B A2—-pB2)’ J, (A+ Bcosg) A2 — B2

Here A2 — B? = (5° 4+ a?)? — 45%a® = s* + 25%a% + a* — 45%a% = (s> — a®)?%; VA2 — B2 =d? — 5%

?

_ pognd / 1 a? + s? n 2a? sds — ,uoqnly /des _ tognl R? §
2a a? — s? (a? — s2) a o 2a

sdsde




Angular Momentum.

B k- (- ) 3] = 0
A 3 A 3

The %X and § terms are odd in z, and integrate to zero, so
L wogqnl / 22 4+ 9% —za
= - Z
47 [(x —a)? +y2 + 22]3/2

:7/10an2/ 224+ y% — za dxdy:fﬂoqnji/ S — acos o § ds do
27 [(z —a)? + 42 27 (s? + a? — 2sa cos @)

L=rxg

{z(z—a) &+ 2y¥ — [2(z — a) + y°] 2} .

dx dy dz. The z integral is the same as before.

- s 52 ) a2+82 s — s R52—82 s —
—rognlZ [\ g (1 a g )| sds = reanl 2 |G sds = [zero ]

S

Problem 8.23

(a) If we're only interested in the work done on free charges and currents, Eq. 8.6 becomes
aw oD oD
o /(E'Jf)dT. But J; =V xH - wr (Eq. 7.56), s0 E-Jy =E - (V x H) _E.E' From product

%
0B
rule #6, V- (ExH)=H - (V xE) - E - (V x H), WhilerEz—E,so
0B 0B oD

E~(V><H):fH~§fV-(E><H).ThereforeE-Jf:fH'§7E~EfV~(EXH), and hence

dw oD 0B

This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per

unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density

Ouen _p 0D OB
at ot ot

1
For linear media, D = ¢E and H = —B, with € and p constant (in time); then
W

Dttenn OE 1. 0B 1 0 10 10
—w.Zy g B L% i l%8. 3=t DiB.H
a - Bt B e Ty BBty 5B B =35 (E-D+B-H),

SO Uem = 3(E-D+B-H). qed
(b) If we're only interested in the force on free charges and currents, Eq. 8.13 becomes f = p;E +J; x B.

oD oD
Butpf:V-D7ande:VxH—at,SOfZE(V-D)—f—(VXH)XB—() x B. Now

ot
0 oD 0B 0B oD 0
(%(DXB)_(%XB+DX((%)’and(3t__VXE’ bOEXB—a(DXB)+DX(VXE)7 and

hence f =E(V-D)-Dx (VXE)-Bx (VxH)-— %(D x B). As before, we can with impunity add the
term H(V - B), so

0

f:{[E(V~D)fD><(VXE)]+[H(V~B)7B><(VXH)]}f&

(D x B).

The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.19), and the last
term is (minus) the rate of change of the momentum density, g =D x B.




Problem 8.24 .
(a) Initially, the disk will rise like a helicopter. The force on one charge (velocity v = wR ¢ + v, 2) is

-~

5 & 2
F,=q(vxB)=qk| 0 wR v. zqk(Qszé—sz¢+wR22>.
"R 0 2:

The net force on all the charges is

- . A2z d?z ngkR?
F:ZFi:nqusz:Mﬁz; dt2< Y )w. [1]

=1

The net torque on the disk is
- A In 2 ~ dw
N = Z(rl x F;) =n(RS) X (—qkRv, ¢) = —ngkR*v, 2 = —
p dt

z

where [ is the moment of inertia of the disk. So

dw nqkR? dz 9
dt I dt’
Differentiate [2], and combine with [1]:
@ =— T dz—w = ngkR* w = d27w = aw, where |a= ngh
dt? ngkR2 ) dt?2 M a2 T VMI

The solution (with initial angular velocity wy and initial angular acceleration 0) is

’ w(t) = wp cos at. ‘

Meanwhile,

dz I dw I . I .
= — W E: W woa sin at = wy Msmat.

i

[T [ I
z(t) = wo M/ sinat dt = % M(l—cosat).
0

[The problem is a little cleaner if you make the disk massless, and assign a mass m to each of the charges.

Then M — nm and I — nmR?, so a = gkR/m and z(t) — (woR/a)(1 — cos at).]
(b) The disk rises and falls harmonically, as its rotation slows down and speeds up. The total energy is

1 1 1 I 1 1 1
E= inﬁ + §Iw2 = iMw(Q)M sin? at + ifw(z) cos® at = —Iw2(sin® at + cos® at) = ifwg,
which is constant (and equal to the initial energy). [Of course, if you didn’t notice that the rotation rate is

changing, you might think the magnetic force is doing work, as the disk oscillates up and down.]




Chapter 9

Electromagnetic Waves

Problem 9.1
6f1 _ —b(z—vt)?, 82f1 _ —b(z—vt)? 2 —b(z—vt)?| .
B = —2Ab(z — vt)e D2 —2Ab [ —2b(z — vt)“e } ;
8.f1 _ —b(z—vt)?, 82f1 _ —b(z—vt)? 2 —b(z—vt)?| _ 282f1
% = 2Abv(z — vt)e Do 2Abv [ ve + 2bv(z — vt)“e ] =vioa
0fr _ ‘ P e :
5 = Abcos[b(z — vt)]; 5.2 = —Ab® sin[b(z — vt)];
an _ . 62f2 o 2.2 _ 282f2
T —Abv cos[b(z — vt)]; o2 —Ab v sin[b(z — vt)] = v 5.2 " v
Ofs  —2Ab(z —vt) *fs —2Ab n 8AV?(z —wt)?
0z [b(z—vt)2+1]2" 922 [b(z—vt)2+1]2  [b(z —vt)2 + 13’
Afs  2Abv(z —vt)  fs —2A? N 8AV? V2 (z —wt)®  ,0%fs v
ot bz—vt)2 12 02 [z —vt)2+ 12 | bz — vt + 1P 0z2
2
% — —2Ab226_b(b22+vt); 0 f4 _ _2Ab2 |:e—b(b22+vt) o 2b222e—b(b22+vt)j| :
0z 022
8f4 —b(bz? 0? f4 — 0° f4
I Ap (bz=+vt). — Ab2 2 b(bz24-vt) 2 )
ot v "o )
Ofs = Abcos(bz) cos(but)?; & fs = — Ab%sin(bz) cos(but)?; 05 = —3Ab®v3t? sin(bz) sin(bvt)?;
0z T 022 Tot ’
05 _ g Abotsin(be) sin(bot)? — 9AW Ot sin(b but 28f5
5z = vt sin(bz) sin(bvt)” — 084 sin(bz) cos(bvt)® # v
Problem 9.2
of _ N . .
5 = Ak cos(kz) cos(kvt); 52 = —Ak* sin(kz) cos(kvt);
of _ : : O aa _ L 20%f
Fri —Akvsin(kz) sin(kvt); i —Ak*v* sin(kz) cos(kuvt) = v 52 v

Use the trig identity sina cos 8 = 3[sin(a + 3) + sin(a — 3)] to write

f= ? {sin[k(z + vt)] + sin[k(z — vt)]},




which is of the form 9.6, with g = (A4/2) sin[k(z — vt)] and h = (4/2) sin[k(z + vt)].
Problem 9.3
(A3)® = (A3e) (Age™ ™) = (A1 + Ape™®) (Are™ ™ + Age™02)
= (A1)% + (A2)? + A1 45 (€™e712 4 e71e12) = (A1)? + (A2)? + A1 As2 cos(01 — 62);

A3 = \/(A1)2 -+ (A2)2 + 2A1A2 008(61 — 52)

Aze'ts = As(cosds + isinds) = Aj(cosdy + isindy) + As(cosdy + isindy)
A3 sin 53 o Al sin (51 + Ag sin 52 .
Ascosds  Ajcosdy + Agcosdy’

= (A1 cos01 + Az cosdy) +i(Arsindy + Aasinds).  tands =

52 = tanfl A1 sin 51 + AQ sin 52
5 Aq cosdy + Ay cos o

Problem 9.4
. o f 1 0%f .
The wave equatlon (Eq. 9.2) says 92 e Look for solutions of the form f(z,t) = Z(2)T(t). Plug
&2z d*T 1d*Z 1 d*T

this in: Td 5 = Z Gz Divide by ZT : ZdZ T i The left side depends only on z, and the
right side only on t so both must be constant. Call the constant —k2.

d2Z 2 ikz —ikz

wz—kZ = Z(z) = Ae"™™* 4+ Be "%

d’T 2 ikt —ikut

W:—(kU)TiT(t):Cez v +D€ whvt

(Note that k must be real, else Z and T blow up; with no loss of generality we can assume k is positive.)
f(Zﬂf) — (Aeikz +B€7ikz) (Ceikvt +D67ikvt) _ Alei(szrkvt) + A2ei(k:szvt) + Agei(kaJrkvt) + A4€i(7kz7kvt).
The general linear combination of separable solutions is therefore

f(Z,t) :/ {Al( ) i(kz+wt) + A, ( ) i(kz—wt) +A3( ) i(—kz+wt) +A4(k)6i(szfwt)} dk,
0
where w = kv. But we can combine the third term with the first, by allowing &k to run negative (w = |k|v
remains positive); likewise the second and the fourth:

flzt) = / [fh(k) ilketot) 1 Ay (k)e'™==w) | df.
Because (in the end) we shall only want the the real part of f, it suffices to keep only one of these terms (since
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either
would do). Specifically,

Re(f) = / [Re(A7) cos(kz + wt) — Im(A) sin(kz 4+ wt) + Re(Asg) cos(kz — wt) — Im(As) sin(kz — wt)] dk.
— 00

The first term, cos(kz + wt) = cos(—kz — wt), combines with the third, cos(kz — wt), since the negative k is

picked up in the other half of the range of integration, and the second, sin(kz+wt) = — sin(—kz —wt), combines

with the fourth for the same reason. So the general solution, for our purposes, can be written in the form

oo
f(z,t) = / A(k)e!®*=“t) 4k qed (the tilde’s remind us that we want the real part).

— 00



Problem 9.5 9 1 dgr Oh 1 Ohr O 10
Equation 9.26 = gr(—vit) + hr(vit) = gr(—v2t). Now E i

8z vy Ot 9z v, Ot Oz vy Ot
i(’)g](—vlt) + lahR(’Ult) _ _i agT(—Ugt)

(%1 ot (%} ot V2 ot
(where k is a constant).

Equation 9.27 = —

v
= gr(—vit) — hg(vit) = égT(—UQt) +r

2
Adding these equations, we get 2g;(—v1t) = (1 + vl) gr(—vat)+k, or gr(—vat) = ( 12 > gr(—vit)+x'
V2 V1 T V2
(where k' = —k f ). Now gr(z,t), gr(z,t), and hg(z,t) are each functions of a single variable u (in the
V1 Vo
first case u = z — v1t, in the second u = z — vat, and in the third v = 2z + vyt). Thus
2?]2 ’
gr(u) = (m n v2) gr(viu/ve) + K.

Multiplying the first equation by v;/ve and subtracting, <1 — Ul) gr(—vit) — <1 —+ Ul) hr(vnt) = k =
U2 V2

h(vit) = (“2 - “1) gr(—vit) — K ( v2 ) or | h(u) = (”2 - “1> g1(—u) + K.

V1 + Vo V1 + Vo V1 + U2

[The notation is tricky, so here’s an example: for a sinusoidal wave,

gr = Arcos(kiz —wt) = Apcoslki(z —wvit)] = gr(u) = Ajcos(kiu).
gr = Arcos(kez —wt) = Apcoslka(z —vat)] = gr(u) = Ar cos(kau).
hr = Agcos(—ki1z — wt) = Agcos[—ki(z + v1t)] = hr(u) = Ag cos(—kju).
. Ar 203 Agp _v2—1 vy
Here ¥’ = 0, and the boundary conditions say A = ot A = P (same as Eq. 9.32), and U—Qk’l = ko
(consistent with Eq. 9.24).]
Problem 9.6
. . of of 0 f
(a) T'sinfy —T'sinf_ =ma=|T (82 . ~ 0) =moy .
~ ~ ~ _— o ~ g = ~ ~ imw?\ +
(b) A] + AR = AT; T[ZkQAT — Zkl(A] — AR)] = m(—w AT), or k‘l(A[ — AR) = kg — T AT.
Multiply first equation by k1 and add: 2k1A; = | ky + ko — imw2 Ap, or Ap = 2k, A
ply q Yy K1 PamAr = (M 2 T T T = Ky + ks — imw?/T I
~ ~ ~ 2k — (k1 + ko —imw?/T) ki — ko +imw? /T +
R T ! k1 + ko — imw?/T ! k1 + ko —imw? /T !

. 9 .
If the second string is massless, so vg = /T/p2 = 00, then ko /k; = 0, and we have Ap = (1 'ﬁ) Ay,
—1

~ 1+ ’L/B - mw2 m(k1v1)2 mk:1 T kl 1+ ’LB : .
A = Ap, wh = = = — =m—.|N = Ae'®, with
R (1—iﬁ> 1, where 3 T T T Ml,or I6] m’u1 ow 1—ip e'?, wi

o (144B\ (1—iBY _ w (1 +iB)?* 1426 -
2= (125) (155) =12 a1 maet = e = S =

2 . . . - 2

Similarly, <

2 _ id 2 2 2 _ 4 _ 2
1—w>Ae =4 (1—w> <1+w)1+ﬁ2:“4 N



A= _%;(1@ iB) <(11++ ;ﬁ? ~ tang = . So dre® = ¢12+;526i¢‘4“i5”
Ap = \/11;52/1,; 67 = 67 +tan—" 3. |
Problem 9.7
) F=T5 g —v?ﬁ st or | 5 d = nd 41
(b) Let f(z,£) = F(z)e="; then Te— " flf () Fe it 4 (i) Pt =
g = —w(uw + iv)F, % = —k’F, where k*> = %(uw + 7). Solution : F(z) = Aeth* 4 Be~ikz,

Resolve k into its real and imaginary parts: k=k+ik= k> =k>— %+ 2ikk = %(uw + 7).

w7y WY 9 2 wy 1 NW 4 2 2 2
2kk = — = Kk = — = = — — I — 21 =0=
kk = 9% sk K2 =k (2 ) lc2 sor k k2 (pw?®/ ) (w'y/ ) 0

1

k2= [(uwz/T )£ v/ (uw?/T)? +4(w'y/2T)2} {1 + /14 (v/pw) } But k is real, so k? is positive, so
d the pl k L1+ 1+4/1 572

we need the plus sign: k£ =w 5T + + 'y/uw 2kT \/? [ + + (v/pw) } .

Plugging this in, F' = Ae!(F+ir)z 4 Bemilktin)z — fge=rzcihz | Betze=ik2 Byt the B term gives an expo-
nentially increasing function, which we don’t want (I assume the waves are propagating in the +z direction),

so B = 0, and the solution is f(z7 t) = Ae—rzeilhz—wt) (The actual displacement of the string is the real part

of this, of course.)
(¢) The wave is attenuated by the factor e

1 2T
O Q\/1 + /1 + (v/pw)?; | this is the characteristic penetration depth.
0

R

"% which becomes 1/e when

_ ki —k —in\ -
(d) This is the same as before, except that ks — k + ik. From Eq. 9.29, Ap = 17m Ar;
ki+k+ik

Ar)'_ (Rok i) (ki ohie) (R R el
AI n k1+k+’£:‘€ kl—f—]{,‘—i,‘ﬁ _(k1+]{?)2—|—/i2. R = (k1+k)2+,‘{',2 I
(where k1 = w/v1 = w\/m, while k and x are defined in part b). Meanwhile

ki —k—ik . (k‘l —k‘—ilﬁ;)(k‘l—‘rk‘—l-’ilﬁ) . (k1)2—]€2—;‘€2—2ih&k1 |60 = tan—1 —2k1kK
ky+k+in) (k1 + k)2 + K2 B (k1 + k)2 + K2 R=1a (k1)2 — k2 — K2

Problem 9.8
(a) f,(2,t) = Acos(kz — wt) X; fr(z,t) = Acos(kz —wt +90°)y = i

—Asin(kz—wt)§. Since f2+ f? = A2, the vector sum f = f,+f, lies at t=Tloy _, 4~ ;/dt =
on a circle of radius A. Attimet =0, f = Acos(kz)X—Asin(kz)§. / )

At time t = 7/2w, f = Acos(kz —90°)% — Asin(kz — 90°)y = Y 3 -
Asin(kz) % 4+ Acos(kz)y. Evidently it circles ’ counterclockwise ‘ Syl

To make a wave circling the other way, use d, = —90°.
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(c) Shake it around in a circle, instead of up and down.
Problem 9.9

(a) [ k= -

N
Y N

(a) (b)

(b) |k = hd <x+\y[3+z) ; = xz (Since 1 is parallel to the x z plane, it must have the form a %+ (2;

c V2
since nn -k = 0, 8 = —q; and since it is a unit Vect0r7a=1/\/§.)
w N 1 Xy 2 1
k r=—&+y+2) (2x+yy+22)= r+y+z); kxn=—|111|=—%(—%k+2y—-2
\/§c( y+2)-( yy ) \/§c( y+2) 510, \/6( y—2)

E(z,y,2,t) = Ejcos {\/Lugc(x+y+z) wt] (X\/;) :

E R0 3
B(z,y,2,t) = ?Ocos L}%(gx—yy-kz) —wt] (X-l-\/g’Z)
c




Problem 9.10

[ 13x10° (4.3 1070 N/m2. | F fect reflector th is twi 6
= —-= == . m-. Oor a pertect rerector € pressure 1S 1Ce as great:
¢ 3.0x10° P P wieeass

’8.6 x 107 N/m?. ‘ Atmospheric pressure is 1.03 x 10° N/m?, so the pressure of light on a reflector is
(8.6 x 1076)/(1.03 x 10°) =|8.3 x 10~'" atmospheres. |

1
Problem 9.11 The fields are E(z,t) = Eg cos(kz — wt) X, B(z,t) = EEO cos(kz — wt) §, with w = ck.

d
(a) The electric force is F. = ¢E = qFy cos(kz — wt) X = ma = md—‘;, SO
E E
=120 /cos(kz —wt)dt = _4zo sin(kz — wt) X + C.
m mw
E
But vove =C =10,50 v = —usin(kz —wt) X
mw
(b) The magnetic force is
F,,=q(vxB)= _4ko) (Eo sin(kz — wt) cos(kz —wt)(X X §) = —@ sin(kz — wt) cos(kz — wt) Z
m =4 AN c Y= e '
q2E2
(c) The (time) average force is (Fp,)ave = ———2 Z/ sin(kz — wt) cos(kz — wt) dt, where T' = 27 /w is the
mwe
1 T 1
period. The integral is 5% sin?(kz — wt)‘o =3, [sin®(kz — 27) — sin®(kz)] = 0, s0 | (Fyn)ave = 0.
(d) Adding in the damping term,
d d E
F = ¢E — ymv = qEj cos(kz — wt)X — ymv = md—: = d—: + v e cos(kz —wt) X
m

dt
0),

qFEy
Awsin(kz — wt + 0) + yA cos(kz —wt + 0) = - —— [cos @ cos(kz — wt + 6) + sin O sin(kz — wt + 0)] .

dv
The steady state solution has the form v = Acos(kz — wt + 6)%X, — = Awsin(kz — wt + 0) X. Putting this
(u+

in, and using the trig identity cosu = cos 6 cos(u + ) + sin 6 sin(u

Equating like terms:

Aw:@sinﬂ A’Y—ECOb@étanﬂ—g Az(w2+’y2)<qu>2éAqEO.
m m v m my/w? +~2
So
qEo O ¢°Eg "
v = W cos(kz —wt+ 0)%x, |6 = tan™ " (w/v); Fp, = m cos(kz — wt + 0) cos(kz — wt) 2.

To calculate the time average, write cos(kz — wt + 0) = cos 0 cos(kz — wt) — sinOsin(kz — wt). We already
know that the average of cos(kz — wt) sin(kz — wt) is zero, so
B2 T
(Fr)ave = ————=17 cosf cosz(kz — wt) dt.

mey/w? + 2



T™q>E}

~

The integral is T/2 = w/w, and cos = v/y/w? + 72 (see figure), so (Fy,)ave =

mwe(w? +2)

Problem 9.12

T
(fg) = %/ acos(k-r—wt+d,)bcos(k - r —wt+ ) dt
0

T

b b 1
= ;—T ; [cos(2k - v — 2wt + 4 + 0p) + cos(dq — 0p)] dt = ;—T cos(bg — 0p)T = §abcos(6a — ).
Meanwhile, in the complex notation: f = ae’™®*™~“Y, § = be™ ™) where @ = ae’®*, b= be'®. So
1. 1., - 1 1 1 1
§f§* _ iaez(krfwt)b*efz(k-rfwt) _ 5db* _ §abez(5”76b), Re (2f§*> — 5(1[) COS((Sa — 5b) = <fg> qed

Problem 9.13 ) ) )
T,j=e | BiE; — =0,;E* | + — | B;B; — =6;;B* ).
= (585 £ (- 3o

With the fields in Eq. 9.48, E has only an « component, and B only a y component. So all the “off-diagonal”
(i # j) terms are zero. As for the “diagonal” elements:

1 1 1 1 1
€0 (EgﬂEw — E2) + = (—B2> = (60E2 - B2) =0.
2 po \ 2 2 o
1 1 1 1 1
——F? — (B,B,— =B?| == —¢FE*+ —B?) =0.
60(2 >+/.L0(yy 2 ) 2(60 +,uo 0

1 1 1
Tzz = € (2E2> —+ ; <2B2) = —U.
0

So|T.. = —eoE2 cos®(kz — wt + 0) ‘ (all other elements zero).

TCE(E

Ty Y

The momentum of these fields is in the z direction, and it is
being transported in the z direction, so yes, it does make sense
that 77, should be the only nonzero element in 7;;. According
to Sect. 8.2.3, —T .da is the rate at which momentum crosses
an area da. Here we have no momentum crossing areas ori-
ented in the x or y direction; the momentum per unit time cAt
per unit area flowing across a surface oriented in the z direc-
tion is =T, = u = gc (Eq. 9.59), so Ap = gcAAt, and hence
Ap/At = gcA = momentum per unit time crossing area A.

Evidently ’ momentum flux density = energy density. ‘ v

Problem 9.14

EO 2 1-— ﬁ 2 H1U1 (X)) Eo 2
R = R) Eq. 9.86) = |R = () Eq. 9.82), where = ——. T =—= <T> Eq. 9.87
( Fo, (Eq. 9.86) 175 (Eq. 9.82) g 102 cor \Bo, (Eq. 9.87)




U1 H2V2

1+ €11 M2 €1f41 V1 2

2 2
2
= |T=8 () (Eq. 9.82). [Note that 222 — K12/2 %2 _ /1 (zl) Y2 _ MO g
2

1 _
T+R=m[4ﬁ+(1—ﬁ)}_

Problem 9.15

Equation 9.78 is replaced by FEo,% + Eo,fip = EoTnT, and Eq. 9.80 becomes Eo,§ — Eo, (2 x iig) =
BEo, (2 x fr). The y component of the first equation is Ey, sinfr = Ey, sinfp; the 2 component of the
second is Ey, sinfp = —ﬂEOT sin @7. Comparing these two, we conclude that sinfr = sinfr = 0, and hence
93 = 9T =0. qed
Problem 9.16

Ae'®® 4 Be™ = Ce'® for all x, so (using = 0), A+ B =C.

Differentiate: iaAe’®® + ibBe® = icCe'®, so (using x = 0), aA +bB = cC.

Differentiate again: —a?A4e'® — b2Be®® = —2Ce'®, so (using = = 0), a®?A + b>°B = 2C.

a’A+b*B = ¢(cC) = c(aA + bB); (A+ B)( 2A4+V’B) = (A+ B)c(aA + bB) = cC(aA + bB);
a’A? + B AB + a®?AB + b*B? = (aA 4+ bB)? = a®>A? + 2abAB + v*B?, or (a® + b* — 2ab)AB = 0, or
(a —b)>AB = 0. But A and B are nonzero, so a = b. Therefore (A + B) far — Celer,
a(A+ B) =cC, or aC = cC, so (since C # 0) a = c¢. Conclusion: a =b=c. qed
Problem 9.17
EI — Eolei(kpr—wt)y T

)

ﬁ(4ﬁ+1_2ﬁ+62)=ﬁ(1+zﬁ+gz):1. v

~ 1 -~ . B
B; = 7E0161(k1-r7wt)(_ cos 0y X + sin b z); ky ; T k,
U1
Er = Ey e illerr— wt)}ﬂ 8, 0, B, 5
BR — iE el(kR r—wt) (COS 91 X -+ sin 01 Z) 91 i
U1
ET = EOT i(kT‘r_wt)}A’» kI
~ 1 -~ ]
Br = —EOTeZ(kT'”_Wt)(— cos by X + sin O, 2); @
V2 Bl
(i) e Bt = eo B2, (i) E! = Bl
Boundary conditions:
(i) Bf = B4, (iv) LB = LBl
Law of refraction: b%n; ——y [Note: ky-r —wt =kp-r—wt =ky-r—wt, at z=0, so we can drop all
S U V1

exponential factors in applying the boundary conditions.]

Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii): | Eo, + Eo, = Eo,.

1 - 1 - 1 - ~ . vysinfs\ -~
Boundary condition (ii): — Eq, sinfy + — Eo, sinf; = — Ey, sinfy = Eo, + Eo,, = < i 2) Eo,.
U1 U1 Vg Vg sin 01
But the term in parentheses is 1, by the law of refraction, so this is the same as (iii).

111~ 1 - 1 -
Boundary condition (iv): — [Eo, (—cosby) + —Ejy, cos 91} = ——Fpy,(—cosby) =
M1 [V1 U1 H2U2

- - u1vy cosfs\ = cos 05 101
By, — By, = (A2 ) B Let |a . g= Y
01 O (/@112 cos 0, ) 0 cos 01 I

Then EOI - EOR = OzﬁEOT.

_ _ _ _ _ 9 _
Solving for Ey, and Ey.: 2Fy, = (1 + af)Eo, = Eo, = (1 m 015) E



- - - 2 14+ ap 1—af)\ =
EOR:EOT_EOI:<1+QIB 1+ 6)EOI:>EOR—<1+aﬁ>EQI

Since « and f3 are positive, it follows that 2/(1+ «f3) is positive, and hence the transmitted wave is in phase

2
with the incident wave, and the (real) amplitudes are related by | Fy,. = (H—ﬂ) Ey, .| The reflected wave is
o

1—ap
14+ ap

in phase if @8 < 1 and 180° out of phase if a3 > 1; the (real) amplitudes are related by | Ep,, = ’

These are the Fresnel equations for polarization perpendicular to the plane of incidence.
\/1 —sin? /32 32 _sin’0
cos N cosf

To construct the graphs, note that a8 = 3 , where 6 is the angle of incidence,

2.25 — sin? 0

so, for g = 1.5, aff = 7
cos

points.]

. [In the figure, the minus signs on the vertical axis should be decimal

1 I 1 1 1 1 I 1

0" 10 20 30 40 50 60 70 80 90 6,

Is there a Brewster’s angle? Well, Ey, = 0 would mean that a5 = 1, and hence that

\/1— (va/v1)2sin?60 1 2 2
I @’ or1l— (w) sin? 0 = (M) cos? 0, so

cosf 6 11 (%1 H1v1

2
1= (1)2) [sin® 0 + (po/p1)? cos® 0]. Since py & o, this means 1 & (vo/v1)?, which is only true for optically
U1

indistinguishable media, in which case there is of course no reflection—but that would be true at any angle,
not just at a special “Brewster’s angle”. [If us were substantially different from g, and the relative velocities
were just right, it would be possible to get a Brewster’s angle for this case, at

v1 2_ 2 M2 2 2, (Ui/v2)?> =1  (usea/prer) —1  (ea/er) — (p1/p2)
() = 1o “(ul) oS0 = oS0 = T 1 (/) 1 () — (/)

But the media would be very peculiar.]
By the same token, dp is either always 0, or always 7, for a given interface—it does not switch over as you
change 6, the way it does for polarization in the plane of incidence. In particular, if 3 = 3/2, then o8 > 1, for

2.25 0
af = —;m > 1if 2.25 —sin? 6 > cos? 0, or 2.25 > sin?0 + cos? 0 = 1. v
cos

In general, for 8 > 1, a8 > 1, and hence égp = 7. For <1, af <1, and §g = 0.

2 _
At normal incidence, o = 1, so Fresnel’s equations reduce to Ey, = (1 —|—/B> Ey,; Ey, = ‘Hg Ey,,

consistent with Eq. 9.82.



Eon\> [1-ap\?
Reflection and Transmission coefficients: | R = ( OR) = ( aﬁ) .| Referring to Eq. 9.116,

EOI 1 +Oéﬂ
2 2
€2V2 EOT 2 )
T=—"—"«a =|« .
€1V1 <E()I> 6(14—0&5

(1—aB)?+4aB  1-2af+a?B*+4a3  (1+apB)?

R+T= = = =1V
(1+aB)? (1+aB)? (1+aB)?
Problem 9.18
Equation 9.106 = ¢ = 2.42; Eq. 9.110 = w,__ -
/1= (sin6/2.42)? 08k
o = . T
cos 064 [EO/EI] 7
()0 =0=a=1 Bq9.109= (Zom)_2=0 .
= = 1. q. J. EOI = Py ﬂ 0.4
1—2.42 1.42 0.2
= e 2 [ .415;
14 2.42 3.42 0 e el OS] SO O e 0
Eo., 2 2 0" 20" 30" 40" 50" 60/70° 80
- =~ —[0585. 02}
()=t = =05 o C T2
(b) Equation 9.112 = 6 = tan~"(2.42) = =& [Eo/Eg)]
(¢) Bop = Bop > a—f=2=a=[+2=4.42 06k

(4.42)? cos® 0 = 1 — sin® 0/(2.42)%

(4.42)%(1 — sin® 0) = (4.42)% — (4.42)?sin 0

= 1-0.171sin?6; 19.5 — 1 = (19.5 — 0.17) sin” 6;
18.5 = 19.3sin” 0; sin®# = 18.5/19.3 = 0.959;

sinf = 0.979;
Problem 9.19

(a) Equation 9.120 = 7 = €¢/0. Now € = epe, (Eq. 4.34), €, = n? (Eq. 9.70), and for glass the index
of refraction is typically around 1.5, so € ~ (1.5)% x 8.85 x 107!2 = 2 x 107 C?/Nm?, while 0 = 1/p ~
1072 (Q2m)~! (Table 7.1). Then 7 = (2x 10711)/10712 = (But the resistivity of glass varies enormously
from one type to another, so this answer could be off by a factor of 100 in either direction.)

(b) For silver, p = 1.59 x 1078 (Table 7.1), and € = €q, so we = 27 x 100 x 8.85 x 1072 = 0.56.
Since 0 = 1/p = 6.25 x 107 >> we, the skin depth (Eq. 9.128) is

1 3 3
d=— = = =64x107"m=6.4x 10" mm.
K \/wau \/27r % 1010 x 6.25 x 107 x 47 x 10—7 o © 0 mm

I’d plate silver to a depth of about | 0.001 mm; | there’s no point in making it any thicker, since the fields don’t
penetrate much beyond this anyway.

(c) For copper, Table 7.1 gives 0 = 1/(1.68 x 107%) = 6 x 107, wep = (27 x 10%) x (8.85 x 10712) = 6 x 107>,

Since o > we, Eq. 9.126 = k ~ ,/%‘“, so (Eq. 9.129)

2 2
A=2 =2 =4x10"*m=1{0.4mm.
"\ wono 7T\/27r X106 x 6 x 107 x 4w x 107 - ™



From Eq. 9. 1298 the propagation speed is v = % = —)\ =\ = (4x107%) x 105 = [400m/s. | In vacuum,
3 x 10
A= S =% - W v=c=|3x 10%m/s.| (But really, in a good conductor the skin depth is so small,

compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning.)

Problem 9.20
(a) Use the binomial expansion for the square root in Eq. 9.126:

1/2
~ ) 1(0)2 ew 1 o o |u
oL S (D) -1 =w/E T2 R
Kw2{+2€w w2\/§ew26
1 2
So (Eq. 9.128) d = — =~ =, /5. qed
Kk o\ p

€ =¢¢0 =80.1¢p (Table 4.2),
For pure water, ¢ p = f1o(1 + Xm) = po(1 — 9.0 x 107%) 2 4y (Table 6.1),
o =1/(2.5x 10°) (Table 7.1).

1)(3.85 x 1012
So d = (2)(2.5 x 10° \/(80 25:351;_70 ) 1119 % 10%m.

(b) In this case (0/ew)? dominates, so (Eq. 9.126) k = k, and hence (Egs. 9.128 and 9.129)
2 2 A
)\:%%j—%rd ord——. qed

15) 7
Meanwhile k = 6” w,ua \/ (1072)(4m x 10 1)(107) = 8 X 107 d=— = — =
€w K 8 x 107

1.3x1078 = So the fields do not penetrate far into a metal—whlch is what accounts for their opacity.

(c) Since k = k, as we found in (b), Eq. 9.134 says ¢ = tan=1(1) = 45°. qed

B B 107)(4 10-7
Meanwhile, Eq. 9.137 says 20 o e,ui = /22 | For a typical metal, then, 2 = \/( (4 ) =
EO cw w E() 1015

(In vacuum, the ratio is 1/c = 1/(3 x 10%) = 3 x 107?s/m, so the magnetic field is comparatively
about 100 times larger in a metal.)
Problem 9.21

1 1 1 1
(a) u = 3 (5E2 + MBQ> = 5672"{2 [eEg cos?(kz — wt + 6p) + ;Bg cos?(kz — wt + 6 + gi))] . Averaging

over a full cycle, using (cos?) = % and Eq. 9.137:

2 1 —zkz
eE2 + Eoemll—&—( w) ] =7 2wz 2

s H(;)Q].
2 k2 k*

1 —2Kz —ZKZzZ 1
so (u) = 1€ RUTY O g euwz = 2uw2EOe 2r% 180 the ratio of the

1—K]Z 1—K/Z
<U>:§€2 |:E0+BO:|:4 2

2 2K
But Eq. 9.126 = 1 + 1+(i) _

27
€w €l W

magnetic contribution to the electric contribution is

mag) _ B 1 ’ ’
o = e = e (2) =1 (D) 21
elec 0€ pe €w ew




1 1 1
(b)S = —(ExB) = —EyBye 2" cos(kz—wt+06g) cos(kz—wt+dp+¢) 2; (S) = Q—EOBoesz cos ¢ z. [The
u [

u
T 1
average of the product of the cosines is (1/27) f02 cosf cos(6+¢)dd = (1/2) cos¢.] Sol = ﬂEoBoe_Q"’z cos ¢ =
1 2 —2kz K : k 2 72,‘{2
—FEge — cos ¢ |, while, from Eqgs. 9.133 and 9.134, K cos¢ =k, so|I = —Ege qed
21 w 2w
Problem 9.22 ) )
E, 1-7 1-8)\ (1-p* . -
According to Eq. 9.147, R = | =22 | = @ = @ é: , where 3 = 1t ko
Eo, 1+p 1+5) \1+p3* How

= Hn (k2 + ik2) (Egs. 9.125 and 9.146). Since silver is a good conductor (o > ew), Eq. 9.126 reduces to

Ko & ko 62#2 owuz 5_ H1v1 [OWHo (1414) = o o (1+9).
\/ \/ 620) Low \/ 2 20w
T (6 x 107) (47 x 10-7)
Let v = — x 108 =29. Th
G =N e T Y 2u0w \/ 2 = (3> 10 )\/ (2)(4 x 1015) 9. Then

1—vy—1 1-— 1-—
= ( 7 W) ( s W) = ( i Evidently 93% of the light is reflected.

I+ +uy I+ —uy 1+

Problem 9.23
(a) We are told that v = a/A, where a is a constant. But A\ = 27 /k and v = w/k: S0

d 1 1
w = aky/27/k = av27k. From Eq. 9.150, v, = d—: = av27rm = 5@ k \f U or

i(pr — Et) . D E p? hk? w FE P hk
b)) —— =ilkr —wt) => k==, w=— = = ——. Theref = =—=——=—
(b) h ik — wt) YT R T 2mh 2m cretore v =g p  2m  2m’
d 2hk hk 1
Vg = duk) o % So|v= 3V Since p = mw. (where v, is the classical speed of the particle), it

follows that ’vg (not v) corresponds to the classical veloctity. ‘

Problem 9.24

q2

dmegma’’

1 qd 1 ¢?
4WEOZ—3 = F = —qF = — (47T60 23> T = —kspring® = —mw%x (Eq. 9.151). So |wg =

L Lot is is [uliraviolet
T o T o \/47r(8.85 X 10-12)(9.11 x 10-31)(0.5 x 10~ 10y 6> 107 Hz. | This is [ultraviole

From Eqgs. 9.173 and 9.174,

2 Avogadro’s # __ 6.02x10%% __ 25
—_— / {N # of molecules per unit volume = =252 = 222ies = 2.69 x 1077,

2meg w2 | f = # of electrons per molecule = 2 (for Hy).

(2.69 x 1025)(1.6 x 10719)2 - _
= =4.2 x 10~° | (which 1/3 th 1 value);
(011 % 10-31)(8.85 x 10-12) (4.5 10162 (which is about 1/3 the actual value);

2re\ 2 x 3 x 108 ° 152 Lo
B=[2") = TEx106 ) — 1.8 x 10~ m* | (which is about 1/4 the actual value).

wo

So even this extremely crude model is in the right ball park.




Problem 9.25

Ng¢? (wh —w?)

2meq [(wf — )7 + 777
dn  N¢® [—2w (W —w?)

do = ome { o OD2 [2(w§ — w?)(—2w) +7%2w] ¢ =0 = 2wD = (W} — w?) [2(w] — w?) — 7] 2w;
(6~ ) 4722 = 2?2 =W ), or (G ~w)? = P i —w?) = 7R > (6~ ) = oy
w? = W Fwpy, w=wo/1Fy/wo = wo(1Fv/2w) =wo F /2. S0 wy =wy~+7/2, w1 =wo—7/2, and the
width of the anomalous region is ’ Aw=ws —wy =1.

Equation 9.170 = n =1+ Let the denominator = D.  Then

N 2,2 N 2
From Eq. 9.171, a = Kl 5 272 55 50 at the maximum (w = wo), Amax = ¢
meoc (w§ — w?)? + 72w mepcy
Nqg2w? 5 w?
2 _ 2 _ _
At wy and wa, w® = wj F wey, SO o = P ’Y2w3 27 = Qmax m . But
2 2 1(1 1 1 1
! wbFen 10Fy/e) L0 (1p Y al(12 )L
w4 wi  2wi Fwoy  2(1Fy/2wy) 2 wo 2wo 2 2wo 2
So o =2 %amax at wp and wo. qed
Problem 9.26
Equation 9.170 for a single resonance:
ck N¢? (w2 — w?) awd (wg — w?) N¢?
w + <2meo) (w3 — w?)? + y2w? ch=w|tt (w2 — w?)? + y2w? where d 2meqw?
From Eq. 9.150, the group velocity is vy = dw/dk, so
c dk
N
Vg dw
| s (wp —w?) + wae? [(w§ — w?)? +72w?](—2w) — (W§ — w?)[2(w§ — w?)(—2w) +7*(2w)]
= waw,
(wg — w?)2 + 42w? 0 [(WE — w?)2 + 72w?]2

o (Wi — wH)[(w3 — w?)? + 72w?] — 2w%[(WB — w?)? + Y2w?] + dw? (Wi — W?)? — 272w (WE — w?)
' (W -2 o w?P

(8~ w?)?

)2 — 72w } '
(W3 -2 +2u?2f

vg = c{l + awd (Wi + w?)

(a) For v =0 and a = 0.003:

(<+)>} oy [Hooog(j)z}”

Q
I
| —|
—
+
Sho



(b) For v = (0.1)wp and a = 0.003:

y = {1 +0.003(1 + z)

L
05

(1—-2)2-0.01z
[(1—2)2+0.01z]2

e/ N

L
05

L
20

Problem 9.27

1 OE

W =~

£ OB _ 2 e s i(kz—wt
(a) From Egs. 9.176 and 9.177, V x E = ——~ = iwBy eilkbz=wt) 7 « B = i —C—ZEoel( amwt)
In the terminology of Eq. 9.178:
(V xE), = 8E aEy (aE‘)z — ikE, ) ilkz=wt) Qo (i) OF. — ikE, = iwB,.
Y
. OF, OFo0. \ ithe—w o oE, .
(VXE), = P = | ikE,, — 5 > (kz=wt) Qo (iii) ikE, — = iwBy.
ad 6Ey 8 aEO 8E0 (k _ t) 8E 8E£
— _ — v o » i(kz—w _ B..
(V < E). Oz By ( Oz Oy c So (i) Or Oy e
) 0B, 9B, 0By, . = . OB, . iw
o= = = —ikBy, | e'*=7h. : — ikBy = —— E,.
(V x B) oy % ( By i 01}) e So (v) 9 ikB, 2
- 0B, 0B, = OBo.\ ithewt OB, iw
(V X B)y = 02 — o = (ZkBOI - 81‘) e ( ) So (Vl) ZkB - W = 67 Y-
- 9B, OB 8By, 0By, \ B, 0B,  iw
B). — y T _ y z z(kz—wt). . Y T _ _ =
(VxB): =5 ~ 2y ( o oy )° So (V) 5 ~ oy T @
. . e . 2 aE 8Bz .
This confirms Eq. 9.179. Now multiply (iii) by &, (v) by w, and subtract: ik“E Y oy +iwkB, =
iw? w ok, OB i oF 0B
ikwBy + — By K — = z i) B, = k——= = ).
Byt 2 ( c? > Oz way,or () (w/c)z—k:2< oz 8y>
ltipl .. . 6 z . 8Bz . jw? . w2 2
Multiply (ii) by k, (vi) oy E,+iwkB, o iwkBy——FE, =i|— — k" | B, =



—k

OF, OB, i ( OF, 0B, )
+ }

ay 9o oW By = oas oy oz

Multiply (ii) by w/c2, (vi) by k, and add: ;"2852 i3 By + kB, ~ kaa% - ii—sz - zi—ny =
i(k:2 - ‘;f) . = 86% — ;aaE or (iii) By = (w/c)z 0 <ka£Z - ;aaiz)'

Multiply (iii) by w/c?, (v) by k, and subtract: zac)—fEx - %aaiz - 3{5 B, = z B + MkE =

2 .

i kz—% By:c%aab; aaz,or(iv) By:(w/c);_ (ka£Z+;B£Z>

This completes the confirmation of Eq. 9.180.
(b) V-E= 88% +a£y +8£2 = agj;“ +a§;y +ikEy, | el = 0 = aaE”” +aa£y+ ikE, = 0.

. 2 2 . 2 2B
Using Eq. 9.180, (w/c)z — 3 (kaafj +wg£y> + (w/c); — ( aajzz —nga;> +ikE, =0,
or 882;2 + G;Eyz + [(w/e)®* = K*] E. = 0.
- B, 0B,

Li%ewise, v 2B = 82 a@y ' .
e (Mo ey T (’“aayf " iy kB =0
882:;2 n 36223; + [(w/e)? — K] B. = 0.

This confirms Eqgs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).]
Problem 9.28

Here E, =0 (TE) and w/c =k (n = m = 0), so Eq. 9.179(ii) = E, = —cB,, Eq. 9.179(ili) = E, = ¢B,,
Fq. 9179(v) = = = i (kB, - %Ez) — i (KB, - %By> = 0, Bq. 9.179(vi) = = =i (kB + %Ey) -
0B, 0B, . . . . o
o ay = 0, and since B, is a function only of x and y, this says B, is in fact

B

a constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says ]{E cdl = — 88 - da,

0B, 0B,
dy or

i (l-cBw _ %BI) — 0. So

0B
d Eq. 9.176 = —
and Eq = 5

]{E - dl = et /BZ da = iwB,e"**=“Y (ab) (since B, is constant, it comes outside the integral). But

if the boundary is just inside the metal, where E = 0, it follows that So this would be a TEM mode,
which we already know cannot exist for this guide.

Problem 9.29

= —iwB, s0 § E-dl = iw [ B-da. Applied to a cross-section of the waveguide this gives

1
Here a = 2.28cm and b = 1.01 cm, so u10=2—w10:2i=0.66><1010Hz; u20=22i=1.32><1010Hz;
a
V3o = 3— = 1.97 x 10 Hz; 1 — = 1.49 x 10'° Hz; 1 25 — 297 x 101 Hy; v ¢ i+l
30 = 95 = L. ,01—2b— 02 = 25 = =5 02

1.62 x 10'° Hz. Evidently just four modes occur: |10, 20, 01, and 11. ‘
To get only one mode you must drive the waveguide at a frequency between v1¢ and vyg:
0.66 x 1010 < v < 1.32 x 101°Hz.| A=, 50 Ao = 2a; Ago = a. [2.28cm < \ < 4.56cm. |
v




Problem 9.30 1
From Prob. 9.11, (S) = Q—Re(f} x B*). Here (Eq. 9.176) E = Ege!**~«t B* = Bie (F2=w!) and, for

Ho
the TE,,, mode (Egs. 9.180 and 9.186)

K (w/&ik— P2 <_Zm> Bosin (27 cos ()
B, = (w/c);k— 12 <Zm> By cos ( 7r:17) sin (nﬁ:y) ;
B? = Byjcos (m;mc) cos (nﬁ:y) ;

£~ i (557 e (2270 (72,
E, = (w/c_);w— = <_Zm—) By sin ( a:) cos (%) ;
E, =0.
So
5= () o (2 () (2 (25 o ()] )

wkm?B2

[In the last step I used

1
S)da=|—————ab
/< )-d 8o [(w/c)? — k2]?

sin®(max/a) de = [ cos®(mma/a)de = a/2; fob sin?(nmy/b) dy = fob cos?(nmy/b) dy = b/2.]

Similarly,

Jo

(u) = i <€0E'E* +:OBB*>
€ w?r? B2 n\2 MTLN . o (NT m\2 . o /mnzT nm
= | () eost (P (M) () s () o (%52
+ 41%{33 cos? (?) cos? (%
212 B2 n\ 2 mnrxr\ . nm m\2 . Mmx nmw
e () e (7 st (U50) + () e (7)o (F31)] -
ab | € w?n? B2 n m 2 k?m2B2 n\2 my 2
J e = f{iw%[(h)2+<a>1+ﬁ) QW%[(J +(%) ]}

These results can be simplified, using Eq. 9.190 to write [(w/c)? — k2] = (wmn/c)?, €opo = 1/c? to eliminate €
and Eq. 9.188 to write [(m/a)? + (n/b)?] = (wimn/mc)?:
/(u) da =

/(S) - da

w2ab 9
——B;.
8:U/Owr2nn

wkabc? 9
03

- 8M0w72nn



Evidently

energy per unit time  [(S) - da _ kc?

=S w? — w2 Eq. 9.192). qed
energy per unit length [ (u) da o VYT Wmn = v (Ba. ). ae

Problem 9.31

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E, # 0,B, = 0, subject to the boundary
conditions 9.175. Let F.(z,y) = X(x)Y (y); as before, we obtain X (z) = Asin(k,x) + Bcos(k,x). But the
boundary condition requires E, = 0 (and hence X = 0) when z = 0 and = a, so B = 0 and k, = mn/a.
But this time m = 1,2,3,..., but not zero, since m = 0 would kill X entirely. The same goes for Y (y). Thus

FE, = Fysin (w) sin (L?bTy) with n,m =1,2,3,....
a

The rest is the same as for TE waves: |wpy, = cmy/(m/a)? + (n/b)? | is the cutoff frequency, the wave

velocity is v = ¢/1/1 — (Wmn/w)?, and the group velocity is vy = ¢y/1 — (Wmn/w)?. The lowest TM mode is

11, with cutoff frequency wy; = emy/(1/a)? + (1/b)2. So the ratio of the lowest TM frequency to the lowest

1/a)? 1/b)2
TE frequency is ery/(1/a)® + (1/5) 1+ (a/b)2.
(c7/a)
Problem 9.32 ( )
10 10 o0FE, - 18ESA Eoksinkz—wt ~ 7
B=-(sE)=0v;V-B=_2-(By) =0v; VxE = - Z
0B Ew sm(k;z —wt) =~ ) 0By . 10 _ Eok sin(kz — wt) ?
= —w/e;VxB=-"51-%p sinfkz —wt) o 2
B . . ¢ v (since k =w/c); V x P §+ =B (sBy) Z p .
LB _ Bowsin(kz —wt) o b indary conditions: Bl = B, =0 v:BY = B, =0 v
2 ot 2 s

(b) To determine A, use Gauss’s law for a cylinder of radius s and length dz:

kz — 1 1
%E -da = E()M(Q?TS) dz = —Qenc = —Adz = ’ A = 2wegEg cos(kz — wt). ‘
€0 €0

To determine I, use Ampére’s law for a circle of radius s (note that the displacement current through this

E kz — wt 27 E
By costhz =) o) poTne = | 1 = 27E0
c S HocC

The charge and current on the outer conductor are precisely the of these, since E = B = 0 inside
the metal, and hence the total enclosed charge and current must be zero.

Problem 9.33
f(z,0) = / A(k)e™™ dk = f(z,0)* / A(k)*e™** dk. Let | = —k; then f(z,0)" =

loop is zero, since E is in the § direction): %B-dl = cos(kz — wt).

/—00 A(=1)*e* (—dl) = /OO A(=)*e* dl = /OO A(—k)*e™™ dk (renaming the dummy variable [ — k).
f(z,0) =Re [f(z,O)} = % {f(z,O) + f(zﬂ)*} = /OO % {fl(k) + fl(—k)*} ¢'** dk. Therefore

S [Aw) + Acwy] = - / F(2,00e7* d.
A(R) (—iw)ei =90 gk = f(z,0) = / h [—iwA(k))e™* dk.

—0o0

Meanwhile, f(z t) :/

—00



(Note that w = |k|v, here, so it does not come outside the integral.)

— 00

f(z,())* = /Oo [iwfl(k)*}e’ikzdk:/oo [i\k|v/~1(k)*]e*“”dk:/ [i|l|vA(—=1)*]e’*(—dI)

— 00 — 00 oo

= /_0" [i|]<;|vf1(_k)*]eikz di — /_00 [iwA(_k)*]eikz dk.

— 00

M\H

F(2.0) = Re [f(2,0)] =

= [Adk) - Ay 2W/ f(e, 00 dz, or o [Alk) — A(—k'] :21”/0; [if'(z,O)} e dz.

- 1 [ - ,
Adding these two results, we get | A(k) = %/ {f(z,O) + %f(z, O)] e~ *dz.| qed

Problem 9.34

E
(a) Since (E x B) points in the direction of propagation, B =| —> [cos(kz — wt) + cos(kz + wt)] §
c

1 E 2F
(b) From Eq. 7.63, K x (—2) = —B = —>[2cos(wt)] §, K =| == cos(wt) &
Ho Hoc Hoc
. . 2E§ N ~ 2 2 ~ .
(c) The force per unit area is f = K X Baye = —[cos(wt) X] X [cos(wt) ] = ’ 2e0 B cos™(wt) Z. ‘ The time
HoC

— 2
fue =

This is twice the pressure in Eq. 9.64, but that was for a perfect absorber, whereas this is a perfect reflector.

Problem 9.35
1 0E4

(a) (i) Gauss’s law: V -E = e g = 0. v

average of cos?(wt) is 1/2, so

(ii) Faraday’s law:

0B 1 0 . 10
o VXE— 969(81n0E¢)r ;8—(

1 0 sin® 0 1 . 190 . 1. A
= smd 20 [EOT (cosu— krsmuﬂ r— o |:E0§1n9 (cosu— krsmuﬂ 0.

0 0
But — cosu = —ksinwu; 8—sinu = kcosu.
r

T‘E¢) 0

~

1 Ey 1 1 1 1
Z994infcosh  cosu — — sinu r— —Epsinf | —ksinu + —= sinu — —cosu | 6.
kr r kr? T

rsind r

1 1
Integrating with respect to ¢, and noting that /cosudt = ——sinwu and /sinudt = — cosu, we obtain
w w

2F 0 1 FEosinf 1 1 o
B= 2200050 u+ —cosu | T+ 05 —kcosu+ — COSU—‘r*blnu 0.
wr? kr wr kr? r




(iii) Divergence of B:

V-B

r

7]
2
(r=Br) + rsin g 00 gg ($0B0)

2F cos 6 N 1 N 1 0 [Eysin®6 L N 1 N 1.
[ sin — — — — Zsin
w Y kr cost rsinf 00 wr cost kr? cost r St

2F cos 0 (

w

1
2 or
1
2 Or
1

1 1
kcosu — —= cosu — —sinu
T

"2 kr2

1 2FEysinfcosf
rsin 6 wr

1 1 .
—kcosu+ —= cosu + —sinu
kr2 r

wr? kr? r kr?

2F 50 1 1 1 1
— ZZ0C8Y (kcosu— ——cosu — —sinu — kcosu + — cosu + smu) =0.V
r

(iv) Ampére/Mazwell:

VxB

10E
c? Ot

1 8 8Br i

= (rBy) —

r LC)T(T 0) 00 ] ¢

1[0 [Egsing —kcosu+ —= 1 cosu+lslnu _ 0 [2Eocosb “+£COSU ¢

r | Or w kr? r 00 wr? kr

ELosinf kQSinu—lcosu—isinu ismu—&—ﬁcosu-i- & 7 sinu + -— = cosu | ¢
wr kr3 r2 2 r kr?

k Eysin 1 . 1Eysing 1 .

& Zosh (k sinu + — cos u) ¢ = osin <k sinu + — cos u> o}

w T r r "

1 Eysin® ;_ 1 wEpsing ! "

— Zosm ((.usinu—l-icosu>¢:*g oo ksinu+ —cosu | @

2 r kr koo "

1 Eysinf 1

: 0;111 (k mu—i—TCOSU)‘z’:VXB"/

(b) Poynting Vector:

1 Eysinf 1 2F 0 1 N
S=—ExB)= 050 (cosu—sinu) {OCSS< nu—l—cosu)@
Lo LoT kr wr kr
Eysind 1 1
4 2o ( k cosu + -— cosu + smu) (—f‘)}
wr kr? r
E3sin6 [ 2cosf 1 5
= HOOZTQ { C:S [Sinu cosu + H(COSQ u — sin® u) — 2,2 sin u cos u} 0
— sin@ | —kcos®u + 1 cos? u + 1sinucosu + 1Sinucosu _ ] sinu cosu — ! sin®u | #
kr2 r r k23 kr?

E2sin® (2cosf 1 1 R
Mooijfz {COS {(1 - W) sinu cos u + H(co@u—sin2 u)} 0

r

2 1 1
+ sinf [( -+ 2, 3> sinucosu+k:cos2u—|—W(sinzu—COSQU)] f‘}




2

= (cos?u) = 1, we get the intensity:

Averaging over a full cycle, using (sinwucosu) =0, (sin®w)

2 .
E§ sinf (k sin 9) .| E3sin? 9
2,uoc7“2

It points in the £ direction, and falls off as 1/r2, as we would expect for a spherical wave.

Jor: g At E
/ -da /Sm 002 ngapdg — L0 / sin®0df =| — =0
~ 2uge r? 2p0c Jo 3 poc

Problem 9.36
&

@ /}@ d/®

I3

i
2 <0- ]?I(Z,t) = E]ei(‘klz_m) X, ]?’1(27t) = %Elfi(kllz_“’t) y
Eg(z,1) = Ege’Chemel g Bp(z,t) = — - Ege’havi g,
]:]r t :Er i(koz—wt) & Br )= L E i(kez—wt) &
O<z<d: = (27 ) ~ 67;(7]c szt)xj O (27 ) 1)2 y i(—koz— u.?;)
Ei(z,t) = Eetl "2 %, Bi(zt) = —; L Feil=ke y.

z>d: { ET(z,t) = Ereilkaz—wt) g BT(z,t) = %ETei(kSZ""t) y.

Boundary conditions: El = E!, B! = BH at each boundary (assuming pq = po = ps = po):

E/+Er =E, + E;

z2=0:
—El — —ER = —E - —El = E; — Eg = B(E, — E;), where 3 = vy /vs.
U1 U1 () Vo
E,cik2d 4 Fe—ikad — i eikad,
z=d: 1. 1. 1. o o o
—Epeth2d — —Rlemthed — — prethsd o B etked _ Bemikzd — g Frethsd where o = vg V3.

I
V2 V2 U3
We have here four equations; the problem is to eliminate Eg, E,, and Ej, to obtain a single equation for

Er in terms of .
Add the first two to eliminate Fp :
Add the last two to eliminate E) :
Subtract the last two to eliminate ET :

2B = (14 B)E, + (1 - B)E;;
2F, etk2d — 1+ a)ETe”%d
2E, e~ th2d = (1- a)ET tkad



Plug the last two of these into the first:

- - 1 . -

2E; = (1+ 5) e M1+ ) Bre™ + (1= B)5e™ (1 — a) Bre™

AE; = [(1+ a)(1+ B)e” ™% + (1 — a)(1 — B)e™**?] Epe’*s?

— [ ( —ikad + eide) + (a 4 5) (e—ide _ evﬁkgd)] ETeikgd
2

[(1+ aﬁ) cos(kad) — i(a + ) sin(kod)] Epet*s?.

E?2 Fnl2 Fnl2 |2
Now the transmission coefficient is T' = 5% €° - (,u063> |Er| = ﬂ| ~T‘ = aﬁ' ~T| , SO
vietB7 v \poer ) |Ef|2 w3 |Eg? |Er|?
_ 1 |E2 11 , . It
T-! = B ||EI|2 =2z [(1 4 af) cos(kad) — i(a 4 3) sin(kad)] eF2?
T
1
= 1ad [(1+ aB)? cos®(kod) + (a + B)?sin®(kad)] . But cos®(kad) = 1 — sin® (kad).
1
= 1oB [(1+aB)?+ (@® +2a8+ B2 — 1 — 203 — &%) sin’ (kod)]
1 .
— m [(1 +ap)? - (1-a?)(1-p5% 81n2(k2d)] .
Butnlzi, ngzi, n3:£, soa:E, :@.
U1 Vg U3 n2 n
1 2 2\(2 _ 2
= |t (nq +n3)? + (ny ni)lgn?’ n2) sin?(kod)
2

Problem 9.37
T=1=sinkd =0= kd = 0,7,27.... The minimum (nonzero) thickness is d = w/k. But k = w/v =

2nv /v = 2mvn/c, and n = \/eu/eopo (Eq. 9.69), where (presumably) p = p19. So n = \/€/eg = /€., and hence

e c 3 x 10%
- - = =9.49 x 103 m, or | 9.5 mm.
2rvy/er 2vy/er 2(10 x 109)4/2.5
Problem 9.38
From Eq. 9.199,

L (16/9) — O/0]1 ~ (O/4)] _ 20 o
3 (=17/36)(—5/4) 49 85
=1 { BT R n2(3wd/20)} == + (18)(36) sin?(3wd/2c).

49 4+ (85/36) sin?(3wd/2¢)’

4 4
Since sin2(3wd/2c) ranges from 0 to 1, Ty = W;/%) = 10.935; | Trnax = g = 10.980. | Not much

variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you

switch 1 and 3, the transmission is the same either direction, and the ’ fish sees you just as well as you see it.




Problem 9.39
a) Equation 9.91 = Ep(r,t) = Eq, /&™) koo r = kp(sinfr X + cosOrz) - (2% +yy + 22) =
T

kr(zsinfr + zcos 0r) = xkpsinOp + izkpy\/sin® p — 1 = ka + ikz, where

. Wna\ N1 . wniy .
k = krsinfr = (—) —sinf; = —=sin 6y,
c / ng c

Kk = kpy/sin?0p —1 = w—m\/(nl/ng)zsinZ 0 —1= g\/n%sinzﬁl —n2. So
c c

Er(r,t) = Bye e/ qed

.2 9
B _
(b) R= EOR - +§ . Here (3 is real (Eq. 9.106) and « is purely imaginary (Eq. 9.108); write a = ia,
0r @
. ia — (3 —ia— a? + 32
th I: R= = =|1.
with a rea (mﬁ)(_m%) e
1—ap 1—aB)® |1-idaB|® (1 —iaB)(1+iaB)
F Prob. 9.17, Ey, = |—— | B R= = = =|1.
(c) From Pro » H0r ‘1—!—045 0rs 50 ‘1—|—a6 ‘1+m5 (1+ iaB)(1 — iaf)

(d) From the solution to Prob. 9.17, the transmitted wave is

- ~ . ~ 1 -~ .
E(r,t) = Egetkrm=w g B(r t) = — Ey, /& T (_ cos fp % + sinfp 2).
V2

k
Using the results in (a): kp -r = kx + ikz, sinfr = C—, cos O = i
wno wno
n I —kz i(kr—wt) & S L = —kz i(kr—wt) . CR ck
E(r,t) = Eo.e e v, B(r,t) = —Ep.e e ——%x+—12.
V2 wno wny

We may as well choose the phase constant so that E‘OT is real. Then

E(r,t) = Epe™"* cos(kx — wt) §;

B(r,t) = U—ZEOe*”ZWanRe {[cos(kx — wt) + isin(kz — wt)] [-ik X + k Z|}

1
= —Epe” "* [ksin(kz — wt) X + kcos(kx — wt)2]. qed
w

(T used ve = ¢/ng to simplfy B.)



(e) () V-E= 62 [Eoe_’” cos(kx — wt)} =0. v
Y
(11) V- -B = % %efnz/gsin(kx — wt):| + % |:‘ioemzkcos(k$ . wt)
E
= 70 [e‘“zmk‘ cos(kx — wt) — ke” "k cos(kx — wt)] =0.v
X y z E E.
(i) V x E = |9/0z 9)ay 0/0= | = 2Ly 5 OPu;
0z Ox
0 E, 0
= kEpe "% cos(kx — wt) X — Ege™ "k sin(kz — wt) Z.
B E
—837 = —0pn= [—kw cos(kx — wt) X + kw sin(kz — wt) 2]
w

= kEpe "? cos(kr — wt) X — kEge” " sin(kx —wt)2=V x E. vV

X y Z
(iv) VxB = [9/0x 0/0y 0/0z| = <8aBm - aaBZ> y
B, 0 B, z t

E E E
= |- 22k2e " sin(ke — wt) + —e k2 sin(kx — wt)} ¥ =k — k) =e " sin(kx — wt) 3.
w w w

2 2
Eq. 9.202 = k? — k% = (%) [n? sin? 6y — (nysinf;)? + (n2)2] = (%) = wleypis.

= eapowBpe™ " sin(kx — wit) §.

OE
M2€2E = poesFge” wsin(kx —wt)§ =V x B V.

1 1 B2 X y 2
S= —(ExB)= — "¢ 2 0 cos(kx — wt) 0

2 p2 @ ksin(kz — wt) 0 k cos(kx — wt)

Eg —2kKz 2 s : ~
=|—e [k cos®(kx — wt) % — ksin(kz — wt) cos(kz — wt) 2] .
How
: : 2 : Egk —2Kkz g
Averaging over a complete cycle, using (cos*) = 1/2 and (sin cos) = 0, (S) = T %. On average,

then, no energy is transmitted in the z direction, only in the x direction (parallel to the interface). qed

Problem 9.40
Look for solutions of the form E = Eqg(z,y, 2)e ™!, B = By(x,y, 2)e” ™", subject to the boundary condi-
tions Ell = 0, B =0 at all surfaces. Maxwell’s equations, in the form of Eq. 9.177, give
V-E=0=V -E;=0; VXxE=-28 = V xE, =iwBy;
{V-B:0:>V-B0:0; VxB=10E :>V><B0:—i°;E0.}
From now on I'll leave off the subscript (0). The problem is to solve the (time independent) equations
V- -E=0; V xE =iwB;
{V'B—O; VxB=-& }

c2




From V x E = iwB it follows that I can get B once I know E, so I'll concentrate on the latter for the moment.

. 2
V x (VxE)=V(V-E)- V?E = —V2E = V x (iwB) = iw (—ZﬁjE) — 2 E. So
C C

2 2 2
V?E, = — (%) E,; V’E, = — (%) E,; V’E, = — (ﬂ) E,. Solve each of these by separation of variables:

d’X d?Y d*Z w2 1d*°X 1d*Y 1d°Z
Eu(z,y,2) = X(2)Y (y)Z YZE T 17X XYizf(f) XY Z, or — ks 1 _
(@,9,2) = X(@)Y (9)2(2) = Y275 a2 c X @ Y ar "7
2X d*Y >z
— (w/C)Q, Each term must be a constant, so ol = k32X, e _k;QY’ — = = —k?Z, with

k2 + k2 + k2 = (w/c)®. The solution is
E.(z,y, z) = [Asin(kyx) + B cos(k,x)][C sin(kyy) + D cos(kyy)|[E sin(k.z) + F cos(k,z)].

But Ell = 0 at the boundaries = F, =0aty=0and 2=0,s0 D=F =0, and E, =0at y =band z = d, so
ky = nm/b and k, = Ir/d, where n and [ are integers. A similar argument applies to E, and E,. Conclusion:

E.(z,y,2) = [Asin(kyz) + B cos(kyx)] sin(k,y) sin(k.z),
E,(z,y,z) = sin(k,z)[Csin(k,y) + D cos(kyy)] sin(k,z),
E.(x,y,z) = sin(kyx) sin(kyy)[E sin(k.z) + F cos(k.z)],

where k, = mm/a. (Actually, there is no reason at this stage to assume that k;, k,, and k, are the same for
all three components, and I should really affix a second subscript (x for E,, y for E,, and z for E.), but in a
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I'll assume
they are from the start.)

Now V-E = 0 = ky[A cos(kyx)—B sin(k,x)] sin(kyy) sin(k, z)+k, sin(k;2)[C cos(kyy)—D sin(k,y)] sin(k, z)+
k. sin(kyx) sin(kyy)[E cos(k,z) — F'sin(k,z)] = 0. In particular, putting in « = 0, k, Asin(ky,y) sin(k.z) = 0,
and hence A = 0. Likewisey = 0= C =0and z = 0= E = 0. (Moreover, if the k’s were not equal for different
components, then by Fourier analysis this equation could not be satisfied (for all z, y, and z) unless the other
three constants were also zero, and we’d be left with no field at all.) It follows that —(Bk, + Dk, + Fk,) =
(in order that V - E = 0), and we are left with

E = Bcos(k,x) sin(k, ) sin(k,z) X + D sin(k,x) cos(kyy) sin(k,z) § + F sin(k,x) sin(k,y) cos(k.z) Z,
with k, = (mn/a), ky, = (nw/b), k. = (Ir/d) (I, m, n all integers), and Bk, + Dk, + Fk, = 0.

The corresponding magnetic field is given by B = —(i/w)V x E:

B, = L (58E 68Ey) = [Fky sin(kgz) cos(kyy) cos(k.z) — Dk, sin(kyx) cos(kyy) cos(k.z)],
w Yy z w

B, = _L <86E %Ez) S [BE, cos(kgx) sin(kyy) cos(k.z) — Fkg cos(kzx) sin(kyy) cos(k.2)],
w z x w

i (0E, OE,\ i , :
B, = - < o a9y ) =- [Dky cos(kyz) cos(kyy) sin(k,z) — Bk, cos(kzx) cos(kyy) sin(k,2)] .

Or:

B = —i(Fky — Dk ) sin(kyx) cos(kyy) cos(k.z) X — (Bk: — Fky) cos(kgyx) sin(kyy) cos(k.2) §

E\@

- i(Dkw — Bk,) cos(ky) cos(kyy) sin(k. z) 2.




These automatically satisty the boundary condition B+ =0 (B, =0 at 2 =0 and = = q, By =0aty=0and
y=b,and B, =0at z=0and z = d).
As a check, let’'s see if V-B =0:

V.-B

fl(Fky — Dk,)k, cos(kyx) cos(kyy) cos(k,z) — Z(Bkz — Fky)k, cos(kyx) cos(kyy) cos(k.z)
w w

1
;(ka — Bky)k. cos(kzx) cos(kyy) cos(k. z)
= —é(kaky — Dhkyk. + Bl.ky — Fkyk, + Dkyk. — Bkyk.) cos(ky) cos(kyy) cos(k.z) = 0. v

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE
modes, we pick E, = 0, so F' = 0 (and hence Bk, + Dk, = 0, leaving only the overall amplitude undetermined,
for given I, m, and n); for TM modes we want B, = 0 (so Dk, — Bk, = 0, again leaving only one amplitude
undetermined, since Bk, + Dk, + Fk, = 0). In either case (TE;y,, or TM;,,,), the frequency is given by

w? = (k2 + kI + k2) = & [(mm/a)® + (nw/b)* + (Ir/d)?], or |w = emy/(m)a)? + (n/b)2 + (1/d)2.




Chapter 10

Potentials and Fields

Problem 10.1

oL o’V 9 0*V 0 1
02V + & = V2V — ppen e + (V- A v+ Z(V-A)=—p.
+ It V=V — uoeo pre + 8t(V ) + 1o€o e VIV + 8t(V ) Eop v
A
DQA - VL = V2A - ,uoﬁ()aa? -V <V A +M0€088‘t/) = —[IJQJ. v

Problem 10.2

1 1
(a) W= 5/ (60E2 + BQ) dr. At ty =d/c, x > d = cty, so E=0, B =0, and hence | W(t;) = 0.
Ho

At T =(d+h)/c, cto =d+ h:
ok

E=-""G+h-2)z, B=

2

1
so B? = —2E2, and
c

1 pok
c 2

(d+h—-2)y,

1 11
<60E2 + B2) =€ (E2 + 2E2> = 2¢0E°.
Mo Ho€o C
Therefore
1 2.2 (dm 21.2] d+h 3
W (t2) = 5(260) 20 / (d+ h — 2)? de (lw) = 207 _d+h—x)
d
1 1 1 k2
(b) (&) = —(ExB)= — E?[-2x (+§)] = +—E*& =| £70(ct — |])?%
Ko HoC HocC 4c

(plus sign for x > 0, as here). For |z| > c¢t, S =0.

So the energy per unit time entering the box in this time interval is

aw

pok2lw

4c

(ct —d).

Note that no energy flows out the top, since S(d + h) = 0.

d+h
:|d

copd k2 lwh?

12




to (d+h)/c
(d+h)/c 2 3
Hok?lw / 9 pok?lw [ (ct —d)3 pok?lwh
() W / t = 10 (et — )P dt = 10 o, i
t1 d/c

Since 1/¢? = pgeo, this agrees with the answer to (a).

Problem 10.3

(a)

0A 1 ¢
E=-VV—-—=|——=7.| B=VXA=
ot 47Teor2r

1
This is a funny set of potentials for a ’ stationary point charge‘ q at the origin. (V = 27 A = 0 would, of

" dmeor
course, be the customary choice.) Evidently ’ p=qd(r); J=0. ‘
(b)
2 1 ¢ 1 ¢ 1 gt 1 1.
Vi=V-—=0-(-——-])= LIA=A+ VA= —— T - t)(—=1) =
ot ( 4meq r) dmeg T’ +V Ameq 2 r+ 47reoq 2t

This gauge function transforms the “funny” potentials into the “ordinary” potentials of a stationary point
charge.

Problem 10.4

E=-VV- 88—? = —Apcos(kr —wt) §(—w) = ’ Apw cos(kx — wt) §,

B = VXA=3 aﬂ [Ag sin(kz — wt)] = | Ak cos(kz — wt) 2,
X

Hence V.:E=0Vv, V-B=0 /.

B
VXE =12 % [Aow cos(kx — wt)] = —Agwk sin(kz — wt) Z, —%—t = —Aowk sin(kx — wt) Z,
so VXE = —8—B V.
ot
.0 2 . . OE 2 . N
VxB=-y . [Aok cos(kx — wt)] = Apk” sin(kx — wt) ¥, i Agw? sin(kz — wt) y.

OE
So VXB = ,uoeoa provided or, since ¢ = 1/po€o,

Problem 10.5

Ex. 10.1: V-A = 0; 86—‘: =0. ’Both Coulomb and Lorentz. ‘
t I t ov
Prob. 10.3: V-A = -2 v. () = —~L53r); <2 —o.
4meq r2 €0 ot
Prob. 10.4: V-A = 0; a—v = 0. Both.

ot




Problem 10.6 av 5V
Suppose V-A # —pugeg——. (Let V-A + Hoco

ot
ov’
that A’ and V' (Eq. 10.7) do obey V-A' = —pge T

oV’ ov D)
It =V-A+V? A+ po€o—=— o — Ho€0 =5 2

This will be zero provided we pick for A the solution to 02\ = —®, which by hypothesis (and in fact) we know
how to solve.

We could always find a gauge in which V' = 0, simply by picking A = f; Vdt'. We cannot in general pick
A = 0—this would make B = 0. [Finding such a gauge function would amount to expressing A as —V\, and
we know that vector functions cannot in general be written as gradients—only if they happen to have curl
zero, which A (ordinarily) does not.]

Problem 10.7
(a) Using Eq. 1.99,

= ®—some known function.) We want to pick A such

V'Al + Ho€0—F— = + |:|2)\

r

Je -ty (B L e = —gB(r) = —
v.-J v (7'2) 47T47r5 (r) Gé°(r)

(b) From Eq. 10.10,

dp

5.\/

Vi = o [P0 g [T

4eq 2 dmeg T

By symmetry, B = 0 (what direction could it point?), so V.x A =0, V-A = 0, and A — 0 at infinity.

Evidently
OA 1 q(t) . . ) .
(c) E=-VV — e =~ F. Checking Maxwell’s equations:

4dmeg 12
q P 5 qd°(r) _ p
E = (L 4 @™ x) _ P
v 47T60V <r2> 47T60 mo(r) = €0 €0 v
vV-B=0 Vv
VxE = :—a—B. v

OE 1 ¢ | 1
V xB = 0; pod + poco—- = po | — 4 + po€o 4 " $)=0 v
ot 47 12 dmeq

[Note that the displacement current exactly cancels the conduction current. Physically, this configuration is a
point charge at the origin that is changing with time as current flows in symmetrically (from infinity).]

Problem 10.8
Noting the A is independent of ¢ and B is independent of r, use Eq. 10.19:

dA 0A 1
=G VA= 9|5 x|

1 9, 0 0
=5 |vas + vya + Vigo } (yB. — 2By) X + (2B, — xB.) § + (B, — yB,) 2]

[U:v(_Bz y+ By 2) + Uy(Bz X-B, 2) + Uz(_By X+ B, 5’)]

|
w\»—twm—l

1
[(vyB, —v,By) X+ (v,By — v:B,)§ + (v By — v, By) 2] = —E(v xB). Vv



Equation 10.20 says

%(p+qA) = (fl—rt’ - g(v xB)=qV(v-A) = —%V[v-(rx B)],
" dp ¢ q
i 2(VXB)7§V[I‘~(B x v)].

Now, for a vector c¢ that is independent of position,

V(r-c)= ié—i—Ag—i—ig (xex +ycy +2¢,) =ca X+, §+c.2)=c

= o yay Iz T YCy z) — Cx y Y 2z = C.
In this case ¢ = (B x v) = —(v x B), so
dp _ ¢

= 2(vxB)+1(vxB)=q(vxB). v

Problem 10.9

dVv dv

d d 2 oV oV
T =G (gm2) = o = G o G+ (o] = v PG wv].
But Eq. 10.17 says
A A
v-F=qv- {—VV—%t—i—vx(VxA)] :_q|:V.VV+V.88t:|7

SO

i(T+qv)=—q[(v-V)v+v-%?] +q{‘g+<v-vw} =q(%f—v~%:‘> — Oy -v-a).

Problem 10.10
From the product rule:

J 1 1 J 1 1
V-( ) =—(V-IH)+J- (V), v’. () =—(V.J)+7J- (V').
2 2 Z 2 Z Z
1 , 1 ,
But V— =-V'— since 2 =r—r'. So
Z Z

v (;Z ) = (V)T (V’;) = (VD) 4 (VD) - (/‘Z) .

g M Oy DL _0d0n 01,00 0200
- Ox Oy dz  Ot. 0xr 0Ot. Oy  0Ot, 0z’

But

and

o, 1oz 9, 192 o, 192

or ~ c¢dx’ By coy 9z ¢ 9z’



SO

1[0, 02  OJ,02  0J.02 |  10J
VI =—C\an, o "o, oy Tan, 0z ) eor, (V)
Similarly,
8,0 10J
,. = —— !
v ot cot, (V2 ).

[The first term arises when we differentiate with respect to the explicit ', and use the continuity equation.]
thus

JN_ L[ 19T o L0 103 o | e (2N Lo (L
V(’L>_¢[Catr (V/L)]Jr/z[at c Ot (Va)} V(/L)_ 2z ot Y\

(the other two terms cancel, since V2 = —V'%2 ). Therefore:
Ho 8 1 1% Ho J
V-A=-— dr— | V- | — = — [ —dr| —— ¢ — -da.
47 { Bt/ / ( > } ”Oeoat |:4’7T€0 / 2 T} 47r7{/z 8;
The last term is over the suface at “infinity”, where J = 0, so it’s zero. Therefore V-A = —ILL()GQE. v
Problem 10.11
(a) As in Ex. 10.2, for t < s/c, A =0; for t > s/c,
£/ (ct)2—s2 £/ (ct)2—s2 (ct)2—s2
Lo . k(t —vs2+22/c) ok .. dz 1
A(s,t):(—z>2 dz="—12<t —_—— - dz
47 w/82—|—22 2 \/324—,22 C
0
t 4+ +/(ct)? — 52 1
= (uok 2) [t In (c—l—(c)s) — —/(ct)? — s? Accordingly,
2T ] c
A k t+ 4/ (ct)? — s?
E(s,t) = 787:,&2 In c+/(ct)? — 52 +
ot 2m S
; s <1> N 1 2c%t 1 2c%t
- NlerZ— 222 )20
ct++/(ct)2 —s2 ) \'s 2\/(ct)? —s2 2¢\/(ct)? — 52
B —Mi In ct+ \/(ct)? — s? n ct 3 ct
2m S \/(ct)2 — g2 \/(Ct)Q —$2

(or zero, for t < s/c).

B(s,t) = —

ct)? — 52

¢
pok {t( s ) {82\/@)27—:;2_@_ (ct) 1 (=2s) é
ct +

82 2c (ct)Q — 52

—ct? R 242 4 2)
@ s }¢M(Ct+s)¢ tok DT .

21 sey/(ct)? — s? 2msc




* qod(t — 2
(b) A(s,t) = Z—O Z/ M dz. But 2 = +/s% 4 22, so the integrand is even in z:
4 — 00

A(s,t) = (“Oqoz)z/ooowdz

47 2
1 22 dz 2 d2
Nowz=vV22—-s2=dz= = ,and z=0= 2 =s, z=00= 2 = 00. So:
27z 2= Va2 2—s?
pogo . [ 1 2 2 dr
A = — e _ — —_—
(s,t) o z/S S 5<t ) Nox
(2 —ct
Now §(t — 2 J¢) = cd(2 — ct) (Ex. 1.15); therefore A = %ic i \/(¢27_csld¢ , SO
1
A(s,t) = Hodoc Z (or zero, if ct < s);
2 \/(ct)? — s2
~ O0A  pogoc [ 1 2c%t L [oqoc’t ,
E(s,t) = o T 2w \U2) (s zZ= Srl(ct)? — 5237 (or zero, for t < s/c);
_ _OA. o pogoc (1 —25 7 _ —Hogocs 2
B(S,t) = — at d)—_ o _5 Wd)— Wg{) (OI' zero, fort<8/c).

Problem 10.12
A:HO/I(tr)dl:Hok/(t—’b/c)dlzuok{t dl—l/dl}.
47 2 47 2 47 72 c

kt |1 1 b da :
But for the complete loop, [dl =0, so A = m{/dl+b/dl+2>‘c/ “L} Here [, dl = 2a% (inner
aJi 2 a L

4
circle), [,dl = —2b% (outer circle), so
1 kt A k
A= ‘%’:t le@“) +5(-2) + 2111(b/a)} x=|A= “Oﬂ In(b/a)%,| E= f;—t = J;Lﬂ In(b/a) %

The changing magnetic field induces the electric field. Since we only know A at one point (the center), we
can’t compute V x A to get B.

Problem 10.13

In this case p(r,t) = p(r,0) and J(r,t) = 0, so Eq. 10.36 =
s A ”
E(r,{) — [ p(xr',0) +p v, 0)t +p(r’0)} £ dr', butt, =t — — (Eq. 10.18), so
47T6 c2 c

PU0) 0 40,0 /c>+p<r',o>],i P /p(r’,t) :

2 dr'. qed
dmeg [ 22 e dmeg 22 4




Problem 10.14
In this approximation we’re dropping the higher derivatives of J, so J(¢,.) = J(¢), and Eq. 10.38 =

1 . 2. . 2
B(r,t) = Z—; 52 [J(r’,t) + (t, —)J (', t) + ?J(r’,t) X 2 dr', but t, —t = - (Eq. 10.25), so
po [ J(r',t) x 2
il B dr’. qed

Problem 10.15
At time ¢ the charge is at r(t) = a[cos(wt) X + sin(wt) §], so v(t) = wa[— sin(wt) X + cos(wt) F]. Therefore
2 = 2% — a[cos(wt,) X + sin(wt,.) §], and hence 2 2 = 22 + a? (of course), and 2 = /22 + a2.

A 1 1 . , £ v
A2 v= /Z—(’L V) = . {~wa*[— sin(wt,) cos(wt,) + sin(wt,) cos(wt,)]} = 0, so (1 - ) =1

c
Therefore
1 q quwa . N R Vz2 +a?
Viz,t) = ———:|A(z,t) =| ——————[—sin(wt,.) X + cos(wt,.) ¥), | where | t, =t — —.
(2,1) I VAT (2,1) P = [—sin(wt,) (wtr)y) -

Problem 10.16
Term under square root in (Eq. 10.49) is:

I

M2 =2t (r - v) + (r-v)? + 2% — M — P P
2

= (r-v)2 4+ (? —v*)r? + A (vt)? — 2¢%(r - vt). putin vt =r — R?.
= (- v+ (P =)+ AP+ R —2r-R) - 220 —r-R) = (r-v)? — r%® + *R?.
but
(r-v)2—7r?0? = (R+vt) - v)? — (R +vt)*0?
= R-v)? +v*'? +2(R - v)v’t — R%? — 2(R - v)tv? — v*t%0?
= (R-v)? = R*v® = R*? cos® § — R*v? = —R*v* (1 — cos®0)
—R*v”sin” 6.
Therefore
2
~R**sin® + *R? = *R? <1 — % sin? 9) .
c
Hence

V(r,t) = ! d . qed

dmeo Ry\/1— ;’—; sin? 6

Problem 10.17

Once seen, from a given point x, the particle will forever remain in view—to disappear it would have to
travel faster than light.



[Light rays in + z direction]|

Graph of w(?)

A person at point
z first sees the
particle when this p
i.e. at z = -ct, or
t=-z/c

Region below wavy line represents space-time
points from which the particle is invisible

Problem 10.18

. —— . =
First calculate t,: t,. =t — |[r — w(t,)|/c = 0||
ety —t) =2 — P+ L = ety —t) + 7 = /02 + 2H2; w(t,) P
A2 — 2¢%t,t + t* 4 2xct, — 2xct + x? = b + A2 - e —
2ct,(x — ct) + (2% — 2wct + 2t?) = b?;
b? — (z — ct)?
2t (x —ct) = b* — (x — ct)?, or t, = M
2¢(x — ct)
1
Now V(z,t) = Tneo (% Cfi et and 2 c—2 -v=2 (c—v); 2 =c(t—1,).
1 1 02t c?t, B c2t, (e—v) = Aty +c(w —ct) — 2, clx—ct)
2yt Tty —t)+x ot (z—ct)’ B cty + (z — ct) oty + (v —ct)’
t—t)c(z —ct 2(t—t)(x —ct b? — (z — ct)? b? — ct)?
2c—n ~v:c( Jew —ct) _ )@ C); ctr+(x—ct):w+(xfct):w.
cty + (z — ct) cty + (z — ct) 2(x — ct) 2(x —ct)
t_t = 2ct(z —ct) — b% + (x — ct)? _ (x —ct)(z + ct) — b2 _ (22 — *t? — b?) Therefore
2¢(x — ct) 2¢(x — ct) 2¢(x — ct)
1 [P+ (x—ct)? 1 2¢(x — ct) B b2 + (x — ct)?
r2e—n v 2(x — ct) 2z —ct) 2ct(x —ct) — b2 + (x —ct)?]  c(x — ct) [2ct(x — ct) — b2 + (z — ct)?]

The term in square brackets simplifies to (2ct +z — ct)(x — ct) — b* = (z + ct)(x — ct) — b* = 22 — 1% — b?.

q b+ (x — ct)?
So |V(x,t) = .
0| V(z,t) dmeg (@ — ct)(x? — 22 — b?)
Meanwhile
A — Kv B 2t v %= b2 — (x — ct)? 2(x — ct) q b2 + (x — ct)? 2
2 et (r—ct) 2T | 2c(x—ct) | b2+ (x—ct)? dmeg (x — ct) (2?2 — 212 — b2)

q b2 — (x — ct)?
dmege (x — ct)(x? — 22 — b2)

A




Problem 10.19

From Eq. 10.44, c(t —t,) = 2 = *(t —t,)* = 2 > = 2 - 2 . Differentiate with respect to t:
2¢2(t — t,) ot =22 o 2 1—ai =2 alN 2 —wi(t,)
c r 5 ) = 5 L ¢ o ) = 5 ow 2 =r—w(t.), so
0 _ ow _ Oowon __on (0 ConN L on o
ot ot ot, ot o’ C o) ~ Vot ~ o V=
ot, ot, c2
ot ——(2 -u) (Eq. 10.71), and hence E 2 u qed
Now Eq. 10.47 says A(r,t) = —V(r,t), S0
0A 1 8lv+ ov 1 81815‘/ ov
ot 2\ ot ot ot, ot Vot
1 [ ot 1 qc 1 —qc 0
o2 {a Ot dmeg 2 -u v dmeg (2 - u)? 815(/Z cm2 V)}
1 gqc a Ot v o2 0% ov
== = ———v—2 - — |]|.
2dmeg |2 -u Ot (2 -u)? ot ot ot
0% Ot _ or 0Ot
But 2 =c(t—t,) = s —c<1— 815)’ 2 =r—w(t,)= e —VE (as above), and
ov _ovor _ on
ot ot ot ot
- ot T N LN
 dmege(2 -u)? {a(/z u) ot [ <1 ot > T ot 7oA ot
B q 2 B ot
= ez 02 { Av+ (2 cwa+ (-0 +2 ca)v] — B }
. q 2 _ c2
= Trenc(n uP ~u)2{ Av+ (2 cwa+ (P —v'+2 -a)v ],L -u}
_ q 2 _
= Treocln )P [—v(z ~u)+cz (2 -u)atcz (P —v°+2 -a)v|
qc 1 2

dweg (2 c— 2 -v)3

{(/Z c—2 V) <

2
v+a>
c

Cc

7
+ (=’ + 2 -a)v} qed

Problem 10.20
-9 % 2 _
 d7eg (2 -u)3 [(c
v =vX, a=aX, and, for points to the right, 2
Sou=(c—v)%, uxa=0,and 2 -u=2 (c—

q 2 2 2 ~
E = — — =
dmeg 2 3(0—1})3(0 v)e—v)%
1.
B=-2 xE=0. qed
c
For field points to the left, 2 = —% and u =

q 2z
47'('60 7 3(0 + ’0)3

2

E=- (¢ —w

vHu+ 2 x (ux a)]. Here

=X.

| w(t)

D

He+v) k=

(S T —

U) r

qg 1 (c+v)(c—v)? qg 1 [c+v)\ .
— - X = — X;

dreg 2 2 (c—wv)3 dmeg 2 2 \c—w

—(c+v)%X,80 2 -u= 72 (c+v), and

—q 1
4meq 22

a2

c—v
c+v

)&;B:O.




Problem 10.21
By Gauss’s law (in integral form) the answer has to be ¢/¢g.
1 q(1—22/c*) R
= — (Eq. 10.75
47T€0 (1*%Sin29)3/2 R2 ( q )750

.2 2 272 x .
%E-da— q(1 —v%/c?) / R bln@d@dd) _ q(1 —v*/c )277/ sgnﬁdf .
dmeg R2(1 — % sin®9)3/2 dmeg o (1—%sin?0)3/2
Let u = cos 0, so du = —sin0d#, sin®0 = 1 — u2.
q(1 —v%/c?) [t du q(1 —v%/c?) reN3 ! du
Beda = Lo T 3 &) —F—s
€0 —1[1*@4’@“} €0 v —1(%_1+u2)
+1
2 3 2
The integral is: 4 == — = (3) T2 So
(& -1) S —1+u2l1 GCEE ¢/ (1-v2/c?)
(1 —v2/c?) ren3 fv\3 2 q
i KA () 2 T
]{ a 2¢ v ¢/ (1—v2%/c?) €0
Problem 10.22
E = V2 du _ y
(a) 47T€0 / / R2 ’U/C 511’12 9] 3/2
The horizontal components cancel; the vertical com- R d
ponent of R is sin @ (see diagram). Here d = Rsin 6, so 0 T
1 sin? 0 T 5 d dg=N\dz
ﬁZT’ —E:COtQ, SO de:—d(—CSC e)dezmde,
1 d sin®6 do
—dex = ————df=—. Th
Y sin?0 d? d e
A y T sin 0
E = (1—v%/c?) (y) / s 372 df. Let z=cosh, so sin®f =1— 22
dmeo d/ Jo [1— (v/c)?sin® 6]
A1 =2y ! 1
- dmed 3/2 dz
raod (1= (00 + (v/e)2)
A1 —0?/A)y 1 z 1
B 4megd (v/e)3 (2 Jv2 — 1)/ (c/v)2 =1 + 22
A1 —v%/c?) ¢ 1 2 . 12X

(same as for a line charge at rest).

- 4meod ;(1—112/(:2) (c/v)2—1+1 Y= 47reojy

1
(b) B = — (v x E) for each segment dg = Adz. Since v is constant, it comes outside the integral, and the

same formula holds for the total field:

1 11 2) 1 2\ . o 2w
B:i E V) = - =7
2 (VX EB) = Gu g &XY) = pocov = r 2= = 2



But \ov=1,s0|B =

i cZ) (the same as we got in magnetostatics, Eq. 5.39 and Ex. 5.7).

Y
(t) = R[cos(wt) X + sin(wt) ¥];
) = Rw[—sin(wt) X + cos(wt) ¥1; ] Y
) = —Rw?[cos(wt) X + sin(wt) §] = —w?w(t); )

2 =—w(t,); \‘J T
2 =R;
tr=t—R/c;

2 = —[cos(wt,) X + sin(wt,) §];

sin(wt,) ¥] — wR[—sin(wt, ) X + cos(wt,) J]

u=cz —v(t,)=—clcos(wt,) X +
t )} + [esin(wt,) + wR cos(wt,)] ¥} ;
)

= —{[ccos(wt,) — wRsin(w
2 x(uxa)= (2 -aju—(2 -ua; 2
2 -u = R |[ccos®(wt,) — wRsin(wt

—w - (—w?w) = w?R?;
cos(wt ) 4 esin’®(wt, ) + wRsin(wt, ) cos(wt,)| = Re;
v? = (WR)?. So (Eq. 10.72):

q R 2 2 2 2 q cu— Ra

E = - - = T ~a
- (R E [u(c® = w?R?) + u(wR)® — a(Rc)] Irey (R0
_q

1 (R E {—[c? cos(wt,) — wResin(wt, )] % — [¢? sin(wt, ) + wRccos(wt,)] §
meo (Re

+ R*w? cos(wt,) X + R*w’ sin(wt,) § }

= 4:760@ {[(w*R* — ¢*) cos(wt,) + wResin(wt,)] X + [(w*R* — ) sin(wt,) — wRecos(wt,)] §} .

1. 1 . R
B=_-4 xE=" (2.5 —%,b)2
cC % cC ( Y Y ) z
1 1

= — 47(360 e {cos(wt,) [(w?R? — ¢®) sin(wt,) — wRc cos(wt,)]

—sin(wt,) [(w?R? — ¢?) cos(wt,) + wResin(wt,)] } 2
— q 1 9 L g 1 ) T
= e @ [~wRccos® (wt,) — wResin?(wt,)] 2 = Ines B2 wRcz = e T 5.

Notice that B is constant in time.

To obtain the field at the center of a circular ring of charge, let ¢ — A(27R); for this ring to carry current

2nl 1
I, we need I = Av = MwR, so A = I/wR, and hence ¢ — (I/wR)(27R) = 2nI/w. Thus B = UL or,

Z
dmeg Re?2 ™’

#of
2R

since 1/¢? = egpg, | B = the same as Eq. 5.41, in the case z = 0.




Problem 10.24
A, t) = Aol sin(0/2)|, where 6 = ¢ — wt. So the (retarded) scalar potential at the center is (Eq. 10.26)

1 Ao [ g lsin[(¢ — wt,) /2| i
V) = 4d1eg / 2 = 471'60/0 a ad¢
X [T Y o
- /0 sin(9/2)db = 2 [~2cos(62)] AN
= 2o (-2))=| 22
TEN TTED

(Note: at fixed ¢, dp = dfl, and it goes through one full cycle of ¢ or 6.)
Meanwhile I(¢,t) = Av = Agwa [sin[(¢ — wt)/2]| ¢. From Eq. 10.26 (again)

2m . -
aw = [ o=t f Mowasinl(¢ —wtr)/A| &4

I a
But t, =t — a/c is again constant, for the ¢ integration, and qg = —singX+cospy.

27
_ Hodowa / |sin[(¢ — wt,)/2]| (—sinp % + cos ) dp. Again, switch variables to § = ¢ — wt,.,
0

4m
and integrate from @ = 0 to § = 27 (so we don’t have to worry about the absolute value).

2
= Hotosa / sin(0/2) [~ sin(0 + wt;) X + cos(0 + wt,) §] d. Now
0

47

/ 7 gin (6/2) sin(8 + wt, ) df = % / T 108 (8/2 + wh) — cos (36/2 + wi,)] 6
0 0

2

= % [2 sin (0/2 + wt,) — ; sin (30/2 + wt,.)]

0

1 1
= sin(7 + wt,) — sin(wt,) — 3 sin(3m + wt,) + 3 sin(wt,)

2 4
= —2sin(wt,) + 3 sin(wt,.) = ~3 sin(wt;.).

27 27
/ sin (0/2) cos(0 + wt,) di — % / [ sin (0/2 + wh) + sin (30/2 + wt,)] d6
0 0

27

= % [2 cos (0/2 + wt,.) — ; cos (30/2 + wt,.)}

0

1 1
= cos(m + wt,.) — cos(wt,.) — 3 cos(3m + wt,) + 3 cos(wt,)

2 4
= —2cos(wt,) + 3 cos(wt,) = ~3 cos(wty). So

_ HpAowa

Aft) = B2 (i) [sin(wt,) % — cos(wt,) §] =

LoAowa

{sinfw(t —a/c)] % — cosjw(t —a/c)]§¥}.




Problem 10.25

SOURCES
p.J

<]
(Vv-3=-38)

[ ] =sevaluate at the retarded
time.t,

FIELDS
E.B

POTENTIALS
V.A

B

LoV (v-B=o.v><E=§T)

ot

V-A=

=-wi A.p_
E=-VV- =B =VxA

Problem 10.26

Q 3Q
p(r,t) = ¢ (4/3)mR3  Amwv3t3’ (r< vt),
0, (otherwise).
For a point at the center, t, =t —r/c, so
3Q 3Q vt
= , <ot — Sr<—),
p(r,t.) =< drv3(t —r/c)®  4dn(v/c)3(ct —1)3 <T vt —rfe)=r 1+ v/c)
0, (otherwise).

Let a = vt/(1 4+ v/c); then

_ 3Q @ 1 02— 3Q a r2 .
ey / @ ey / et —rp ¢

= - 36 n(ct —r 2ct _ (Ct)Q ¢

- (v/e)? {1 =+ (ct—r)  2(ct— T)Q} 0

_ 3Q nlct —a 2ct _ (Ct)2 e 1

= /o)’ {1 (ct —a)+ G —a) et ap In(ct) — 2+ 2]

- () () - ()]



vt ct ( v v) ct ct
= = ,SO
1+v/ec 14wv/c 1+v/c ct—a

@ = s [ m () =209 450+

= (v?)/CCQ)S B+1H(1+Z)_2_22+;+Z+;(Zﬂ = (Ug/ccg)s [IH(HD_z*;(Zﬂ'

Ife<1,thenIn(l+e€) =e— 3e*+ 18— 2et + .., s0 for v < ¢,

v
Now, ct —a = ct — =1+ —, and hence
c

Cc Cc

Q= [ -2 () 3 () -3 () 13 ()] = (%) ¢

Problem 10.27
Using Product Rule #5, Eq. 10.50 =
—1/2

V . A = Ziqcv . V I:(CQt —r- V)2 + (C2 _ 'UQ)('I"Q _ C2t2):|
7

= MZ;_ZCV . {—; [(02t —-r- V)2 + <C2 _ 1)2)(7“2 - CQtQ)] —3/2 v [(02t —r. V)2 + (02 _ UQ)(T2 _ 02t2)} }
= f% [(c% —r-v)2 4 (2 —vH(r? - 62t2)} -3/2, {72(0215 —r-V)V(r-v)+ (A2 - ,UQ)V(TQ)} .

Product Rule #4 =
V(r-v) =vx(Vxr)+ (v:-V)r, but Vxr=0,
(v-V)r = (vmaax—i—vy;/—i—%;z) (eXx+yy+22) =v,X+v,§+v.2=v, and
V(r?) = V(r-r) =2r x (V xr) +2(r- V)r = 2r. So

VoA = BE[@—r v+ (o) = )] v 2P vy (= o]
— % [(CQt R v)2 + (02 _ 1}2)(7“2 — 02t2)] —3/2 {(C2t _r. V)UQ _ (62 - 112)(1‘ ) V)} .

But the term in curly brackets is : ¢*tv? — v?(r - v) — (v - v) +v3(r - v) = Z(v*t —r - v).
poqc? (vt —r-v)
AT (2t -1 v)2+ (2 —02)(r2 — 22)]
Meanwhile, from Eq. 10.49,
ov 1

1 —3/2
—HoCo g = —Hoto—gc (—2> (Pt —r1-v)* + (> = 0*)(r* = *t?)]
8875 [(Pt—r-v)>+ (=) (r* = Pt7)]
= —% (Pt —r1-v)*+ (> —0*)(r® — Pt?)] —8/2 [2(cPt —r-v)e® + (¢ — v?)(—2c%)]
™
:_uoqc3 (?t —r v — 2t +v%) VA

AT (2t —r1-v)2+ (2 —v2)(r2 — 02t2)}3/2




Problem 10.28

1 5

4142 2
dmeq (b2 + c2t2)

(a) |[Fa =

(This is just Coulomb’s law, since ¢; is at rest.)

Qg [~ 1
b) Is = dt =
(b) Iz ,me+aw

4meg
(77)} _[a@ T
2 4dmeg be

(¢) From Prob. 10.20, E = — 1z
dmeg 22 \c+v

and v are to be evaluated at the retarded time t,, which is
given by c(t —t,) = z(t,) = /b2 + 22 = *t* — 2ctt, +

2,2 2 2,2 At? — b
CtT:b +Ct7‘:>t”‘_W NOt@.'

in Prob. 10.17, ¢o first “comes into view” (for ¢;) at time
t = 0. Before that it can exert no force on ¢, and there is
no retarded time. From the graph of ¢, versus ¢t we see that
t, ranges all the way from —oo to oo while ¢ > 0.

™

E

41492 ™

- 4megbe

%x. Here x

As we found

A2+ 02 b+ 2
2t

2ct
) <02t2 —?
=c

2622 —
2ct

b2 + 242 242 4 p2

62) B 2b2 B 2

2022

c

(t—

e

) (for

t>0).

) (for t > 0).

2t2 b2
crt (for t > 0).

22 +b2) +

( 2t2 _
(22 —b?)

cC—v

c+v

2t2

v(t) =

E=-

}/77Z%w

At

T

2¢%t

1
- , SO
2 /b% 1

c2t2
Therefore

4c%t2 b2

a2
TeReer =

4reg (b2

0,
_ Q1g2 4b°
dmeg (b2 + c212)?

Fy =

%, t> 0.

t <0

q1492 4
4meg

@) I =

1
A

e 1
b2/ m dt. The integral is
0

1 2

<
2b?

/owM‘“ ) {w/)tﬁ

I = _Nq2 T
! dmeg be

So

(e) F1 # —F4, so Newton’s third law is not obeyed. On the other hand, I;

:o+/omwl+t2>]df]—

1
2¢2h?

T
4ch3”

(5) =

= —1I, in this instance, which

suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general the fields might carry
off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present case.)

Problem 10.29
The electric field of ¢; at ¢go [Eq. 10.75, with § = 45° and R =
1—0?/c?

qn 1

(—vtX +vty)] is

" drey (1 — v2/2c2)3/2 2v/2(vt)?

(=X +9).



The magnetic field [Eq. 10.76, with vi; = —v %] is

1 v,

C C

v o 1—0v?/c? 1
- Z.
 dmeg (1 — v2/2¢2)3/2 24/2(ut)?

The force on ¢y is therefore [Lorentz force law with vo = —v §]

Fy=q(E1+vy xBy) = 12

2

1—2v2/c? 1

dmeg (1 —v2/2c?)3/2 24/2(vt)?

( )

s e, U
—X+y+ X
C

The electric field of g at g is reversed, E; = —Ej; so is the magnetic field B, = —B;. The electric force
is also reversed, but the magnetic force now points in the y direction instead of the x direction. So the force

on q is

F, q1492

1—v2%/c?

1

dmeg (1 —02/2e2)3/2 24/2(

%—y+
vt)? ( Y

The forces are equal in magnitude, but not opposite in direction. Newton’s third law is not obeyed.

Problem 10.30

t t—L/c
t—1t1) =vt1, t=1t1(1 = —. t—1to) =0t L, t—L/c=15(1 to = .
c(t —t1) = vtq, 1(1+v/c), |t [y c(t—t2) =vta + L, Je=t2(1+v/c), m
vt v(t—L/c) vt—vL/c+ L+vL/c vt+ L
= t = . = t L:* = = .
=i 1+wv/c Tr=viz 1+v/c 1+v/c 1+v/c
1 2\ A T A vt + L
V(0,t) = —dr = In{— ) = .
(©.%) d7eg /M x d7eg n<x1> 47eg n( vt >
A L AL 1
fL<ot, V= n(1+=) =~ Z |92 (2) .| The Liénard-Wiechert potential is
47eq vt 4eq vt 4men \ vt

B q
dneg(2 — 2 -v/e)

q
4meg

(In the limit L — 0, ¢, =t1 =t3.) So V =

Here (2 — 2 -v/c) =vt, +v*t,./c =v(1 +v/c)t, = v(1 +v/c)

— =t
1+wv/c Y

1
vt

(&)

Problem 10.31

L (v x E) (Eq. 10.76).

1
S=_(ExB);B=

Ho

1

Hoc

The power crossing the plane is P = f S - da,

SoS =

S[Ex (vxE)] =¢[E* - (v-E)E].




and da = 27 dr X (see diagram). So

P = eo/(E2v — E%v)2rrdr; E, = Ecosf, so E*> — E? = E?sin?4.

. q 1 R 1
= 27T60?)/E2 sin?@rdr. From Eq. 10.75, E = — where 7 = ————.
dmeo 7* Re [1 — (v/c)?sin® 9] 8/ m
2 %) .2
1 0 1 1 0
:27reov< ¢ ) —2/ rem zdr. Now r =atant = dr = a—;— db; .
dmeg ) v? Jo R4 [1— (v/c)? sin2 9] cos? 0 R a
2 1 w/2 : 39 0
= %q—ﬁ/ Sl 7 o8 7df. Let u= sin® 0, so du = 2sin 6 cos 0 db.
2y* dmeg a® o [1—(v/c)? sin? 0]
_ vg? /1 U du — vg? 14 _ vg?
-~ 16mea*yt Jo [1— (v/e)2u)® 16meayt \ 2 ) | 32mepa?’
Problem 10.32
1 qg e
Fio(t) = .
(a) | F12(?) 4o (v1)? z o' R
. v
(b) From Eq. 10.75, with § = 180°, R = vt, and R = —2: 3
2 r
1 qge(1—v%/c?) 0

For1(t) = — .

21(t) 4meg (vt)? z - — Y

1

Newton’s third law does not hold: Fi5 # Foay, z

because of the extra factor (1 — v?/c?).

(c) From Eq. 8.28, p = ¢y [(ExB) dr. Here E = E; +E,, whereas B = By, so ExB = (E; xB3)+(E2xBy).
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part:

1 1
p(t) = €y /(El x By)dr. Now E; = —q—; #, while, from Eq. 10.76, By = — (v x Eg), and (Eq. 10.75)
c

dmeg T
@ (1 —v2/c?) R B 2 9 2.9 ., rsind
9 = Iy (1= o2 sin? 9//62)3/2?. But R =r —vt; R =7r° 4+ vt — 2rvtcosf; sinf’ = I So
1— 2/,.2 — vt R
E; = 1 (1=v7/c’) =73 (r 3V ) Finally, noting that v x (r — vt) = v X r = vrsinf ¢, we get
4meo [1 — (vrsin/Rc)?] 2R
1—v?/c? vrsin 0 N 1—0v2/c?)w 1 rsinf (f x @
B2:q2( 2/ ) - 3/2 ¢ SOp(t):GO % q2( é ) - ( d)) 3/2°
dmegc [R? — (vrsinf/c)? dmeo 4megc T [R? — (vrsinf/c)?]
But  x (,23 = 6= —(cosfcospX + cosfsingpy —sinf z), and the  and y components integrate to zero, so:

q1g2v(1 —v?/c?) 2 / sin” 0 2 sin 0 dr df d¢
(4mc)eo r[r2 + (vt)? — 2rvtcos§ — (vrsin0/c)?)*
1 _ 2 2\ 5
_ mav(l =i )Z/ 375 dr db.
8mcieg [r?2 + (vt)? — 2rvtcos§ — (vrsinf/c)?]

p(t) =

rsin® 0




T’ll do the r integral first. According to the CRC Tables,

/OO x dp = — (b + 2a) 2 [b Qa}
o (a+br+cx?)32™" " (dac—b)WWa+ bz +ca?|, Cdac—b? [ Va
2

(2y/ac — b) :
=——— (b2 =—(2 b
o) 2V = e v~ ve VY
In this case x = r, a = (vt)?, b= —2vtcosf, and ¢ = 1 — (v/c)?sin? . So the r integral is
2 1

1 — (v/c)?sin® 6 {m\/w ~ 2utcos 9] ) vty /1 (v/c)?sin” 0 [\/1 — (v/c)?sin® 6 — cos 9}

[ 1 — (v/c)?sin? 6 + cos 9}

B 1 14 cosf
=——
1— (v/c)?sin® 0 [1 — (v/c)? sin® § — cos? 0] vtsin® (1 —v2/c?) 1—(v/c)?sin?0
So
2 /.2\ 5 ™
p(t) = q1q2v(1 21) Jc*) 1 _ / '12 1+ cosd <in® 0 do
8mc2eg vt(l —v2?/c?) Jy sin?6 1 (v/c)2sin? 0

192 2 /Wsin9d9+g/ cos 0sin 0
0 ’U

- 2
Bmcteot \/ (¢/v)2 — sin? 0

But fow sin @ df = 2. In the second integral let u = cos#, so du = —sin 6 df:

/ cos fsin 0 d0:/ U Ju
0 y/(c/v)? —sin*0 —1V/(¢/v)? =1+ u?

= 0 (the integrand is odd, and the interval is even).

Conclusion: |p(t) = %1:2 Z | (plus a term constant in time).
T
(d)
1 q1ge 1 qugo(1—0v?/c?) Q192 v\ Qg2 . Hodige
F Fy = Z— 7= 1-14+—=)z= zZ = Z.
12 + ¥ 4meq v23t2 47eq v2t2 4dmegu3t? t 2 4regc2t? 4mt2
_dp g2
= A F F d
It s 12+ Fo1. qe

Since ¢ is at rest, and ¢o is moving at constant velocity, there must be another force (Fiecn) acting on
them, to balance Fio + Fa1; what we have found is that Fecn = dpem/dt, which means that the impulse
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).]




Problem 10.33
Maxwell’s equations with magnetic charge read:

i) V-E=Lp., (i) VxE=—puoJy - %]?7
(ll) V-B= 0P (IV) V xB= /’LOJe +MOEOE;

where p. is the electric charge density, p,, is the magnetic charge density, J. is the electric current density,
and J,, is the magnetic current density.

If there are only electric charges and currents, then the usual potential formulation applies (Section 10.1.1),
with E = —-VV, —0A./0t, B=YV x A.. If there are only magnetic charges and currents,

0B
OE
(ii) VB = popm, (iv) Vx B = Hoco 5
This time equation (i) says that E can be expressed as the curl of a vector potential: E = —V x A,,, and

plugging this into (iv) yields V x (B + po€g0A,,,/0t) = 0, which tells us that the quantity in parentheses can
be represented as the gradient of a scalar: B = —VV,,, — upegdA,,,/0t. [The signs of V,,, and A, are arbitrary,
but I think this choice yields the most symmetrical formulation.] Putting these into (ii) and (iii) yields

0 OV, aV,
0%V, = —H0Pm — NOEOE <V A+ 8:) ) O%A,, = —podm +V (V A+ atm) .
The “Lorenz gauge” for the magnetic potentials, V - A,,, = —9V,,,/0t, kills the terms in parentheses.
In general, if there are both electric and magnetic charges and currents present, the total fields are the sums
(by the superposition principle):

0A, 0A,,
E=-VV, - 5 -V xA,, B =-VV,, — uoeo N +V x A,.
If we choose to work in the Lorenz gauge:
vV, oV,

'Ae:_ 767 'Am:_iv
v Hoco gV ot

Maxwell’s equations become (in terms of the potentials)

1
DQV@ = *:p(’; E]2‘/m = —H0Pm; D2Ae == *NJOJea E|2lkm, == 7#0Jm7
0

and the retarded solutions are

1 . 't
Ve(r,t) = /pE(r ’ 7) dT/, Vm(r,t) = @/70711(1' ’ 7) dT/,
4meg 2 47

Je /7t'l" Jm /7t7‘
A(r,t) = %/7(2 Var', An(r,t) = @/7(]F L




Problem 10.34
The retarded potentials are

Viet) = — /Lrl’t’“)d#

4meg 2 ’

/
A(r,t) = Ho / MdT'.

4w L
We want a source localized at the origin, so we expand in powers of r’, keeping terms up to first order:

2% = (r—r’)-(r—r’):7“2—21'-1"—1—(7“’)2,

N\

X

<
S

—_

|
=]
<3

[\v] "5\
"

1 1 r-r
— ~ - 1+ 5 ,
2 r T
2 r r-r r-r
-~ =to+ ,
c c re

where tg =t — r/c is the retarded time for a source at the origin. Thus (Taylor expanding about ¢g)

/

r. .,
r7t )
c P( 0)

2z r
p(r' t,)=p (r’,t — c) ~ p(r', to) +

/ /

p(r',t,) 1 r-r , r-r 1, r-r r-r .,
=—1 t t ~ — t, t t
7 r + r2 p(I‘ ) 0) + re p(r ) 0) Tp(r ) 0) + r3 p(I‘ ) 0) + r2c p(I‘ ) 0)7

and hence

1 1 r r .
V(r,t) = e |:r/p(r/,to)d7'/+ 3 /r’p(r',to)d7’+ T /I‘//)(I‘,,to)dT/:l .

The first integral is the total charge of the dipole, which is zero; the second integral is the dipole moment, and
the third is the time derivative of the dipole moment:

1 71

Vet = e 2

- [ptto) + Zp(t0)] -

By the same reasoning, the vector potential is

1 1 1 :
A(r,t) = Z—i [ /J(r',to)d7’+T—?’/(r-r')J(r’,to)dT’—i-E/(r-r’)J(r’,to)dT’ .

r

From Eq. 5.31 /J(r',t) dr’" = p(t), and J = pv' = p(dr’/dt) is already first order in 7/, so the second and

third integrals are second order, and we drop them.

47 r

Afr,t) =0 [WO)} .

In calculating the fields, remember that the dipole moments themselves depend on 7, through their argument
(to =t —r/c). For a function of ¢y alone,

V f(to) = %Vto =f (—iVT> = —%fﬁ



-

d ,
so you simply replace V by ff%. For a structure of the form [f(to) + ff(to)}
¢ ¢

Using the product rule for V(A - B):

=t (o) bl (9 )« (09) ol (b 5)9) )
) o [ z} 5 (- (e o 3])
_ {_f(f-2ﬁ>+[p+<r/c>]—3r§ r/c> D}

The others are easier:
1 1 1 'y I r ’ P
VxA:@—(pr)—px vo )| =Hol _EXI'j + pxi _ Ko £ x[(P+(r/c)p] 7
A7 |r r A7 |r c r2 47 r2
OA _ po (P
ot dr \r )~
The fields are therefore

Bt = vV - 2% | o {p “8E:5) | plpc+ (/)R] = 30(E o+ <r/c>p]>}

B(r,t) = Vx A = _W{W}

4 r2

(with all dipole moments evaluated at the retarded time to = ¢ — r/c).




Chapter 11

Radiation

Problem 11.1

From Eq. 11.17, A = —

v

A= —

uoﬁsw {1205 {r L sinfw(t — r/0) 0089} t s [— sinZQiSin[w(t_T/C)]}}

. R
FOPO 2 sinfu(t — 1/¢))(cos 07 — 5in08), so
7

r
1 0

2sin 6 cos 0

/Jopow{ ( sinfw(t — r/c)] —%COS[ (t_r/c)]) Cosg_m sin[w (t—r/c)]}

(:2 sinfu(t — /)] + = coslu(t - r/c)]) cos o} .

_ Dow
Ho€o Areq
Meanwhile, from Eq. 11.12,
ov P cos B w? w .
D" dmeor {— coslw(t —r/c)] — - sinfw(t — r/c))
1 v
= _iﬁ:) {7‘2 sinfw(t — r/c)] + % cos[w(t — 7/0)]} cosf. So V-A =—pupe aat qed
Problem 11.2
Eq. 11.14: |V (r,t) = — w Po't sinfw(t —r/c)]. | Eq. 11.17: | A(r,t) = _Ho¥ Po sinfw(t — r/c)].

dmege T a7 r

Now po X £ = ppsinf ¢ and # x (Po X ) = pp sin O(F x (;AS) = —posinf 8, so

Eq. 11.18:

Eq. 11.21:

E(r,t) =

47

MOW rx (pO X f) Cos[w(t - T/C)}

.|Eq. 11.19: |B(r,t) = - ————

(S

)=

How4 (po x f“)2 #

3272¢

r2

Problem 11.3

P =TI’R = @dw?sin?*(wt)R (Eq. 11.15) = (P) = %q%wQR. Equate this to Eq. 11.22:

2

2R - Podad®!
127c

pod?w? . 2mc
= ———;|or, since w = —,

A

6me

pod? 4w 2 d\? 2 . o (d 2 L (d 2
[ VR L Y (A x 1077)(3 x 10%) | +) =807* ( 789.6(d/\)



For the wires in an ordinary radio, with d = 5x 1072 m and (say) A = 103m, R = 790(5 x 107°)2 =2 x 1076 Q,
which is negligible compared to the Ohmic resistance.

Problem 11.4
By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 11.14)

in Cartesian coordinates: V(z,y, z,t) = _4p0w < . 22 n 2) sin[w(t—r/c)]. That’s for an oscillating dipole
meoc \ 22 +y2 + 2

along the z axis. For one along x or y, we just change z to x or y. In the present case,

P = polcos(wt) X + cos(wt — 7/2) §], so the one along y is delayed by a phase angle 7/2:

sinfw(t — r/c)] — sinfw(t —r/c) — /2] = — cosw(t — r/c)] (just let wt — wt — 7/2). Thus
_ _ b i sinjw(t —r/c -y cosjw(t —r/c
V= 47T€OC{.Z‘2+Z/2+Z2 [(t /)} $2+y2+22 [(t /)]}
= _4p0w sinf {cos ¢sinjw(t — r/c)] —sinpcosjw(t —r/c)|}.| Similarly,
TEgC T
A= _% {sinfw(t — r/¢)] % — cos|w(t — r/c)] ¥} .

We could get the fields by differentiating these potentials, but I prefer to work with Egs. 11.18 and 11.19,
using superposition. Since Z = cosf —sin# 6, and cosf = z/r, Eq. 11.18 can be written

z

2
= HoPow coslw(t —r/c)] (i - - f') In the case of the rotating dipole, therefore,

4rr

<

1 E?
[E*f — (E-#)E] = — # (notice that E- £ = 0). Now

S— (ExB)= —[Ex (¢ xE) =2
0C

Ho o€ B W

w?\”
E? = <%> {a® cos?[w(t — r/c)] + b* sin®*[w(t — r/c)] + 2(a- b) sin[w(t — r/c)] cos[w(t — r/c)]}

where a =% — (z/r)t and b=§ — (y/r)t. Noting that X-r =z and § - r = y, we have



2 2 2
a :1+—2f27:1f7 B = 1——;a-b:ﬂf—“’+ ¥__Z
T T rr rTr T T

E? = (‘“ﬁf)z {(1 - fz) cosw(t — r/c)] + (1 - j{z) sin[w(t — r/c)]
(

—r/0)] coslw(t — /)] }

1— %2 (x2 cos?[w(t — r/c)] + 2zysinfw(t — r/c)] cos[w(t — r/c)] + y? sin?[w(t — r/c)])}

{
_ (‘W>2 {1 _ riz (& coslw(t — r/c)] + ysinfw(t — r/c)])“'}

But z = rsinf cos ¢ and y = rsin @ sin ¢.

_ (MZp;;ﬂ) {1 — sin? 6 (cos ¢ cos[w(t — r/c)] + sin ¢ sinfw(t — r/c)])Q}
= <u1p£;02>2 {1 — (sinf cosjw(t —r/c) — ¢])2} -

4

Intensity profile
(1- 4 sin20)

4dmr
2N 2
. (Tﬁ) [1—;sin29]f‘
™
2\ 2
_ _ Ho (pow Lo 1
P—/(S) da = p (477) _/1"2 <1 2sm 0>r sin 0 df d¢

2, 4 ™ ™ 2, 4 2, 4
— Kb o {/ sinﬂdﬂ—%/ sinsé)de} — Hobow” <2—1.4> — | HoPow
0 0

g |H (pow2>2 {1 — (sin @ cos|w(t — r/c) — ¢])2} P

©
I
5

8me (e

1
This is twice the power radiated by either oscillating dipole alone (Eq. 11.22). In general, S = —(ExB) =
Ho

1 1
— [(El + E2) X (Bl + Bg)] = — [(El X Bl) + (E2 X Bg) + (E1 X B2) + (E2 X Bl)} = Sl + SQ+ cross terms.

In this particular case the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time
averaging, and the total power radiated is just the sum of the two individual powers.

Problem 11.5
Go back to Eq. 11.33:

A _ Homo (Sm9> {i cosfo(t —r/e)] — < sinfu(t - r/c)]} é

47 r



Since V = 0 here,

B = 55 = -1 (S0) {2 sinfutt — r/e)] - Zwcoslutt - r/0)]} &
= | P (S2E) { sinfott = o) + 2 cosfolt — /)] | 6
B=VxA= <0 (Asin0) i 2 (rdy) 0
_ oo {Tsilng%infcose E coslw(t — r/c)] — “C’sin[w(t—r/cﬂ} ?
-0 [ oot ) + st 0]~ £ (<) st - /0] 8

o 12558 [L it~/ £ et~/

— sin 8 [_7}2 cosfu(t — r/c)] + % sinfw(t — r/c)] + (%)2 cosfw(t — T/C)}] é}

r

2
These are precisely the fields we studied in Prob. 9.35, with A — HOMOY” -~ e Poynting vector (quoting
me

the solution to that problem) is

2 3 /o 2
_ pomgw® (sin@ 2cosf c . ) c 9 . 9 A
S = 167202 ( 2 >{ " l—m smucosu—!—;(cos u — sin u) 0

2 c?

sinf || —— + -
r o w2pd

. w 2 c .92 2 ~
SIn U cOs U + — COoS u+—2(sm U — COS u) ro,
c wr

uom%w‘l sin®6 _

where u = —w(t — r/c). The intensity is | (S) = sor28 2 b
w23 7

the same as Eq. 11.39.

Problem 11.6

1 pomiw*  pemlb* 2wt pombrw* . 2mc
I’R = IZRcos*(wt) = (P) = ilgR = 127:03 = 127rc§ ,50| R= g | o since w = —=,
bt 1674t |8 b\*| 8
_ %% =370 <A> = () (4 x 1077)(3 x 10°)(b/ )" = 13.08 x 10°(b/A)* 2.

Because b < A, and R goes like the fourth power of this small number, R is typically much smaller than the
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (b = 5cm and A = 103 m),
R=3x105(5 x 107%)* = 2 x 107!2 Q, which is a millionth of the comparable electrical radiative resistance.
Problem 11.7

With a = 90°, Eq. 7.68 = E' = ¢B, B' = ~E/c, ¢}, = —cq. = mo = ¢,,d = —cq.d = —cpy. So

E = c{—“O(mO/C)“’2 <S“;9> cosw(t — r/c)] (5} _ | Homow” (Sin9> cosw(t — r/c)] .

4dme 4me r

B -1 {—“O(_’”O/C)“’Q (Sife) cos[w(t—r/c)]é} _ | Homow? (SH;G) cosluw(t — r/c)] 6.

c 47 47c?




These are identical to the fields of an Ampére dipole (Egs. 11.36 and 11.37), which is consistent with our
general experience that the two models generate identical fields except right at the dipole (not relevant here,
since we’re in the radiation zone).

Problem 11.8
. AW o 2 1\? —t/RC
(a) The power radiated (Eq. 11.60) is = .In this case p = Qd, so p = Qd = Q, e d,
dt 6770 RC
aw, &(QOd)Qe—%/RC
dt 6me (RC)*

_ Mo (Qod)® /Oo e~ 2t/RC gy — HO (Qod)” { Rce—%/RC]
6me

" 6mc (RC)A (RC)* | 2

, and the total energy radiated is

= o (Qod)? RC_ po (Qod)?

o 6mc (RC)* 2 12mc (RC)3"

The fraction of the original energy that is radiated is therefore

W. _ 1o (Qud)* 2C _| Mo d?
Wo  12mc (RC)3 Q3 | 6mc R3C?’

f=

[Technically, Q(t) is discontinuous at ¢ = 0, and @ picks up a delta function. But any real circuit has some
(self-)inductance, which smoothes out the sudden change in Q.]
(b) With the parameters given,

T o
- =12.22 x 1075.
T = 5203 x 109 (100)(10-24)
About a millionth of the total energy is radiated away, so this is negligible.

Problem 11.9
p(t) = polcos(wt) X + sin(wt) §] = P(t) = —w?po[cos(wt) X + sin(wt) §] =

2 54 gin2

w® sin” 0

/‘10(?02 5— . | (This appears to disagree
w2c 1

with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of p(¢o);
as the dipole rotates, so do the axes. Thus the angle 0 here is not the same as in Prob. 11.4.) Meanwhile,

p— popgw
67c
and the orientation of the polar axis irrelevant.)
Problem 11.10
At t = 0 the dipole moment of the ring is

[B(1))° = w'pdleos?(wt) + sin?(wt)] = paw®. So Eq. 11.59 says | S =

Eq. 11.60 says .| (This does agree with Prob. 11.4, because we have now integrated over all angles,

2 21
Po = /)\rdl //\Osinqﬁ)(bsin(by—|—bc0s¢§()bd¢>:)\062 (y/ sin2¢d¢—|—§(/ sin¢cos¢>d¢))
0 0

= N (1§ +0%) =71b* N ¥

As it rotates (counterclockwise, say) p(t) = polcos(wt) ¥ — sin(wt) %], so p = —w?p, and hence (P)? = wip?.
4b4)\2
Therefore (Eq. 11.60) P = &w4(7rb2)\0)2 =| T 2 20,
67c 6¢




Problem 11.11
Here V = 0 (since the ring is neutral), and the current depends only on ¢ (not on position), so the retarded

I(t—~2

vector potential (Eq. 11.52) is A(r,t) = Z—O % dl'. But in this case it does not suffice to replace
T

%2 by r in the denominator—that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use

1 1 b
Eq. 11.30: . >~ (1 + —sinf cos (i)’). Meanwhile, dI = bd¢' ¢ = b(—sin ¢’ X + cos ¢’ §) d¢/, and
r T

Itt—2 Je)2I(t—r/c+ (b/c)sinfcosd’) = I(ty + (b/c)sinfcosd’) = I(to) + j(to)gsin9005¢'

(carrying all terms to first order in b). As always, to = ¢ —r/c. (From now on I'll suppress the argument: I,
I, etc. are all to be evaluated at ty.) Then

A(r,t) = Z;_ (1+bsm0(zos¢> (I—i—fisin&cosgb’) b(—sin¢' % + cos ¢’ §) d¢’

b .b b

o HO? {I—i—[ sinf cos ¢’ + I— sin@cosqﬁ’} (—sing' X + cos ¢’ §) de'.

4mr Jo c r

2 2 27 2m
But / sin ¢’ d¢’ = / cos ¢’ d¢' = / sin ¢’ cos ¢’ d¢’ = 0, while / cos? ¢’ do' = .
0 0 0 0

1ob b b pob? LAFAYN

= m( )[I sinf + I— sn@] 12 51110(I+EI) v

In general (i.e. for points not on the z z plane) § — (;3; moreover, in the radiation zone we are not interested

b? 9
in terms that go like 1/r2, so | A(r,t) = Ko [ (t—r/c )} sin

4c
O0A ob? Sln9
E(rt) = — 5= =| 2 |Ht—r/e)] =
0 10 N
B(r,t) = Vx A= ey (A¢sm0)r—75(rA¢)0
2 i 2
= Hob ! 1251n¢9005¢‘)r71I 1 sinf@| = Hob IﬂO
4¢ |rsinfr r c 4¢2 7 1
s= 1 o (BxB)= L (1ol jsind 2(—q3><é) —| Lo (b2f)28m29f
N pnoc \ 4c r 1 16¢3 r2
2
_ 2 sin” 6 5 2f 4 HoT (127
P—/S da = £ (v ) / Srsingdfdg = 25 (b ) (2@(3) K (b )
= Hor” (Note that m = I7b?, so 1 = Inb?.)
6me3

Problem 11.12
p=-eyy, y= 2gt2 sop=-— get2 ¥; P = —gey. Therefore (Eq. 11.60) :P = 6 (ge) . Now, the time
uxe

it takes to fall a distance h is given by h = §gt2 =t = /2h/g, so the energy radiated in falling a distance h



is Uyaq = Pt = \/ 2h/g. Meanwhile, the potential energy lost is Upor = mgh. So the fraction is

6
_ Una _ poge® [2h 1 poe® 29 | _ (4m x 1077)(1.6 x 10719)2 —[2.76 x 1022
" Up  6mc \| g mgh | 6mmeV R 6m(9.11 x 10-31)(3 x 108) 0 01

Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = % gt?).
Problem 11.13
The power radiated (Eq. 11.70) is

1 qQ k qQ
dt 6mc e 4dmeg x2 M, 804 = oy, WHELe dmegm

The energy radiated (twice that radiated on the way out) is

2 <11
T_Hoq /7 t_Moq%g/ LI
6me 6me 2 Tho

where z¢ is the distance of closest approach. Conservation of energy (ignoring radiative losses, as suggested)

says
1 1 1 2k 2k

vE = —mv? + qQé =i —2 4@ —=vi-=, and T = —

dmegm x T v

dW,  pog*a®

079 dmen x

DN | =

(note that ¢ is at zp when v = 0). So

/Oo 1 Hog® 2k [ 1 pog® 2k 16
r = €Tr = .
e g —2kjz  67C 2k Joy ot\/(fzo) — (1/z) 67 2k 15037

(T used Mathematica to do the integral.) Simplifying,

_ g

W. — 2u0q°vy  2p0qvg Ameom  8qmug - o= W,  8qmvy 2 | 16gq <v0>3
" 45mck  4bme  qQ  45c3Q Wy 45c3Q mug | 45Q

Problem 11.14
1 ¢ 2 1 ¢
T _ =m? = L At the beginning (ro = 0.5 A),

ey 72 r 4dmeg mr

v (1.6 x 10719)2 -1/
c  |4m(8.85 x 10-12)(9.11 x 10-31)(5 x 10~11) 3 x 108

= 0.0075,

and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the
velocity is safely nonrelativistic.

2 72\ 2 2 2\ 2
1
From the Larmor formula, P = Hod (1} > — Hod < a > (since a = v?/r), and P = —dU/dt,
r

6mc 6mc \ 4meg mr?
where U is the (total) energy of the electron:
1 1 ¢? 1 1 g2 1 q 1 q
U = Uxin + Upot = = 7 — =3 — = .
kin + Upot 2mv dmeg T 2 <47T60 r 471'60 r 87760 r

dUu 1 ¢*dr q° 1 ¢\ dr 1 q° 7
So - LTI _p_ d hence & = -
° Tt 8meg 2 dt 6meged \ dmegmr? ) ARG Renee U T 736 2megme ) 12’ o



2megme > omeome > [° omegme >
dt:—30< (; ) rgdr:>t=—3c< (; ) /rzdr:c< 02 7‘3’
q q ro q

27(8.85 x 10712)(9.11 x 10731)(3 x 108)7? _ -
— (3% 109 [ e (5% 10710 = (Not very long)

Problem 11.15

According to Eq. 11.74, the maxi oce at d sin” 9
rdin 11, maximum urs at — | ————
& d ’ ST (1 — Bcoshh)d

} = 0. Thus

2sinfcost 5sin® 0( [ sin 0)
(1—-pcosf)5 (1 —[Fcosh)b
2cosf —2Bcos?f =56 — 5B cos?f, or 3Fcos?h+2cosf —53=0. So

—2+/4+6032 1

=0 = 2cosf(1 — Bcosf) = 53sin* O = 56(1 — cos? 0);

cosf = o7 =35 (i 141562 — 1). We want the plus sign, since 6,,, — 90°(cos 6,,, = 0) when
/141582 -1
B — 0 (Fig. 11.11): | fmax = cos™* (ﬁ) :
For v~ ¢, f =~ 1; write § = 1 — € (where ¢ < 1), and expand to first order in e:
VIt 1582 —1 1 1
- 1 T—e2—1]|~= 1 1—26) -1
( 3 ) 3(1%)[ 51— 7 — 1] 3(1+e)[ +15(1 - 20) — 1]
1 1 1 15
= (149 [VIE=30e 1] = Z(1+¢) [4\/1 ~(15¢/8) — 1} =30+a|4(1-2¢) -1
1 15 ) ) 1
—_— 2 ) =141 -2 2l te—2e=1—-e
3( +e) (3 1 e) (I+¢€) 46) +e 1€ 1€

Evidently Omax ~ 0, 0 c0SOmax =1 — 262  =1— %e =02  =1lc or Opax = Vej2 = (1-75)/2.

2 Ymax max 2

(dP/dSs,,) sin” Omax 2
L = m/ur . N o 2
et f (dP/dQo,,),eu; (1 = Bcosbmax)’ ], ow Sin” Omax = €/2, and
2 4\’ 1
1—Bcosbma) 21— (1—€)(1—Lte)21—(1—e—Le)=3e -2 (4 L p
(1= Beosbun) 2 1= (1 =91~ je) 1= (1—e— 39 = e So f = g = (5) 5a- But
1 1 1 1

1
=—==€= . Therefore
2y

7:\/1—52:\/1—(1—6)22\/1—(1—26) 2¢

4\° 1 1/8\°
f= (5) 5(272)4 =13 (5> 7® =2.629°.

Problem 11.16
2
. dp ¢ |
Equation 11.72 says a0 " 16n%¢ (

2 X (ux
(u 5a) Let B =v/c.
‘u

2 -u)
u=c2 —v=c2 —vZi=2 -u=c—o(2 -2) c—vcos@zc(l—gcose)zc(l—ﬁcosﬁ);
c



a-u=ac(X-2)—av(X-2) =acsinfcos¢p; u?*=u-u=c?—2cv(2 -2)+v?=c?+v?—2cvcosh.

2 x(uxa)= (2 -au— (2 -ua;
|2 x (uxa)*> = (2 -a)?u? —2(u-a)(2 -a)(2 -u)+ (2 -u)?a?
= (¢ +v? — 2cv cos ) (asin O cos ¢)? — 2(acsin  cos ¢)(asin  cos ¢)(c — v cos ) + a*c*(1 — [ cos.
= [02(1 — Beosf)? + (sin” 0 cos® ¢)(c + v? — 2cv cos @ — 2¢* + 2cv cos ]

— a2c? [(1 — Bcosh)? — (1 — 3?)(sin 6 cos ¢)2]

dP | pog®a? [(1—Bcosh)? — (1 — ?)sin 20 cos? qb]
dQ | 1672c (1 — Bcosh)>

The total power radiated (in all directions) is:

dP dP poq?a® (1 —Bcos)? — (1 — B?)sin*Ocos? ¢
P = /deQ /dQsm9d9d¢ 16m2c // (1= Boosh)? sin 6 df de.

27 27
But / d$ =27 and / cos pdop = .
0 0

_ pogia® /” [2(1 — Bcosh)? — (1 — 52)sin? 0] 040
- 1672c ), (1 —fcosb)> S

Let w = (1 — Bcosf). Then (1 —w)/B = cosf; sin®@ = [#? — (1 — w)?] /3%, and the numerator becomes

U6 tow—u?) = 5 w6 + (1= 7 200 - 3w+ 02(1 — 6]
- % (1= 5% =21 = 8w + (1 + 5)w?] ;

2uw? —

1
dwzﬁsin@d@:sin@d@zBdw. When 0§ =0, w=(1—-/0); when § =7, w= (14 ().

,qu a (1+ﬁ) 1
167¢c 3° / Ly 0P [(1—8%)?—2(1 - B*)w+ (14 f*)w?] dw. The integral is

Int = (1—52)2/%dw—ﬂl—ﬂ%/%dw—&—(l+ﬂ2)/%dw

= [(1 — 5%)? (—4;) —2(1-57) (‘:;i) +1+5 (‘mlu)]

1+

1-p

L+ 1 1 (1-28+8%)-(1+28+p5% 43

wliopg — (1+0)2 (1-8)2 (1+5)%(1—p)? 1=

146 1 1 (1-338+332-p3%) - (1+38+382+3%)  283+p?)

wiliog — (1+8)3  (1-8)° (1+B)3(1-p)? o a=-p3

1 1+8 1 1 (1-4B8+6B82 483 +3Y) — (1+48+6682+48° + 8Y)  88(1+4?)
wiiopg — (1+p9) (1-p)* 1+ 841 - B)* -



_aoge (LL) 8OO o gy (L1} 2286 +6%) oy (L) =46

i = (1= (=) T —20 -9 (=3) g + 0+ ()
_ 26 2y 2 2 on| _ 8 3
pog?a® 18 3 fog*a*y* 1

P = _— =
16mc 3 3 (1 — [32)2 6me

Is this consistent with the Liénard formula (Eq. 11.73)?7 Here v x a =wva(z X X) = vay, so

2 2 1 2.6 2
a? — (X X a) —a2(1-L) = (1 - B*a? = =a?, so the Liénard formula says P = Hogy &
c c2 2 6rc 2
Problem 11.17 )
(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F, = 7%0(] a.
e

For circular motion, r(t) = R [cos(wt) X + sin(wt) ], v(t) = = Rw [—sin(wt) X + cos(wt) ¥];

2
a(t) = v = —Rw? [cos(wt) X + sin(wt) §] = —w?r; a = —w?t = —w?v. So |F, = /g)q w?v.
e
poq’
P.=F. - v= 6 w?v?.|  This is the power you must supply.
e
pog*a®
Meanwhile, the power radiated is (Eq. 11.70) Praq = 5 , and a? = w*r? = w*R? = W2, so
T
tog®
Piag = 6—w2v2, and the two expressions agree.
e
(b) For simple harmonic motion, r(t) = Acos(wt)2; v =1 = —Awsin(wt)2; a = v = —Aw? cos(wt) 2 =
10q° 1oq®
—w?r; a = —w? = —w?v. So|F, = G w?v; P, = G w?v?. | But this time a? = wir? = w?A? cos?(wt),
e e

whereas w?v? = w*A? sin?(wt), so

2 2
P.q= Hod” 4 42 cos?(wt) # P, = Hod” 442 sin?(wt);
67c 67c

the power you deliver is not equal to the power radiated. However, since the time averages of sin® (wt) and
cos?(wt) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the
mean time energy is evidently being stored temporarily in the nearby fields.)

(c) In free fall, v(t) = 3gt*§; v =gt§;a=gy; a=0. So the radiation reaction is zero, and

2
hence But there is radiation: Hog 2.

Prad = ——49
6mc

the nearby fields. This paradox persists even in the ezact solution (where we do not assume v < ¢, as in the

Larmor formula and the Abraham-Lorentz formula)—see Prob. 11.34.

2

Problem 11.18
(a) From Eq. 11.80, Fraq = '
6mc

Evidently energy is being continuously extracted from

a =m7ii (Eq. 11.82). The equation of motion is

F =m& = Fypring + Fraa = —kx +m7i, or & + ng — 7 =0, with wg = \/k/m.



Since the damping is small, it oscillates at the natural frequency wp, and hence # = —wii, so #+wiTi+wiz = 0,
or i + i + wix = 0, with v = w27. The solution with x(0) = 0 is (for v < wp)

z(t) = Ae™ "% sin(wot); v(t) = 7%1467%/2 sin(wot) + woAe 72 cos(wot), 50 v(0) = Awy = vy = A = ‘o )
wo
and | z(t) = 20 g=t/2 sin(wot).
Wo
pog*a’
According to the Larmor formula (Eq. 11.70), the power radiated is P = ———. In this case (still assuming
me
Yy < wo)
a=—wie = —wi et/ sin(wot), P = Hog” (wovo)? e~ sin?(wot)
0 0 %0 ot), Gre \Wovo ot).

2,22 1
Averaging over a full cycle (holding e™7* constant) (P) = /”Lquivoe’Wi, and the total energy radiated is
me

o0
J
(b) This “equivalent” single oscillator has twice the charge, and twice the mass, so 7 (and hence ) is

doubled. Since f (P)dt goes like ¢?/7, it also doubles. The power radiated is indeed four times as great, but
the oscillations die away faster, and the total energy radiated is just twice as much as for one oscillator.

Problem 11. 19F p p P p
v a v
= — — =7+ — — dt = —dt — [ Fdt.
Wa=rit+ o= G =Ta T m T | @ + /

[v(to+€) —v(to —€)] = Tlalto +€) —alto—¢€)] + —EFave, where F,y. is the average force during the inter-
m

—~

2,22 1 o0
P)dt = P90 |2 oo _ — “mo.
Hoq? 2

poq?wivd _ poq?wivd _ poq?vs (6mme 1 v
12mc vy 0 12wy 127w 127c

val. But v is continuous, so as long as F is not a delta function, we are left (in the limit e — 0) with
[a(to + €) — a(to — €)] = 0. Thus a, too, is continuous. qed

d d 1 d 1 t
(b) (i) a=ra=1— =g [ X f/dt:>1na= — + constant = |a(t) = Ae'/",| where A
dt a T a T T

is a constant. p F p ) ; F
()a—7a+—:> d;l a—aiﬁ:;dt:>1n(a—F/m)=;+constant:>a—E=Bet/T:>

F
a(t) = — + Be!/T | where B is some other constant.
m

(iii) Same as (i): | a(t) = Ce'/™, | where C is a third constant.
(c)Att=0,A=F/m+B;att=T, F/m+ BeT/" = CeT/™ = C = (F/m)e”T/" + B. So

[(F/m) + B]e!/7, t<0;
a(t) = [(F/m)—&—Bet/T}, 0<t<T;

[(F/m)e*T/T + B} et/T t>T.

To eliminate the runaway in region (iii), we’d need B = —(F/m)eT/7; to avoid preacceleration in region
(i), we’d need B = —(F/m). Obviously, we cannot do both at once.



(d) If we choose to eliminate the runaway, then

(F/m) {1 — e_T/T} T <0,

a(t) = § (F/m) [1 - e“*T)/T} , 0<t<T,

0, t>T.

(i) v = (F/m) [1 - e_T/T} /et/Tdt = (F1/m) [1 - e_T/T} e!/™ + D, where D is a constant determined by the
condition v(—o00) =0= D =0.

(ii) v = (F/m) [t — Te(t*T)/T] + E, where E is a constant determined by the continuity of v at ¢t = 0:
(Fr/m) [1 - e*T/T] — (F/m) [fTe*T/T] +E= E=(Fr/m).

(iii) v is a constant determined by the continuity of v at t =T: v = (F/m)[T + 7 — 7] = (F/m)T.

(Fr/m) [1 - e*T/T} et 1 <0;

o(t) = (F/m) [t—l— T — Te(t_T)/T] ,0<t<T;

(F/m)T, t>T.
(e)
uncharged particle:
(no radiation reaction) u(t)
a(t)
charged particle
54
E e )m i
m :
1
Rl s chargec !
preacceleration (with rmllgiai !
P Siaai |
o 1
j._ uncharged particle
1
t t
T

0] T

Problem 11.20

n :U’0<q/2)2 . in n ,LLOq2 |1 1 //COQ2 .
(a) From Eq1180, Ffadd = W@, SO Frad = Fracti =+ 2Ffadd = %a 5 + 2 Z = 67]’@ a. \/

(b) Following the suggested method:

in 1 1 in in H q2d
Flg)=F™(q)+2(7 ) Fla) = F(q) =F"™(q) = F(g)=2F"(q) = ——.
4 2 67c
Ho Lo
(¢) Fraa = d/ / 2Adys ¢ 2Ady;. (Running the ys y
127TC 0 0
integral up to y; insures that y; > yo, so we don’t count the ) dy,

same pair twice. Alternatively, run both integrals from 0 to

L—intentionally double-counting—and divide the result by 2.) Ydy,



. L . 2 2

HoG o po@ , oy L Ho 2. Hoq”.

Flog = A dy, = )= = 1o )2 = v
4= Tore )/0 ydy = o 2 (UN) 5 = o (AL)Ta = S ma

Problem 11.21

(a) The total torque is twice the torque on +g¢; we might as well calculate it at time ¢ = 0. First we
need the electric field at 4+¢, due to —g when it was at the retarded point P (Eq. 10.72). From the figure,
2 = cosf%k —sinf§, 2 = 2Rcosf. The velocity of —q (at P) was v = —wR (sin20% + cos209), and its
acceleration was a = w?R (cos 20 % — sin 20 §) . Quantities we will need in Eq. 10.72 are:

u=c2 —v=_(ccos +wRsin20)% — (csinf — wRcos20) ¥,
2 -u = 2Rcosf(c+wRsinf), 2 -a=2(wRcosh)?.

YA

g ¢ 2R cosf
 4meg (2R cos0)3(c + wRsin )

— 2Rcosf(c +wRsin0)w?R (cos 20 % — sin 20 %) }

3 {[02 — (WR)? 4+ 2(wR cos 0)?][(ccos § + wRsin 20) % — (csinf — wR cos 260) ¥]

The total torque (about the origin) is
—2¢°R Z
4dmeg (2R cos0)?(c + wRsin )3
+ 2(wR)? cos O(c + wRsin #) sin 29}

N = 2(R%) x (¢E) =

{ — [¢® = (WR)* + 2(wRcos 0)?] (csinf — wR cos 20)

2 A~

= _47qre 53R cos? G(Cj— SRsnd) [—c®sinf + PwR(2cos® 0 — 1) + c(wR)?*(2cos” 0 + 1) sin 6 + (wR)?]
0
¢ 1

= - —sin6 + B(2cos? @ — 1) + $%(2cos? O + 1) sin 6 + 3°] 2
Ameg 2R cos? O(1 + Bsin 0)3 [~ sin €+ (2 cos )+ 55 (2c0s” 6 + 1)sinf + 5] 2,

where 3 = wR/c. [Since E and 2 both lie in the zy plane, B = (1/c)2 x E is along the z direction, v x B is

radial, and hence the magnetic contribution to the torque is zero.]

The angle 0 is determined by the retarded time condition, 2 = —ct, (note that ¢, is negative, here), and
20 is the angle through which the dipole rotates in time —t,., so 2R cos6 = —ct,. = ¢(20/w), or § = Scosf. We



can use this to eliminate the trig functions:

No_ T b [(54—52+292)+ B2 —02(B* +20> —1)| 2
- :

4T€0 5 pp2 (1+vF-7)

Meanwhile, expanding in powers of 6:

1
ﬁ:98609:9+§93 —95—1——974—....

24 720
This can be “solved” (for 6 as a function of ) by revertlng the series:
B 1 34 s o4l -
=030+ ﬁ 200
Then

0 = 5 (1—ﬁ2+4ﬁ4+..-), ﬁ2—92=52(1—§ﬁ2+§ﬁ4+...),

1_ (1+ﬂ2 ) ! s =1-36"+

e g (1+v7-)
[(ﬁ‘* — 3%+ 20°) + /32 — 02(B° + 267 — 1)} = 3p (1 - %BQ +> :

3
To leading order in 3, then,

__iﬁi&#z: ¢ 463
Ameg 2R 32 3 41eq SR
(b) The radiation reaction force on +¢ is (Eq. 11.80) F = Hot” a. In this case a = —w?v = —w3R, so the
e
net torque (counting both ends) is
2 3
1oq” 35, ¢ 45
N = —2RML 3Ry =
6me wita 477'60 3R
Adding this to the interaction torque from (a), the total is
¢ 88° . | mop’’
47760 3R 6mc

Ko

2 w*p?. The power
6mc

(c) p = 2¢F = 2q(—w?)r = —w?p, so Eq. 11.60 says the power radiated is P =
pop*w?
6mc

associated with the torque in (b) is Nw = — w, so they are in agreement. v

Problem 11.22
(a) This is an oscillating electric dipole, with amplitude po = ¢d and frequency w = 1/k/m. The (averaged)

qu3w4) sin 9

, so the power per unit area of floor is

Poynting vector is given by Eq. 11.21: (S) = ( 39,2 2
m“c r

Jwh sin® 6 cos 6 h
Ir =(S)-2= ('1?57?;2 > S TQCOS . But sinf = %, cosf = s and 7% = R? + b2

B poq?d?w? R?h
32m2¢ (R2 4 h2)5/2"




dly g d[ R ] . 2R 5 R
dR dR | (R? +h2)5/2| (R2 4+ h2)5/2 2 (R24+h2)7/27
5 3
(R? + %) — §R2 =0=h?= §R2 = | R = +/2/3h, | for maximum intensity.
(b)
_ B _ pio(qd)?w? * R? _ o3
oo R? 1 [ 1 T(2)T'(1/2 2
/ WdR:*/ %dw:*M:*-
o (R?+h2)5/ 2 Jo (x4 h2)5/ 2h  T'(5/2) 3h
o pog?d?w* n2 pog?d?w?
- 32m2¢ 3h | 24me

which should be (and is) half the total radiated power (Eq. 11.22)—the rest hits the ceiling, of course.
(¢) The amplitude is 2o(t), so U = $ka3 is the energy, at time ¢, and dU/dt = —2P is the power radiated:

1.d prow® d powq? _ _
57‘3%(303) =- 12ch2$(2) g(l”%) =~ ke (23) = —kxd = 2% = d®e™" or xo(t) = de "/2.
2 127ke 4 127em?
T =--=————MN" =| —.
K pog?k? togq*k
Problem 11.23 2, 4 in2 0
() From Eq. 1139, (S) = (g;“’) 0% Here sing = \
R/r, r= VRZ? + h2, and the total radiated power (Eq. 11.40) is h T
2 4 2
_ Homiw o [12P R
P= e So the intensity is I(R) = <327r R+ -
3P R?

8T (R2 4 h?)*
(b) The intensity directly below the antenna (R = 0) would (ideally) have been zero. The engineer should
have measured it at the position of maxrimum intensity:

dl 3P 2R 2R? 3P 2R
- = _ 2 — e 2 2 2\ — - h.
dR ~ 8r |[(R2+h2)? (R + h2)3 R} 8t (R2 + h2)3 (R®+ 1" —2R) =0 =

3P K2 3P
At this location the intensity is I(h) = . BE = 5372
™ s

3(35 x 10%) ) — .
(¢) Tmax = om0 = 0.026 W/m? =| 2.6 4W /cm?. | | Yes, KRUD is in compliance,




Problem 11.24

(a)

0
v, = 5 20 ( i) sinfolt = 14/0). Vier = Vi + V..
4dmegc 4

ol
"
=3

%

P = VT G T BB o0 = r/TF @y oosd =7 (15 5 cost).

1 1
- <1 + i cos@) .
T4 T 2r

0F (d/2 d\ 1 d d d
cosfy = L:F(/):r cosO0F — | = (14 —cosfh) =cosf + —cos?>0 F —
T4 2r ) r 2r 2r 2r

ol
SR
*Yp

Il

— d 20\ _ d . o
= cos@q:ﬂ(l cos 9)—0089:{1% sin” 6.

d d
sinjw(t — r4/c)] = sin {w {t L (1 F 2cost9)] } = sin (wto + (;cosﬂ) , where to =t —r/c.
c r c

sin(wtg) cos (;g cos 9) + cos(wtp) sin (L;Zl cos 9) = gin(wtg) + ;—f cos 0 cos(wtg).

\
H

Vi=mF pow { (1 + 4 cos 9) (cos@ F 4 sin? 9) [Sin(wto) + wd cos@cos(wto)] }
2r 2r 2c

d d d
(cos 0F 5 sin? @ + o cos? 0> {sin(wto) + L;— cos @ cos(wto)] }
r r c

wd d
cos 0 sin(wtg) £ 20 08 20 cos(wty) + o (cos? 6 — sin? 9) sin(wto} .

47T€()CT‘ |:

d d
Viet = — Pov W8 os 20 cos(wtg) + — (0052 6 — sin? 9) sin(wto)]
dmeger | c r
2d
= _41;)22021’ {0052 6 cos(wtp) + 5 (cos? 6 — sin® 0) sin(wto} .
Powzd 2
In the radiation zone (r > w/c) the second term is negligible, so |V = ~Ireo2y €O 0 cos[w(t —r/c)].
TegC3T
Meanwhile
AL = q:/g% sinfw(t —ry/c)] z
Hopow [0y @60 Lsinuty) = 2% cos 0 cos(wto) | b 2
= — cos sin(w — cos 0 cos(w Z
+ 4dmr 2r 0 2c 0
Hobow sin(wtg) £ wd cos 0 cos(wtp) £ d cos 0 sin(wty) | 2
= F——— [si — — in(w
+ 4dnr 0 2c 0= o 0

d d
A = AL +A_ — HoPot [a} cos 6 cos(wtg) + — cosﬁsin(wto)} Z
4mr c r

2d
= | HOP0Y @ s h [cos(wto) + = sin(wto)} Z
4dmer wr




A=

In the radiation zone,

~ popow’d

cos 0 cos[w(t — r/c)] Z.

dmer
2
(b) To simplify the notation, let a = —MOZZLO#Z. Then
T
2
V=a® b cos|w(t — r/c)l;
ov . 10V ;4 1 w N
VvV = it e 6 = acos? 0 {—742 coslw(t —r/c)] + s sinfw(t — r/c)}} iy
—2cosfsinf N 20
a% coslw(t —r/c)] 0 = 04% o sinfw(t — r/¢)] (in the radiation zone).
a cosf R . A 0A aw cosb | R . A
A = c coslw(t —r/c)] (cos&r - sm@B) B T T, sinfw(t — r/c)] (cos&r — 51n09> .
B oA aw 2045 20% + i .60
E=-VV- T sinfw(t — r/c)] (cos 0F — cos 9r+bln0c0500)
= —% sin @ cos 0 sinfw(t —r/c)] 0
1[0 0A, ] -~
B=VxA=-|2 (rdg)— 20
v r[ar(r 0) 69}¢

(0%
cr

%(— sin 6 cos 9)% sin[w(t — T/C)]

1
Notice that B= —(f x E) and E - ¢ = 0.

a .
il {31" (cos O cos|w(t —r/c)](—sinf)) —

0

a0

|

cos? 6

¢ (in the radiation zone) =

oslolt — /)| } &

aw |, .
——— sin 0 cos 0 sin
c3r

[w(t —r/c)] ¢

c
1 1 1 E?
S=—(ExB)=—Ex (fxE)=—[E°t— (E-})E] = — ¢
Ho Hoc HoC LoC
1 2 1 2
= —{a—wsinﬁcosﬁsin[w(t—r/c)]} £ |I= (%SHIGCOS@) .
poc Lre 2u0c
1 fawN2 [ ., 90 1 raw\? T 2 2 9
P= [(S)-da=— (—) sin® 6 cos” 0 sin 0 df d¢ = (—) 2 [ (1 — cos®0)cos” Osinfdb.
poc \ ¢ 2ppc \ ¢ 0
The inteeral is cos @7 cosPOIm 2 2 4
integral is: — =-—--=—.
& 3 lo' 5 lo 3 5 15
1 W g 2 4o 4 Ho
tl d)2wt2n— = d
2upc 2 1671'2( od)"w "15 60mc 5 (o )\

Notice that it goes like w®, whereas dipole radiation goes like w?*.

Problem 11.25
(a) m(t) =
that of an oscillating magnetic dipole
pro M3w* sin? 1)
6med

Eq. 11.40): | P =

M cost z + M sinp[cos(wt) X + sin(wt) §]. As in Prob. 11.4, the power radiated will be twice

with dipole moment of amplitude mo = M sint. Therefore (quoting

. | (Alternatively, you can get this from the answer to Prob. 11.11.)



o M
(b) From Eq. 5.88, with r — R, m — M, and § = 7/2: B = Eﬁ,so
4T R3 4 x 106 1
ap = A7 | A X 10D X A07) (g g g |
110 4r x 10~7
(47 x 1077)(1.3 x 1023)2 sin?(11°) 2 * —

P= =4x107°W t h).

(c) 67(3 x 108)3 24 % 60 x 60 (not much)
AT R3 B/ j1g)?w* sin? 8
(d) P= Ho(dm [to) " sin” ¥ = (w?R®Bsin 1/1)2. Using the average value (1/2) for sin® 1),
6mre3 3upc®

2
1
5= 2 x 103¢ W | (a lot).

8 2 \?
P = 3(47‘[‘ « 10_7)(3 < 108)3 [(10_3> (]_04)3(]_08)

Problem 11.26
(a) Write p(t) = q(t)d 2, with q(t) = kt?, where kd = (1/2)po. As in Eq. 11.5,

Vet - L (k(t — 2 4 Jc)? kz(tfz_/c)Q]

dmeg | 24 2z _

4dmeg 24 2

_ K —t2 ! ! +i(¢ 2 )
Cdmeg | \ 24 2 _ 2T N

From Eqgs. 11.8 and 11.9,
d 1 1 d
/Lir<1:Fcos0> <1:|:cos€>,
7 4 r 2r

ok [(B-@tfor c+2 3 (Bt _+2 1/02)]

SO

E [t® /d r (d k ct\? oDo ct\?
V(r,t) = Ceost) = L (Leoso)| = o [() _1| = ol (Y _q]
(,8) 4Te |:T (r o8 > 2 <7‘ o8 )} 47T€002dCOb [(r) ] gr <r>
As in Eq. 11.15, I(t) = (dg/dt) z = 2kt z, so (following Eqgs. 11.16, and 11.17),

Alr,t) = "Oz/m it =2 ) g, Hog (E=T/C) )5 Hobo Kd) - 1}

An 42 3 47 T 4me
_ 0A _ i (%] &~ Lang| () _1| 6\ _ modo ey,
E=-VV - o = & cos | —2 3 r—rsm9 r e 4me (r) z
. a\? . 1 c\? 5 1 A j
= /jl(ﬁ? [cos&(r) r+ 25in9<r) 0 — 58l 99—(0059f'_5m99)]

. 2
— W{[<d> —1] cos@f'—l—§ 1 sin@é}.
r T

N>

—_




v
I

-V xA= ZOPOV X {[(f) - 1] (cos@f—sinﬁé)}

e

HoPo 0 ct . 0 ct 1 R
- (1(5) - sme) -5 ([(5) -1 ewe) } &
HoPo ct ~ | HoPot ., 2
= 47707’{ né + {(r) ]sm@} ¢ = 12 sin 6 ¢.

(b) The Poynting vector is

S— L(ExB)= poitt o L) o(—6)+ - |(< 2+1
o 167273 r o8 2 T
2 .2
(“) + 1] i 0 (r2 sin 0 do do).
T T
.9 2 T ) 2

P(r, 1) = LoP0! [(Ct> +1 27r/ sin® 0 d — | HOP0 l(d> +1

0 127r T

3272y r
(c) P(r,to+7/c) = “°p°<to+f) C (ol D) 41| = oo (o
127r c/ |r? c  c? 127c r

sin9f'} .

..2

HoPpt
S-da=

a7 302

110775

Prad(tO) = rll{go P(T’, to + T/C) = 6mc )

in agreement with Eq. 11.60.

Problem 11.27
The momentum flux density is (minus) the Maxwell stress tensor (Section 8.2.3),

1 1
Ty = €o (EiEj — 25 ) ) + m (B B; 25,»j32) ,

(Eq. 8.17) so the momentum radiated per unit (retarded) time is

dp
dt, f{ (0t,./0t)

Ot, 2 c 2 v\

o — (1=

ot 2 -u c
(This factor is 1, when v = 0; it can be ignored in deriving the Larmor formula, but it does contribute to the
momentum radiated.) The integration is over a large spherical surface centered on the charge:

T .dA,

where (Eq. 10.78)

dA = 2 %sinfdfdo 2 .

As in the case of the power radiated, only the radiation fields contribute (Eq. 11.66):

1.
3[’1« x(uxa)], Brad:E,l' X Erad.



Thus

1 1 1 1 1
T . dA = ¢ [E(E dA) — 5E2 dA] + — [B(B ~dA) — 532 dA} =3 [EUEQ + BQ] dA = —¢gE? dA
Ho Ho

(note that B - dA = 0, and, for radiation fields, E - dA = 0, (1/uo)B? = (1/puoc®)(2 x E)-(2 x E) =
2 - [Ex (2 xE)=¢2 -[2 E>?-E(2 -E)] =¢FE?). So

dp 2-u\ .. ¢ ]{ 2 9
e eo%( e )E dA = T6nZeoc | (2 u)F [2 x (uxa)]“dA.

We expand the integrand to first order in 8 =v/c: u=c2 —VZC(’I: —ﬁ),a u=cz (1-2 -0),
1 1

s [ wxal = 50 B [0 (5 e —2(E -0+ 20k -a)a- )]
= Ll (5 2 - 2025 B+ 24 -a)(a-B) +5(4 -Bat (4 - B)(4 -a)]
= Ao (A ) 4362 - B) 4205 -a)(a-B) ~5(4 - B)(4 -a)]
= 5 [ xa)? 14 BaB+2a-B)a] 55 -B)(% -a)’].

To integrate the first term we set the polar axis along a, so (2 x a)? = a?sin? 6, while 2 = sinf cospx +
sinfsin ¢y + cosfz. The ¢ integral kills the X and y components, leaving

1. T

7{?(4 x a)?dA = 27ra2z/ sin® 6§ cos 6 df = 0.
0

[Note that if v = 0 then dp/dt, = 0—a particle instantaneously at rest radiates no momentum. That’s why

we had to carry the expansion to first order in 3, whereas in deriving the Larmor formula we could afford to

set v = 0.] The second term is of the form (2 -g), for a constant vector g. Setting the polar axis along g, so

2 -g = gcosf, the z and y components again vanish, leaving

f 12(4 g)dA—27rgz/ cos 051n9d9—4—7rg
2 0 3

The last term involves (2 -3)(%2 -a)?; this time we orient the polar axis along a and let v lie in the zz plane:
B=08B:.%+p.% 50 (2 -B) = B,sinfcosp+ (3. cosf. Then

1 . .
7{?(4 -B) (2 .a)ZdA:a2/(ﬂ:csinécosgb+ﬂzcost9)0082G[Sinecos¢k+sin981n¢y+cosﬁi] sin 0 df d¢



477 2 ™ (a2ﬂ+2(a~,5)a)

(ﬂxx+3ﬁz )_ 15

= a? (ﬂw % / sin® @ cos? 0 cos? ¢ df do + (. z / cos* Osin 0 df d¢)

Putting all this together,

dP q2 dm 2 dr 4 o ,qu2 2
dt, 167r2eoc4{3 [2a(a - 8) + 34°5] 515[ B+2a-Blalp =|raty.

The angular momentum radiated is

ZTI:: ]{(6151/816) (2 xT) aa

Because of the “extra” 2 in the integrand, it seems at first glance that the radiation fields alone will produce a
result that grows without limit (as 2 — 00); however, the coefficient of this term is precisely zero: (4 X ?) .

dA = —€egE? (2 x dA) = 0 (for radiation fields). The finite contribution comes from the cross terms, in which
7z
one field (in 7)) is a radiation field and the other a Coulomb field [ E¢ou = Li(CQ —v?)u |:
47'('6(] (4 . ll)3

c c c 1 T c c T r c
Tijzeo(E( VB + EPED — 6,;B0 . B ))+%(B§ B + BB — 5;BM . B >),

This time 1
. — (g . _ (g™ . g _—(B™.BwO
T . dA = [E (E© . dA) (E E ) dA} . (B B ) dA,
SO
(2 xT)-dA =« (a X E(T)) (E(C) -dA) .

Thus L )

__ qc L ) _ 1

q 1672’ 7{ % up {’L x [2 X (uxa) }u dA, where v = 7\/ﬁ

A Now, {2 x [2 x (uxa)]} =2 [2 -(uxa)]—(uxa)2 2, and (uxa) = (2 —B)xa=cl(2 xa a)— (B xa),
2 -(uxa)=—cz2 -(Bxa)so{2 x[2 x(uxa)} = -2%{(2 xa)-(Bxa)+2 [2 -(Bxa)}.
Meanwhile u - dA = (u- 2 )2 2dQ), where dQ = sin 6 df d¢. Expanding to first order in £3,

dL:_“Oq%B?{ Y (—22){(4 xa)—(Bxa)+4 [4-(Bxa)}z (2 -u)do

dt.. 1672 | (2 -u)s
L [+ B {5 x@)— (B xa)+ 4 [5 - (Bxa)]) a0

_ “OqQ/{w xa)~(Bxa)+ 4[4 - (Bxa)+4(4 B4 xa)jdn

1672
The first integral is

—ax//l: sin&d@dd)z—ax/(sin@cosd)f(—i—sinﬂsingby—f—cosﬁi)sinﬁdﬂdd):O,

the second is

—(B x a)/sin0d9 dp = —47(B x a),



for the third we set the polar axis along g = 8 x a and get

. 4 4
g/a Cos0s1n0d9d¢:2ﬂgi/c082981n9d0:ggzg(ﬁxa),

and for the last we put the polar axis along a and let 3 = 8,X + 3,z lie in the zz plane:

da /(696 sin 6 cos ¢ + f3, cos 0) sin O(—@) sin 0 db do
= 4a /(ﬂm sin @ cos ¢ 4 3. cos 0)(sin ¢ X — cos ¢ §) sin? 0 df d¢

1 1
= —4aﬁwy/cos $sin®0do dp = —ﬂaﬁw = 67T(ﬂ X a).

Putting this all together, we conclude

dL _ pog?
o 4
g = 1on2 | B xa)

3

T3 xa)+ 1 (B xa)| =| DL (v x a)

Problem 11.28

(a) A(z,t) = %/Kfr) d

MOZ ———927rdr

™

4 / \/r2 + x2

_ uoz/Kt—\/rz—i—x?/c)

2 V72 £ 22
The maximum 7 is given by t — V72 + 22/c =0
Tmax = V c2t2 — 22 (since K(t) = 0 for ¢t < 0).

(i)

MoKoZ poKoz oo poKoZ SR
Az, t) = / md 5 r2+x . =3 ( r2, —x
0A K
E(z,t) = —— = _ko OCZ, for ¢t > x, and 0, for ct < x.
ot 2
0A K
B(z,t) = VxA=— azy: ,u02 09, for ¢t >z, and 0, for ct < z.
z

—a) -

Ky(et —
o Ko(c z) ,

2



5 Tm t— 2 2 5 Tm 1 Tm
A(z,t):“oaz/ (t=vr +x/€)rdr'u0az{t/ Ldrfff rdr}
2 Jo VrE 4 a2 2 o Vr?+a? ¢ Jo
7 1 7 — ct)?
= ,u02az {t(ct:c) - Q—C(czt2 wQ)] = ﬂ(ﬁz(xz — 2ctx + At?) = Wz
OA —ct
E(z,t) = —— = wi, for ¢t > x, and 0, for ct < x.
ot 2
A, . .
B(z,t) = VxA=— 5 Y = —'UQO—a(x—ct)y, for ¢t >z, and 0, for ¢t < .
x c

1 111 1 1 r
L = — 2 2 _ S = - 772 = —-—-——
(b) Let u - (\/7‘ +x a:), so du - [2 T rdr} P dr, and

N 2 5 e’}
t—uzt—f—u,andasrtoaoo,u:OHoo.ThenA(x,t)zuOCZ/ K(t—f—u>du.qed
c c 2 Jo c
0A wocz [ 0 x 0 x 0 x
E(z,t) = -2 — Ir(t-2 - CBut 2K (t-%—w) =Tk (1% 4.
(,¢) ot 2 /0 ot (t c u) du ut ot (t c u) Ou (t c u)
_Hoc, [T O 0 T (= )T = P R - 2o K
=5 Z/O auK(t p u) du = 5 Z[K(t )”0 =5 [K(t—=x/c) — K(—0)]2

- f%K(t — /)2, | [if K(—o0)=0].

Note that (i) and (ii) are consistent with this result. Meanwhile

B(z,1) = —aAzyZ—&y/mEK(t—f—@ du. But %K(t—%—@:lﬁK(t_f_u).

ox ¢ o Ox c 0 cou c
_ "2(“/000(;11((1552@ du:—@y[K(tfzfu)HZo:@[K(t*I/C)*K(*OO)] y
= | B K(t—2/0)3. | [if K(~o0)=0].
= L) = L () (1) ke age 51 = 4 (Koo

This is the power per unit area that reaches x at time ¢; it left the surface at time (¢ — z/c). Moreover, an

c
equal amount of energy is radiated downward, so the total power leaving the surface at time ¢ is % [K (t)]2 .

Problem 11.29
1
With a = 90°, Eq. 7.68 gives E' = ¢B, B’ = ——E, ¢/, = —cq.. Use this to “translate” Eqs. 10.72, 10.73,
c



and 11.70:

1. . .
E' :c< XE) =2 x(—cB')=—c(2 xB).
c
1 1 ¢ L
B = -E=—-%_2* [2_uta
c cdmeo (2 -u)? [(C vut X {ux a)}
1(=gn/c) 2 2 2 [oGn 7 2 .2
= T ine, (2 up [(*—v)u+2 x(uxa)| = (2 P (2 =v)u+2 x (uxa)l.
_ pod® 5 poa? L ? _ pwoa® (¢ )?
6rc ¢ 6mc ¢ 6mwe3 T
Or, dropping the primes,
B(r,t) = Mm% (2 _?uta x(uxa).
’ A7 (2 -u)d
E(r,t) = —c¢(2 xB)
2 2
104G, @
P = —
6mc?

Problem 11.30

T
F
(a) Wext = /Fdx = F/ v(t) dt. From Prob. 11.19, v(t) = - {t +7 - Te(t_T)/T] So
0

T T T
Wt / tdt—f—T/ dt—Te*T/T/ et/™
0 0 0
~T2 4 7T — 727 1/7

[1 (eT/T B 1)} _

2

(b) From Prob. 11.19, the final velocity is vy = (F/m)T,

(¢) Wraa = [ Pdt. According to the Larmor formula, P =

(F/m)[1 - e_T/T} et/

a(t)

(F/m) [1=et=D/7],

F2 [ T
dt| = — [ + 7t — TeT/TTet/T]
m | 2 0
F (1, 2, . 2,-T/r
T+ 71T — 774+ 717% .
m \ 2
1, 1 F?_, |F?7?
SO Wkin = §m1}f = iij = om .
poq°a® :
, and (again from Prob. 11.19)
6mc

(t <0);

(0<t<T).



2 2 9 10 T 9
Wrad _ Hoq — {(1 _ e—T/T) / 6215/7' dt +/ |:1 _ €(t_T)/T:| dt
6mc m oo 0
P2 9 0 T T T
Sl (1 _ efT/T) <ze2t/‘r) +/ di — 267T/T/ et/T dt + 672T/7'/ e2t/‘r dt
m 2 —0 0 0 0

-
_ T T (1 _efT/T>2 LT 9T (Tet/T> T ey (zegt/T> r
m |2 0 2 0
2 -
_TF T (1 _9e-TIT 4 esz/T) LT —9reT/7 (eT/T B 1) 4 Tomom/r (ezT/T B 1)}
m L2 2
F2 [ F2
=T L re Ty e o ore T D 1672T/T:| == (T—T+T€7T/T) .
m L2 2 2 m

Energy conservation requires that the work done by the external force equal the final kinetic energy plus

the energy radiated:

272 F? F? /1
Wiin + Wrad = +T7<T—T+T67T/T> = — (T2—|—7'T 72 4+ 12 T/T> = Wext- vV
2m m m \ 2

Problem 11.31

k € k
(a) a=71a+ —0(t) = a(t)dt = v(e) —v(—¢) = 7/ —dt+ — / Tla(e) — a(—€)] + —.
m e m
If the velocity is continuous, so v(e) = v(—¢), then|a(e) — a(—€) = ——
mr’
k
When t <0, a =71a = a(t) = Ae!/™; whent >0, a =74 = a(t) = Be!/"; Aa=B—-A=——
mr

k . Aet/T, t <0);
=B=A- =5 80 the general solution is | a(t) = { (A — (k/mr)] et/ Et N 0;

To eliminate the runaway we’d need A = k/m; to eliminate preacceleration we’d need A = 0. Obviously,

| (k/mT)et/7, (t < 0);
alt) = { 0, (t > 0).

you can’t do both. If you choose to eliminate the runaway, then

t k t . k t
— = — /T = —_— t/T
v(t) / a(t) dt mT / € di mT (Te )

— 00

= Eet/T (for t < 0);
m

k ¢ 0 (t <0);
For an uncharged particle we would have a(t) = E(S(t)’ v(t) = / a(t)dt = { (l’f/m) (t > 0)’

The graphs:



u(t)

L.

charged

neutral

2

K

wgt:/fﬂxz/fwﬁzk/b@uwﬁ:kmm:;;
1, 1 [(k\> K2

ka—2mvf—2m<m> —%

Loq? 2 kN[O 2t/ K2 (T gy ’
H/CX = Pra dt = t dt = _— T dt = — | — T
¢ / d 6mc /[a( ) m <mr> [we mT (26 ) _

Clearly, Weyt = Wiin + Wraa. v/

B

mr2  2m’

Problem 11.32 u
Our task is to solve the equation a = 7a + EO [—d(x) + 6(x — L)], subject to the boundary conditions

(1) z continuous at x = 0 and = = L;
(2) v continuous at z =0 and z = L;
(3) Aa = £Uy/m7v (plus at = 0, minus at x = L).

The third of these follows from integrating the equation of motion:

dv da Uy
Uy dt
Av = 7A — [ [-6 6(x — L)] —dx =
v = 17Aa + - [—0(z) + (x )] Ir x =0,
Aazzﬂ/l[—é(x)—kd(x—L)] der =+ Yo .
mT v mTv

In each of the three regions the force is zero (it acts only at 2 = 0 and « = L), and the general solution is
a(t) = Aet/™;  w(t) = Aret/T + B;  x(t) = Ar%e!/™ + Bt + C.
('l put subscripts on the constants A, B, and C, to distinguish the three regions.)

Region iii (x > L): To avoid the runaway we pick Az = 0; then a(t) = 0, v(t) = Bs, z(t) = Bst + C3. Let
the final velocity be vy (= Bs), set the clock so that ¢ = 0 when the particle is at x = 0, and let T be the time
it takes to traverse the barrier, so (1) = L = v;T + C3, and hence C5 = L — v;T. Then

]ao:m o(t) = vy, uﬂ:L+W@—Tw (t<T).

Regionii (0 <z < L): a= Aget/T, v=Asre!™ + By, z = Asm2e! ™ + Bot + Cs.



(3) = 0— Ae”/™ = U gy Yo
MTUf mTvy
U, U,
(2) = 'Uf:AQTeT/T+B2:7O+B2:>B2—'Uf_7O
mvf mvf
U, UoT Uy
(1):>L=A2’7'26T/T+B2T+C2: OT T—L—FCz—va—f— (r-T)4+Cy =
mvf muv mvf
Uy
Cy=1L 7’UfT+7(T7T).
muvy
a(t = 7U0 e(t_T)/T;
mvaU
_ 0 t-7)/7 _ .
t) = —_ 1 .
o(t) vf+mvf[e } (0<t<T)
a(t) = L vpl(t =T+ > [ret=D/T g4 T — 7]

[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we're
interested here in the régime where it does tunnel through.]
In particular, for ¢ = 0 (when z = 0):

U U
O:L—UfT—t—iO [TeiT/T—FT—T} :>L:va——0 |:T€7T/T—|-T—T . qed
muvyg muvyg

Region i (x < 0): a = Alet/T, v = AlTet/T + By, x = A17'26t/T + Byt + C;. Let v; be the incident velocity
(at t — —00); then By = v;. Condition (3) says

Uy U
-T 0
6 /T - .Al == )
mrTuf mTUg

where vy is the speed of the particle as it passes x = 0. From the solution in region (ii) it follows that

Uy
Vg =Vf + —— (efT/T — 1). But we can also express it in terms of the solution in region (i): vg = A17 + v;.
mvf
Therefore
v; = vs+ el (G_T/T B ) AT =vp+ —— i (G_T/T - 1) ;Yo Yo oryr
muys muy mvy Mg

Uo UO UO ’Uf Uo Uf
=vf -t = —— R R 1- T
muvy  Mmug muy Vo muy vy + (Uo/muy) [e— /T 1]

Y 1-— ! ed
muy 1+ (Uo/mvj%) [e—T/T — 1] . q

If %mv? = %UO7 then

I
<
S
I

L:’UfT—Uf |:Te_T/T_|_T—7-} = vy [T—TB_T/T—T+T:| = Tvy (l—e_T/T>;

1
1] = vy (1 -1 +eT/T) = vfeT/T.

vi =g “f[ T



Putting these together,

L L 1 v
=l T s e T 1 s T e = ged
oy 0T S T A T
2
. vf 4 KEi %mvf v; 16
In particular, for L = vy7/4, v; = Vf, SO —— = =(=2) ===
1/4 3 KEf %va vy
f
16 161 8
KE, = —KFE; =—-Uy= =Up.
9 T " 927 9

Problem 11.33
2 2 .
(a) From Eq. 10.72, E; = Z]ﬂ/eo)()l«-u):‘ (¢ —v*)u+ (2 -a)u— (2 -u)al]. Hereu=c2 —v, 2 =

IX+dy, v=vX,a=aX,s02 -v=I[v, 2 ra=la, 2 -u=c2 —2 -v=c2 —lv. We want only the x
component. Noting that u, = (¢/2 )l —v = (cl —v2 )/%2 , we have:

q 2z 1
Elz = 87‘1’60m Py (Cl—Uﬁz )(c — _|_la)_a(c¢ —lv)
1

- 8q m[(d_” (> —v*) +c’a—v2 la—acz *+alve | . But 2 * = 1> + d°.
TE (C — (v
q 1

= Sres (o o L@ =2 )& —v?) —acd’].
¢ 1

Fsar = 3 [(cl —v2 (e —v?) — ach] %. (This generalizes Eq. 11.90.)

8mep (¢2 — v)

Now z(t) —x(t,) =1 =0T + aT2 + aT3 + .-+, where T =t —t,, and v, a, and @ are all evaluated at the
retarded time t,.

1 1 1 1
(TP =22=P+d>=d*+ (vT + §aT2 + 6aTS)2 = d* +v°T? + vaT? + gvaT‘1 + 1a2T4;

1 1
AT?(1 —v? /%) = AT? /4% = d? + vaT> + <3v(z + 4a2> T*. Solve for T as a power series in d:

2 4

3
(1+24d +2Bd + A°) = d*+va’ @ 1+3ad)+ (Uga + 2) Ld'.

22
T:ld(1+Ad+Bd2+---):>C—2 d
c ~v2 2

1 3 2\ A4
Comparing like powers of d: A = fva i 2B+ A% = vay’ A+ va + A A
2 c? 3 4) A

c3 57}@ 3 4 cb 3 ct 4t 3 04 404 cb

47, - 2.2 2 2 2 4

v [va  a®y v v v ~
S -2 Y 16 )| =1 |© P
04[3+ < Z-at 02)} 204[3+ 4 <+ ﬂ
+

62

2B:3va*y31 f—lvgazlﬁ—i—@f a274_va’y (1 1)2> v2a?+0
72
y2a?




cr —lv = C’yd+va

4
d =
c 2 3
v? ¥ |va 1 02
=cyd|1l-— — = 22 (- + = )| ———=
CFY( 02>+20 3+7a 4+02 3 4
5,2
c v°a® o 4
= —d d d
5 + s +()d +

(g, P [E, v P
2c c? 2¢2

a2 5 : 2.2 5 1 2
o\ [ A vt (5 1w
2¢ 2¢2 | 342 2 4 4 2

2 3 ; 2.2
V2 (&, 07 3 4y
(2c)d +2€2<3+ =2 )d +()d* +

- cd 76a2 -3 /N3 76a2
2 -3 =|—|(1 d? =(=) (1- d? ) +--
(e v) {’y ( + 8ct >} (cd) 5 8ct N
2 3 6,2 2 3 /- 2.2 2
q v ) a 2, 7 a  vya 3| € 2
Fear = — 1-3 d d+ == | = d
7 8reo (cd) ( 8ct ) {[( 20) o (3 T ) ] 2 ae }X
2 .3 6,2 . 2.2
q 37°%a” o ac v ({a vyta .
= —(1-= ) |-—=+== d
87reocd< 8 ){ 2+2(3+ c2) x
2 .3 . 2.2
_ @ Ly a, vra I P
_swe0c3d2[ ac—|—'y<3—|— 5 >d+()d+ ]x
¢ s a M la vyla? R .
= Tneo |7 124 tia\3t @ +()d+--- | %X (generalizing Eq. 11.95).
Switching to t: v(t,) = v(t) + 0(t)(t, —t) + -+ = v(t) — a(t)T = v(t) — ayd/c. (When multiplied by d, it

doesn’t matter—to this order—whether we evaluate at ¢ or at t,.)



- [U(mr _ @) —2vayd/d] _ [1_ U(zs)?} <1+ 2av73d)’ "

¢ 2 2 c3
(t,) 2712 vary? a
oty .
N = l1 - <C> ] = (%) (1 - CZ d) Ca(t,) = a(t) — Ta = a(t) — %d.
Evaluating everything now at time ¢:
2 [ 37/:3 : 4 /- 2.2
q 5 (1= 3vay’d/c®) (a —avd/c) ' (a  vy*a 2 X
Fse = —_ — —_— d DY
1t 4meg 7 4c2d + 4¢3 \ 3 + c? +Od+ x
2 3 3 /- 2.2 4 7 2.2
q Ya Y (ay | vaPy v (a  via .
= - L (L3 L (= d+---
47T€0_402d+462( o >+43(3+ c? )+() - }X
2 1 A3 4 . 2.2 2
q Va A (. a4 Lva*?  vya )
= - . 243 d+---
dmeg | 4czd+4c3 (a+3+ c? * c? >+() * }X
2 T A3,
=2 DA L a+ 3@& ik + ()d+ - | %X (generalizing Eq. 11.96).
Ameq | 4ccd ' 3c3

The first term is the electromagnetic mass; the radiation reaction itself is the second term:

10q” 0272
Fint — 5 A4 < +3 ) (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is
me

2
Faa = 21 (a3 ).
e

c2

t t t2 v2a%y? ta
/ Fraqudt = —/ Pdt, or / A4 (('w +3 2 ) dt = —/ a’yCdt
t t t

t1 1 1
ta t2 g A
S dt.
L gt

d dy dy d 1 1 1 2ua vary
N —_— 4 = 4 3— 4 M _— = — _— = - _—— = . S
ow dt(v v) 2 dtv—Ir'y “oa T dt < 1 — o2 /c _v2/02> 2(1—v2/c2)3/2 ( 2 ) 2 0
d vay? v? v? 6 v?
dt(’yv)-4’yvc +’ya—7a(1—02+462 =~"a 1—1—36—2 .
to t2 2
—/ 75a? (1 + 32> dt, and hence
t1 t1 (&

ta
/ yrav dt = v*va
ty
t to 2 2
: +/ {—7%2 (1 + 3”2) +3y0 0
t1 t & c
ct

to 2
/ (GHW) ot = ~va
t c?
2.2.6
Hogq~ a7y .
a) P=——— (Eq. 11.75). w = Vb2 + c2t2 (Eq. 10.52); v = w0 = ——;

Problem 11.34
6me
b2c?

c? c2t(c?t) c?
a=0= - = (52+62t2—62t2) R
V122 (BR+ER)PR T (12 + AH2)3/ (2 + 212)3/2

4. 3% _ pog? 2 6 .
(b) Fraa = AY* (a+ , where A= ~——. P = Aa*y" (Eq. 11.75). What we must show is that
c

(except for boundary terms—see Sect. 11.2.2).

1o to d
Rewrite the first term: / yiavdt = / (v* 11)% dt = v*va

t1

2 to

ta
—/ voa?dt. qed

t1 t1

] dt = v*va




1 1 b? + *t? 1
2 2 2.2
= = — (" +ct7). S
7 1—v2/c2  1—[c22/(b% + c2t?)] b2+ 22 — %2 b2 ( ) ©

P= léc;:zj - 342;:2)3 (b2 +b§2t2)3 _ 673620652' [ Yes, it radiates] (in fact, at a constant rate).
) e BT (00T RO s (i)
3v2ctt 67”;) (b + 02t2§ bict c(lj,‘ s N ’
0. ’ Fraq =0. ‘ ’No7 the radiation reaction is zero. ‘

- (b2 + 212)5/2 + 2 b2 (b2 + c2t2)3 /12 £ 22 -

Problem 11.35
The fields of a nonstatic ideal dipole (Problem 10.34) contain terms that go like 1/r, 1/r2, and 1/r3, for
fixed tg =t — r/c; radiation comes from the first of these:

Ho .. afn e Ho . .
E. =—2p-#F -p), B, =-———2
e [P —#(F- D) g (f x P)

where the dipole moments are evaluated at time ¢y. The 1/r% term in the Poynting vector is

S, = (B, % By) = 1l — 1(E ) (F x B) = 1tz B x (£ B) — (- B)F x (£ % B)])
:167rcr2{p_prp (F-p)[F(F D) — }_16ﬂcr2[ﬁ2_(f'f))2}f'

Setting the z axis along p, [p? — (£ - P)?| = p* sin? #, and the power radiated is

1 ™
P:?{ST.da: Ho j)'Qj{—sm 0r2 sin 0 df do = 8/10 p / sin® 0 do = &2'9'2
r? 0

1672¢ 7rc 67c

For the sinusoidal case, p = pgcoswt, we have p = —w?pg coswt, p? = wipd cos? wt, and its time average
is (1/2)pgw?, so

Ho .o 4
P =
(P) = 1o b

in agreement with Eq. 11.22. And in the case of quadratic time dependence our result agrees with the answer
to Problem 11.26.




Chapter 12

Electrodynamics and Relativity

Problem 12.1

Let u be the velocity of a particle in S, @ its velocity in S, and v the velocity of S with respect to S.
Galileo’s velocity addition rule says that u = a4+ v. For a free particle, u is constant (that’s Newton’s first
law in S.

(a) If v is constant, then @t = u—v is also constant, so Newton’s first law holds in S, and hence S is inertial.

(b) If S is inertial, then u is also constant, so v = u — @ is constant.

Problem 12.2
(a) maua + mpug = meuc + mpup; u, =1; +v.
ma(ta +v)+mp(ap +v) =mec(ac +v) + mp(ap +v),
mata +mpug + (ma +mp)v =mecuc + mpup + (mec + mp)v.
Assuming mass is conserved, (m4 + mp) = (me +mp), it follows that
maus +mpup = meic + mpulp, so momentum is conserved in S.

(b)imau? 4+ impu} = tmceu + tmpud, =
tma(@} +2t4 - v +02) + Imp(uh + 2up - v+ %) = ime(Ud + 2uc - v+ v%) + tmp(ad + 2up - v + v?)

%mAﬂi + %mBTLQB +v-(maua +mpug) + %UQ(mA +mp)
= %mcl—t% + %mDﬂzD +v- (mcﬁc + mDﬁD) + %Uz(mc + mD).
But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation
of mass, so 3mAU4 + tmpu% = smcUs + smpls,. qed

Problem 12.3
_ . _ v “+v ~ v v . . vg—v _ v v
(a) vG = vap +vpc; v = TPALEEG S ~ug (1 - tangee); - verin = vanpne,

In mi/h, ¢ = (186,000 mi/s) x (3600 sec/hr) = 6.7 x 108 mi/hr.

LS = (6,($)x(168§)2 =6.7x 10716, -, ’ 6.7 x 1071% error‘ (pretty smalll)

() (be+30) /(15 3-3) = (36)/ (4) =| T3¢ | Gt fes than o

(c) To simplify notation, let 8 =vac/c, 81 = vap/c, B2 = vpc/c. Then Eq. 12.3 says: § = 1%;1%2, or:

32 = B +20182 +26182 + 55 1+2018 + BB (1415 — 67 — B3) :1_(1—ﬂ%)(1—ﬂ§) 1A

(1426182 + B262)  (L+2B182+B282)  (1+2B8162 + B23) (1+ 5182)?




where A = (1 — 32)(1 — 83)/(1 + $132)? is clearly a positive number. So 32 < 1, and hence |vac| < ¢. qed.
Problem 12.4

(a) Velocity of bullet relative to ground is 1c+ fc = 3¢ = 13¢.
Velocity of getaway car is %c = %c. Since vy > vy, ’bullet does reach target ‘
lei1 5 .
(b) Velocity of bullet relative to ground is fig _3%6 = G%C =3c= R

Velocity of getaway car is %c = %c. Since vq > vy,

Problem 12.5

(a) Light from 90th clock took 90x10°m _ 300 sec = 5 min to reach me, so the time I see on the clock is

3x10% m
(1555 o]
(b) T observe .

Problem 12.6

bullet does not reach target ‘

{light signal leaves a at time t/; arrives at earth at time t, = ¢/, + dT“
dy

C

light signal leaves b at time t;; arrives at earth at time ¢, = ¢} +

SAt=ty, —ty =1, —t, +

_ _ !/
(dp — dq) CAY (—vAt cosb)
c c

= At {1 — %cos&]

(Here d,, is the distance from a to earth, and d; is the distance from b to earth.)

inf At in 6
As =vAt'sinf = w(l — Zeos 0) lu= % is the the apparent velocity.
(1t c (1 —2cosh)

du  v[(1—2cosf)(cosf) —sinf(Lsing)| v A
7= 1= Zcost)? —Oﬁ(lfgcosﬁ)cosﬁfzsm 0

= cosf = E(sinzﬁ—l— cos? 0) = ¢
c

vy/1-v2/c? v
1—v2/c2 \/171]2/62
As v — ¢, [u — oo], because the denominator — 0 — even though v < c.
Problem 12.7
The student has not taken into account time dilation of the muon’s “internal clock”. In the laboratory, the
o _ T ta «@ 13 : —6 < .
muon lasts y7 = Wit where 7 is the “proper” lifetime, 2 x 107° sec. Thus

‘Hmax = cos !(v/c) ‘ At this maximal angle, u =

d d v?
= ————== —1/1 — —, where d = 800 meters.
t/\/1—=v2/c2 7 c?
™2 , v? 2((7')2 1 2 1
=) vi=1-——; v +5)=L v=r—Tog———.
(d) 2 d c2> (1/d)* + (1/c)?
v? 1 CoTe_ (2x107%)(3 x 10°%) 3 0? 1 16 4

6
¢z 1+ (r¢/d)? d 800 8§ 4 ¢ 1+9/16 25 5




Problem 12.8
(a) Rocket clock runs slow; so earth clock reads vt = \/772/2 1 hr. Here v = L = 1 = %.

V1-v2/c2  \/1-9/25
*. According to earth clocks signal was sent |1 hr, 15 min | after take-off.

(b) By earth observer, rocket is now a distance (2¢) (3) (1 hr) = 2¢ hr (three-quarters of a light hour) away.
Light signal will therefore take = hr to return to earth. Since it left 1 hr and 15 min after departure, light

signal reaches earth | 2 hrs after takeoff ‘

(c) Earth clocks run slow: tyocket =y - (2 hrs) = 2 - (2 hrs) =

Problem 12.9

Lo=2Ly; ke = Lujso 2 = (1) L g3 g 31, VI3
“”y =3 - 2 vz cZ T ¢ T 16" 2 16— 16|~ 4

Problem 12.10

‘Say length of mast (at rest) is I. To an observer on the boat, height of mast is /sin #, horizontal projection
is [cosf. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to + lcos@
Therefore:

tan @

V1—v2/c?

tand = =~tanf, or |tanf=

ind
Zbé

l
5

Problem 12.11

Naively, circumference/diameter = %(27rR) /(2R) = w/v = /1 — (WR/c)? — but this is nonsense. Point
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a
specific model for the internal forces holding the disc together.
Problem 12. 12

(iv) =t=2< + 2%. Put this into (i), and solve for z:

2

_ t vz v _ 1 oz —
x:’yx—fy:c—'yv(f—kj):7z(1——2>—vt:7x—2—vt:f—vt; x =T+ vt) |V
Y ¢ ¢ Y

v
Similarly, (i) = 2 = £ + vt. Put this into (iv) and solve for ¢:

_ v v v _t v o - U _
t =yt — 2( —I—vt)z*yt(l——)——xf——:c; t=7(t—|—f2x> v
c? \vy c

Problem 12.13
Let brother’s accident occur at origin, time zero, in both frames. In system S (Sophie’s), the coordinates

of Sophie’s cry are = 5 x 10°m, ¢t = 0. In system S (scientist’s), { = v(t — %z) = —yvz/c®. Since
s i - e _ 1 _ 13 _ 13

this is negative, inS. 7y = V1-(12/13)> ~ VI69—14d — 5° So

t=— (%) (c) (5x10%)/c* = —12 x 10°/3 x 10% = 1073. ‘4 x 1072 seconds earlier‘

Problem 12.14

(a) In S it moves a distance dy in time dt. In S, meanwhile, it moves a distance dj = dy in time df =
y(dt — zdx).

dy dy _ (dy/dt) ol Uy _ Uy

AT A(dE - Sdw) (1 gy M T ey T O )

c2 dt c2 c2




(b) S = dock frame; 8’ = boat frame; we need reverse transformations (v — —v):

u 1+ Y 1 @ _ _
tanf = Wy - y/’y( 021”2 = ——#. In this case i, = —ccos; i, = csinf, so
Uy (e +v)/ (1+ %) 7 (tz +v)
. 1 sin 6
_ 1 csin @ —| = i
tanf = v (—ccos 0+v) v <COS€—1)/C>

[Contrast tanf = ’yi%% in Prob. 12.10. The point is that velocities are sensitive not only to the transfor-
mation of distances, but also of times. That’s why there is no universal rule for translating angles — you have
to know whether it’s an angle made by a velocity vector or a position vector.]

That’s how the velocity vector of an individual photon transforms. But the beam as a whole is a snapshot

of many different photons at one instant of time, and it transforms the same way the mast does.
Problem 12.15

. 5 . . %c — %c ic 2
Bullet relative to ground: ?c. Outlaws relative to police: 1_3.1-5 - 56'
. %c — %c —7180 1 . L ) . S .
Bullet relative to outlaws: — = =~ = 71—30 . [Velocity of A relative to B is minus the velocity of

71 28
B relative to A, so all entries below the diagonal are trivial. Note that in every case vpuliet < Voutlaws, SO 1O
matter how you look at it, the bad guys get away.]

speed of = 1| Ground | Police | Outlaws | Bullet || Do they escape?

refatiound| 0 le 3¢ Sc Yes
Police -1 0 2c le Yes
Outlaws —3c —2c 0 — e Yes
Bullet 7%c 7%c %c 0 Yes

Problem 12.16

(a) Moving clock runs slow, by a factor v = Since 18 years elapsed on the moving clock,

1 _ 5
1-(4/5)? 3
% x 18 = 30 years elapsed on the stationary clock. |51 years old

(b) By earth clock, it took 15 years to get there, at %c, sod= %c x 15 years = (12 light years)

(c) ’t =15 yrs, z = 12¢ yrs‘

(d) ’f: 9 yrs, z =0. ‘ [She got on at the origin in S, and rode along on S, so she’s still at the origin. If you

doubt these values, use the Lorentz Transformations, with z and ¢ in (c).]

(e) Lorentz Transformations: 3:3 =7(z + vt) [note that v is negative, since S us going to the left]
t=7(t+ =)

(12¢ yrs + %c~ 15 yrs) = 2 - 24c yrs =

(15 yrs+ 25 - 12c yrs) = 2 (154 £) yrs = (25 + 16)yrs =

(f) Set her clock ’ ahead 32 years, ‘ from 9 to 41 (£ — £). Return trip takes 9 years (moving time), so her clock

will now read years at her arrival. Note that this is % - 30 years—precisely what she would calculate if the
stay-at-home had been the traveler, for 30 years of his own time.

ST =
'E:

LIS jen




(g) (i) t=9 yrs, z =0. What is t? t = %z + L_ =2.9yrs = 2 = 5.4 years, and he started at age 21, so he’s

26.4 years old | ( Younger than traveler (!) because to the traveller it’s the stay-at-home who’s moving.)

(ii) = 41 yrs, = 0. What is t? ¢t = 128

= g -41 yrs, or === yrs, or 24.6 yrs, and he started at 21, so he’s
45.6 years old.

(h) Tt will take another of earth time for the return, so when she gets back, she will say her twin’s
age is 45.6 + 5.4 = 51 years—which is what we found in (a). But note that to make it work from traveler’s
point of view you must take into account the jump in perceived age of the stay-at-home when she changes
coordinates from S to S.)

Problem 12.17

i
Bt

—a’t’ +a'bt +a*? + @t = —2(a® — Bat) (B — pbY) + 42 (at — Ba®) (' — Ba®) + a*b? + a®b®
— —72(a%" _Bﬂ;/bl —ﬁyl/bo + B2a'b' — a'b! +ﬁ;z/bo _’_ﬁ%l ~ B2a%8°) + a2b% + 0%
2a0b0( 62) +,y ( 62) +(l2b2 +a3b3

= —a%" 4+ a'bt + a?b% + a®b3. qed [Note: 72(1 - [32) =1

Problem 12.18

ct 1 000 ct
(a) ; = _OB é (1) 8 Z (using the notation of Eq. 12.24, for best comparison)
z 0 001 z
7 080
0 1 0 O
b)|A =
(b) -0 v 0
0 0 0 1
3 0-360 v =600 vy =8 =36 0
. . 01 0 Of]—B ~» 0O -8 v 0 0
¢) Multiply the matrices: A = _ = _ = _
() Multiply 30 v of| 0 0 10|=[[-5B8m88 7 0
0 0 0 1 0 0 01 0 0 0 1

the order does matter. In the other order “bars” and “no-bars” would be switched, and this would yield
a different matriz.

Problem 12.19

(a) Since tanh 6 = =28 “and cosh? § — sinh? @ = 1, we have:

1 1 ho
y= - = e — cosh§; vB = cosh 0 tanh § = sinh 6.

\/1 —v?/c? \/1 — tanh? 6 v/ cosh? § — sinh? 0

coshf —sinhf 00

. . cos¢ sing 0
A= —sinhf coshf 00 Compare: R = | —sin¢ cos¢ 0
0 0 10 0 0 1

0 0 01




. u—w a (%) -(y - tanh¢ —tanh6 B B _
(b) @ = g T I () (%) (%) = tanh¢ = I~ tanh g tanh 0’ where tanh ¢ = u/c, tanh6 = v/¢;

tanh ¢ = @/c. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says:

tanh ¢ — tanh 6 _ - =
T tanh dtanhd tanh(¢ — 6). .. tanh ¢ = tanh(¢ — 0), or:

Problem 12.20
(a) (1) I = — AL+ A2+ A2+ A2 = —(5— 15)2 + (10— 5)2 +(8— 3)2 +(0— O)2 =—-100+25+25=|-50

(ii) (In such a system AZ = 0, so I would have to be positive, which it isn’t.)

i) ] Y

8 S travels in the direction from B toward A,
making the trip in time 10/c.
6 b ~ A~
o —bX — 5y _ c. c¢.
41 S T B T

Note that ’;—2 = i + i = %, S0 v = %c, safely
less than c.

b)) I=-B-12+(-22+04+0=-4+9=]5]

i)
(i) By Lorentz Transformation: A(ct) = v(A(ct) — 3(Az)). We want At = 0, so A(ct) = B(Az); or
Alet 3—-1 2 2
= (A(C)) = E5 23 =3 - Sojv=gc in the +x direction.
c x -
(iii) (In such a system Az = Ay = Az =0 so I would be negative, which it isn’t.)
Problem 12.21

i} th—t
Using Eq. 12.18 (iv): AT = (At — 5Az) = 0= At = Az, or v = 4L =| 242
B — XA

v




Problem 12.22
(a)

ct

world line

of player 17~

world line of

Truth is, you never do communicate with
the other person right now—you communicate
with the person he/she will be when the mes-
sage gets there; and the response comes back
to an older and wiser you.

/ player 2

X

world line of
the ball

(b) It is true that a moving observer

might say she arrived at B before she left A,
but for the round trip everyone must agree
that she arrives back after she set out.

ct

X
Problem 12.23. .
@ “t 7 N /SN0 0::/‘7/ b) £ = slope = 2:25
/) n) c’ﬁ/\/ ();—Sope_m
i/ S/ Y, &7y
&7 A oy 8T8, |30,
¢ /:L
- 4 {b 4 ,
0’(’ - 4 443,
Yy &7 (c) v = 4o, s0v = Sy
_ (7/5)e _ |35
M - (37/250) =|37¢ v
. . m
%%é 9.25
4? 8.75 :l
Problem 12.24
. 1

(14 2) =i =

N




(b) \/1_22/02 = \/1_;11}12 == coshf =coshf . .n= \/ﬁu = coshf ctanh§ =

\/cosh2 f—sinh? 0

Problem 12.25

1 2

(I N)
o

(a) up = uy = ucos4b® = c=

3
IR

=\/5-.'.77=\/#W$ Nz =Ty V2

1 _ 1
(b) \/1—u2/(12 - \/1_4/5 5—4
() mo = ve = [VBe,

B = ey = Y2 f:f

7= 2/a 2

et () - Zo-|\f3e
(e) ﬁxzv(nx—6n°)=\/l—§(\/§c—\/gx/gc ~[0] [, =n = Vae

V3 - ﬁui{%\gz:?/ﬁ/ﬂ}

Ty

(d) Eq. 12.45=

1 _ 1

() Vi-a2/c2 T \/1-2/3

Problem 12.26 )
1-

i = =) +0® = Ty (=0 4+ u?) = —R il = [ Timelike.

Problem 12.27

1 4 1
Use the result of Problem 12.24(a): u = —————=mn. Here n =, 80 —— = §, and hence
1+n2/c2 c 3 1+16/9 5

= 2(4 x 10%) = 2.4 x 10% m/s.

Problem 12.28

(a) From Prob. 11.34 we have v = $Vb? + 2. . 1 = f%dt = bfﬁ = bIn(ct + Vb2 + 2t2) + k; at
b
c

ct + Vb + 2t?) ]

(b) Vaz — b2+ = b€CT/b; /12 — b2 = bem’/b — 2 b2 = b2e2cr/b _ 2xbecr/b+x2; 2$b€CT/b _ b2(1 +62c7’/b);
xTr =

b(w) =|bcosh(er/b) |. Also from Prob. 11.34: v = 021f/\/l)2 + c?t2.

c 2 COSh2 CT/b) sinh(cr/b CcT
z? —b? = bcosh(ct/b) \/b2 cosh (CT/b) B C\/ cosh(ct/b) = Ccosh%m—éb)) = | ctanh (?) :

t:Owewantho:O:%lnb—l—k,sok:—%lnb; =

v=2%
x

(c) n* =~(c,v,0,0). v = § = cosh G, so n# = cosh (c,ctanh C%,0,0) =lc (cosh %,sinh %,070) )

Problem 12.29

() ’U,‘—‘r’v
a) mAUuA +MBup = McUc +MpUp; Ui = ————5.
AUA BUB cuc DUWpD ) 1 (Uﬂ)/02)
ua +v upg +v uc +v up +v

AT (iao/@) T BT F (apo/@) T (aov/@) T P TA (apujc®)
This time, because the denominators are all different, we cannot conclude that

malua +mpup = Mmouc + MpUup.

As an explicit counterexample, suppose all the masses are equal, and ugy = —up = v, uc = up = 0. This is
a symmetric “completely inelastic” collision in S, and momentum is clearly conserved (0=0). But the Einstein



velocity addition rule gives a4 = 0, ip = —2v/(1 +v?/c?), tc = Up = —v, so in S the (incorrectly defined)
momentum is not conserved:
m <

(b) mana +mpnp = mene +mpnp;  ni =Y + B7Y). (The inverse Lorentz transformation. )
may(iia + Bix) +mpy (s + Biy) = mey(fic + Big) +mpy(ip + Bip). The gamma’s cancel:
maia +mpip + B(maiy + mpiy) = meijc +mpip + B(meid +mpip).
But m;n) = p? = E;/c, so if’ energy is conserved‘ in S (Ea+ Ep = Ec + Ep), then so too is the momentum

—2v

1+uaﬁa>7é‘””“

(correctly defined):
mafa +mpiB = Mmcic + Mpip.
Problem 12.30

qed

2
7m02_m62:nm02:>7:n+1:17\/ﬁél_%:m
u? _ 1— 1 _ n?42n+1-1 _ n(n+2). o n(n =+ 2)c
CE T ST D T (k)T T (D n+1

Problem 12.31
Er=FEi+Ey+---ipr=pi+p2+---; pr =v(pr — fEr/c) =0= B =v/c =prc/Er
v=c’pr/Er = 02(171+p2—|—-~-)/(E1+E2+~--)‘

Problem 12.32

g MRt ) o e madmi) 1w 1
a 2m7r T 7 2m7rmp, 1-— U2/627 02 72 ’
02 . 1 ) dm2m?, my 4 2mZm? +my —4mZm?Z,  (m2 —m2)? (m2 —m2)
[ — [ — _ — = = e e——— C.
2T ey (2 + 2 mz+m2y ! |\ 2 m2)

Problem 12.33
Initial momentum: E? — p?c? = m?c* = p?c? = (2mc?)? — m2c* = 3m?c* = p = V3me.
Initial energy: 2mc? + mc? = 3mc2.

Each is conserved, so final energy is 3mc?, final momentum is v/3 me.

E? - p*P® = (3mc?)? — (V3me)?? = 6m?ct = M%ct ~2 2.5m

(In this process some kinetic energy was converted into rest energy, so M > 2m.)

pc? _ V3mec?

U:f_ 3mc?

Sl

Problem 12.34

First calculate pion’s energy: E? = p?c? + m?c* = Zm?c! + m%c! = 2m?c! = E = 3mc?.

Conservation of energy:
Conservation of momentum:

%mc2 =F4 s+ Ep

3

Ea

qme=pa+pp =

Ep

2
- [Ea=n]

1

= —mc.

4

2

C

—ETB:>%mc2:EA—EB

} 2FE 4 = 2mc?




Problem 12.35
Classically, £ = %mvg. In a colliding beam experiment, the relative velocity (classically) is twice the

velocity of either one, so the relative energy is 4FE.

Let S be the system in which (D) is at rest. Its
speed v, relative to S, is just the speed of (O

inS.
p° —’y(p —6}? % ( ) Wherepis the momentum of (2) in S.
E=9Mc, soy=305;p=—yMV = —yMpec. . E =~ (£ + gyMpc) c = v(E + yMc*3?)
2 —
=1 ﬁ2:>1—62 % 52:1_’%2:772 CLE= M62E+[(IVI2) _1}MC2
” E E? L oE 252 2
E:Mc2+MC2—M02a EZW—MC~

For E =30 GeV and M¢® = 1 GeV, we have £ = 2% _ 1 — 1800 — 1 =[1799 GeV | = [60E. ]
Problem 12.36

Ea
One photon is impossible, because in the “center of mo- 60
mentum” frame (Prob. 12.31) we’d be left with a photon %_ %
at rest, whereas photons have to travel at speed c. Es
(before) (after)

Cons. of energy: \/poc? +m2ct + mc? = E4 + Ep
horizontal: py = £4 cos60° + ££ cos = Ep cosf = poc — %EA
¢ ¢ square and add:

C . of .
ons. oL oM { vertical: 0= E7A sin 60° — E7B sinf = Epsin6 = §EA

1 3
1E3+1Ei

2
= E% = poc® — pocEx + B3 = [, [pdc? + m2ct + me* — EA]
= poc? + m2c* + 24/pic? + m2ct(mc? — Ea) +m?c* — 2E4mc® + E%. O
—pocEa = 2m2c* 4 2mc?\/p3c? + m2ct — 2E 44/ p3c? + m2ct — 2E ymc?;

= Ea(mc® + \/pEc? + m2ct — poc/2) = m*c* + ch\/]DOc2 + m2c?;

9 (me? + \/pac? + m2ct) 2 — \/p3c? + m2ct — poc/2)
(mc2 + \/p3c? + m2c* — poc/2 ch VP3c? + m2ct — poc/2)

E%(cos? 0 +sin® 0) = poc® — pocEa +

Ejqs=mc

) (m’z/c4 —pie? — r/rz’z/c4 — spomc® — B\ /p3c® + m2ct) | mc? (me+ 2po + /P + m2c?)

(m/czl — pom® + 2 _ poc? — m/cz;) 2 (me+ 2po)




Problem 12.40

K,K# = —(K°)? + K-K. From Eq. 12.69, K-K = 5. From Eq. 12.70;

2/62)

5O 1dE 1 d ( mc? ) B mc [_1 (—1/c?) m_ (u-a)

g Sl - - Qual = -
cdr  cy/1—wu2/c2dt \ \/1 —u2/c? Vi—u?/ | 2(1—u?/c?)3/? ua] c (1 —u?/c?)?

m u?(u-a) m(u-a)
But Eq. 12.74: u-F = uF' cosl) = ——= . = 50:
ut Eq 74: u uF cosf e {(u a) + 21— u2/c2)] (L= w222 SO
0 — uF cosf CKOEW = F? B w?F?cos’0  [1— (u?/c?)cos? 0 72 ced
R e e B (e B D B

Problem 12.41

Vi ot 5] o ux) = ot FE - TR )
Dot in u: (ua) + z77 (1123;@2) = Aoy = V1 PR E S uuxB)

=0
_ u(u-a) q u? u(u-E) q u? 1
. (CiQ_UQ) :E ]_—? 02 .Soa:E 1—§(E+UXB—?u(u.E)) qed

Problem 12.42

One way to see it is to look back at the general formula for E (Eq. 10.36). For a uniform infinite plane of
charge, moving at constant velocity in the plane, J =0 and p = 0, while p (or rather, o) is independent of ¢
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except
that o itself is altered by Lorentz contraction).

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction.
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would
have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should
reverse its sign.)

Problem 12.43

(a) Field is o¢/e€p, and it points perpendicular to the positive plate, so:

Eo = 22 (cos 45°% + sin45°9) = | —>

—%+79).
o \@eo( ¥)

(b) From Eq. 12109, E, = E,, = — =2 B, = 7Ey, =y8%. So |E = ﬂeo(_)‘(+7y).

(c) From Prob. 12.10: tanf = -, so

(d) Let fi be a unit vector perpendicular to the plates in & — evidently
i=—sinfX+cosfy; |E| = \/1—|—’y




So the angle ¢ between fi and E is:
E-n 1 cosf 2y
—— =cos¢p = ———(sinf + ycosf) = ———(tanh + v) = ——— cos @
|E| V1+72 V1+92 V1+72
_ _ sing _ Vi-cos?@ _ [ 1 12y 2 _ 1 _ 2y
But v = tanf = >3 — =g 1= s 0=7"+1= cosf el So | cos ¢ <1+72 .
Evidently the field is perpendicular to the plates in S.
Problem 12.44
A8 | A xmX+yy
| 2meo (24 42)
_ _ A 2 5
W E.=+4E.=0, E= <wo>;+ngY.
2reg (x5 +y5)

A
2meg (2% +y3)’

E =
(2) 2meg S
A ZTo —

b) B, = B, = —
(b) 2men (x + y2)

Using the inverse Lorentz transformations (Eq. 12.19), xg = vy(z + vt), yo = v,
Al (zHuvt)X+yy

2meg v [(z +vt)2 +y2 /72

Ay +ut)X+yyy

E =
2meg [v2(x + vt)2 + y?]

A 1—(v/e)2 S
5

Now S = (z+uvt) X+y ¥, and y = Ssind, so [(z+vt)>+y?/v?] = [(z+vt) 2 +y2(1—v2/c?] = S?—(v/c)?S?sin’ § =

S2[1 — (v/c)?sin” 6], so
E =
2meo (1 — v2sin® 0/c?)
This is reminiscent of Eq. 10.75. the field does point away from the present location of the wire.
Problem 12.45 y
1
(a) Fields of A at B: E = 2—%9: B = 0. So force on ¢p is | F = QA9E o e
TEQ 4meg d? as
d
y A X
Up (b) (i) From Eq. 12.67: |F = 7 quB y. | (Note: here the particle is at rest in S.)
d drey d
X N : 1 oqa(l=2?/) 1y qa,
R From Eq. 12.93, with = 90°: E = = A
(i) From Tq A deg (1 —v2/c2)3/2 2Y 7 drey &
(this also follows from Eq. 12.109).
B # 0, but since v = 0 in S, there is no magnetic force anyway, and | F = 47 QZZB V| (as before).
TEQ




Problem 12.46 )
System A: Use Eqs. 12.93 and 12.112, with § = 90°, R =dy, and ¢ = z:

= 1 ly; B=_ . Eli; where 72;.
dmeq d? dmeqg 2 d? V1—0v2/c?
[Note that (E? — B%c?) = (ﬁ)%ﬁ(l — c—;) = (ﬁf is invariant, since it doesn’t depend on v (see

Prob. 12.47b for the general proof). We’ll use this as a check.]

2 2 2 2
F = ¢(E + (—v%)xB) = —4freo%(y - Z—Q(ixi)) - L 2 14+%).

2
System B: The speed of —q is wvp = vty Y

1+0v2/c2 (1+v2/c?)

1 (1+02/c?) (1+0%/c?) v?
YB = 41)2/02 = = U4 (1 — ,U2/02) — 72(1 -+ 072) y UBYB = 2’0*}/2.
\/1 ~ T \/ —25+ %
qg 1 , v2 ) q 2v9? 5
E=—-L 21+ %)y:. B=
4meq 27 (1+ c2 )3 dmeg 2 2
2 2 2
[CheCk: (E - B? 2) (4mqu2) 4(1 + 2:2 + i - %) = (47reqodZ> 747%1 = (47reqod2) ‘/]
F=gqE=— d 1(1 + ”j)y (+q at rest = no magnetic force). [Check: Eq. 12.67 = F4 = 1 Fz. V]
4meq d? c? Y
System C: 0 E-—--Llg B_o Fogm--L 1
ystem e ve = 5  dme 2% e T 4meq 2
[The relative velocity of B and C is 2v/(1 + v?/c?), and corresponding v is y?(1 + v?/c?). So Eq. 12.67
= Fo = sz Foe V]
Summary:

Problem 12.47
(a) From Eq. 12.109:

BB = £,B, + E,B, + B.B. = E,B, + 12(E, — vB.)(B, + C%EZ) +~(E. +vB,)(B. — (%Ey)
U2 v U2
= BBy +4*{B,By + P F. —vB{B. — S E.B. + B.B. — LB +v(B. — S, B,}

v? v?

— E,B, +7° (EyBy(1 = ?2) +E.B. (1~ c2)> = E,B, + E,B, + E.B. = E-B. qed



_ _ v 2 v
(b) E*—c*B* = [EZ+~*(Ey —vB.)”> + ¥’ (E. + vB,)?] —02[B2+72(By+c—2Ez) +72(BZ—§Ey)]
= B2 ++*(E2 - 2E,4B. + v’ B? + E? + 2E,0B, + v*B2 — *B? - CQQ%ZJEZ
2U2E2 2 g2 2 UB E 2”2E2 2 g2
_0074 2 C z+02 zy_ccj ll)_c T
2 2 2 2
2 2 2 2( 2 v 2 v 2/ n2 v 2 2 v
—pi-ena? (B (- 5) (- ) - e (- ) - en (- )
=(E}+E} +E?)— (B} + B, + B2) = B> = B*¢*. qed

(c) For if B = 0 in one system, then (E? — ¢2B?) is positive. Since it is invariant, it must be positive in
any system. .. E # 0 in all systems.

Problem 12.48

(a) Making the appropriate modifications in Eq. 9.48 (and picking § = 0 for convenience),

E
E(z,y,z,t) = Egcos(kzr —wt)§, B(z,y,z,t) = =0 cos(kx —wt)z, where k= ol
c c

(b) Using Eq. 12.109 to transform the fields:

E,=E,=0, E,=~(E,—vB,)="E [cos(kx —wt) — %cos(k:x — wt)} = aEy cos(kz — wt),

= v
2

_ vy [1—v/c
where a:y(l—g)— 15 o/c

Now the inverse Lorentz transformations (Eq. 12.19) = z = v(z + vt) and t = v (f—&— Ef), S0

1 E
E,) =~E [c cos(kx — wt) — % cos(kx — wt)] = aTO cos(kx — wt),

kxfwt:'y[k(f+vf)fw<f+f—2i)} :’y[(kf—v):if(wfkv)f] = kT — o,

where, recalling that k = w/c): k=1 (k — %) =7k(l —v/c) = ak and © = yw(l —v/c) = aw.

_ _ _ _ E _

E(z,7,2,1) = Eycos(kz — @)y, B(z,7,2,1) = —2 cos(kz — &l) 2,
c

Conclusion: - - 1—v/e

where FEog=aFy, k=ak, w=aw, and a=

1— -2 2 A
(¢)|w=w U/C. This is the | Doppler shift | for light. X = T _ T 2 The velocity of the wave
1+wv/e E ok «

inSisv= %;\ = %)\ = this is exactly what I expected (the velocity of a light wave is the same

in any inertial system).




5 |1=w/c
1+wv/c

N~
5| &y
I
Q
Il

(d) Since the intensity goes like E2, the ratio is

Dear Al,

The amplitude, frequency, and intensity of the light will all ’ decrease to zero | as you run faster
and faster. It’ll get so faint you won’t be able to see it, and so red-shifted even your night-vision
goggles won’t help. But it’ll still be going 3 x 10® m/s relative to you. Sorry about that.

Sincerely,

David

Problem 12.49
2 = AAZE = AJAZIO + A2 = 112 1 (—y)112 = (192 — B112)
108 = AQASHAT = AQAZEO3 + AOAZHS = 4103 4 (—B)t13 = 4(t03 — Bt13) = (1% + Bt3).
Fag = AZABNT = AZARE = 23,
t31 = AJAGENT = AZAGE™ + ASATEP! = (—yB)t°0 + 1%t = (83 — Bt®?).
tio = AJAZM = AJA3ED? + ATASE2 = (—yB)t0% + 412 = (12 — BtD2).
Problem 12.50
Suppose t"# = £t*” (+ for symmetric, — for antisymmetric).

= ASASE
e = A;\LAl'ft”” = Al),‘AZt”“ [Because p and v are both summed from 0 — 3,
it doesn’t matter which we call p and and which call v.]
= AZA;\L(:I:#“’) [Using symmetry of t**, and writing the A’s in the other order.]
=+t ged

Problem 12.51
FME,, = 00 00 _ 701 01 _ 02 (p02 _ 03 fp03 _ o0 fpl0 _ 20 20 _ pp30 fp30
L FURH 4 pl2pl2 | pI3pI3 4 p2lp2l | p22p02 4 p23p23 | pRlpdl | pd2p32 | pd3 a3
= (Eofe)? — (By[e)® — (B:/0)® — (Eufc) — (E,/e)® — (E./c)® + B2+ B2 + B2 + B2 + B2 + B;

=28 - 2B%/c* =| 2(B? - Ej)

c2

which, apart from the constant factor —2/c?; is the invariant we found in Prob. 12.47(b).

G" G, = 2(E?/c* — B?)| (the same invariant).

FHVG,U,V _ —2(F01G01 +FO2GO2 + F03G03) 4 2(F12G12 =+ F13G13 +F23G23)

s <1E$Bx +2E,By+ 1EZBZ) +2[B.(—E2/c) + (—By)(Ey/c) + Bu(—E./c)]

_%(E : B)a

2 2
=_2(E-B)-Z2
c( ) c

(E-B) =




which, apart from the factor —4/¢, is the invariant we found of Prob. 12.47(a). [These are, incidentally, the
only fundamental invariants you can construct from E and B.]

Problem 12.52

L oonw o A2 4 0 cO0O0 0 Ov O
E=rnooX=n"2X v _ oA | —c 00 —v G _ oA ] 0 00 0
Mo 2XAv s Mo AV G _271—1' 0000 _27(-‘7; —v 00 —c

B=5n=y=53Y
ir 2m x 0 v0 O 0 0c O

Problem 12.53

O, F* = pgJ*. Differentiate: 0,0, F* = uo0,J".

But 0,0, = 0,0, (the combination is symmetric) while F** = —F" (antisymmetric).

20,0, F* = 0. [Why? Well, these indices are both summed from 0 — 3, so it doesn’t matter which we
call 1, which v: 0,0, F* = 0,0, F"" = 0,0,(—F") = —0,0,F"". But if a quantity is equal to minus itself,
it must be zero.] Conclusion: 0,J" = 0. ged

Problem 12.54

We know that 9,G*” = 0 is equivalent to the two homogeneous Maxwell equations, V:-B = 0 and VXE =
—%—?. All we have to show, then, is that O\F,, + 0.Fux + 0, Fx, = 0 is also equivalent to them. Now this
equation stands for 64 separate equations (u=0—3,v=0—3, A =0— 3, and 4 x 4 x 4 = 64). But many
of them are redundant, or trivial.

Suppose two indices are the same (say, p = v). Then OxF,, + 0y F,» = 0, F\y = 0. But F,,,, = 0 and
F,» = —F),, so this is trivial: 0 = 0. To get anything significant, then, u, v, A must all be different. They
could beall spatial (p,v,A =1,2,3 = z,y,z — or some permutation thereof), or one temporal and two spatial
(u=0,v,A=1,20r 2,3, or 1,3 — or some permutation). Let’s examine these two cases separately.

All spatial: say, p =1, v =2, A = 3 (other permutations yield the same equation, or minus it.)

0 0 0
OsF1a 4+ 01Fas + 0oFs1 =0=> —(B,) + —(Bz) + =—
3112 + 0110723 + O2'31 (B:) 89:< ) oy

- (B,) =0= V-B=0.

One temporal: say, p =0, v =1, A = 2 (other permutations of these indices yield same result, or minus it).

0, E 0 0, E
0o F Oo F O F5 =0=—(—-—) = B.)+ —(+=)=0.
b £'01 + doL'12 + O14'31 8y( C) 8(ct)( )+0x(+c)
or: —‘9;2 + (6(,% — 6£y) = 0, which is the z-component of —%—? =VXE. (If p =0,v =1,\ = 2, we get the
y component; for v = 2, A = 3 we get the  component.)
Conclusion: OxF, + 0,F,) + 0,Fx, = 0 is equivalent to V-B = 0 and %—]? = —VXE, and hence to
0,G* = 0. qed

Problem 12.55
K® = qn, F% — q(n FO' + o F%2 + n3F%) = ¢(n-E)/c = g’yu-E. Now from Eq. 12.70 we know that
c

K% =14¥ ‘where W is the energy of the particle. Since dr = %dt, we have:
1 dW ¢ dw
A2 i (uE 22— g(wE
g = (WE) = —- = g(wE)

This says the power delivered to the particle is force (¢E) times velocity (u) — which is as it should be.




Problem 12.56
) 10 . 1,000t 000w 060y 0002
O0h — —— A — __ — H— (T _ 7 _rZJ _r-7
Pé= gt ="o*= \Gioi T owar T oy 0t T 95 o)

ot
From Eq. 12.19, we have: 7= % =y 9y _ 9z _ ).

' ot ot
1 06 0 . ) 9
S0 0% =~ +v5%) or (shnce et = 2 = —a0): 9 = (51> — 2 25) = [(0%) - 50" ).
gg 0, 000t 090z 040y 000z  v0p 0p 9 v\ o1 g0
0= 05 atont Tonor Tayar tosor @ ot ow = N am camg) =7 (@0 -89,

g 00 _ 9001060 060y 090> _ 06
Oy Otdy Ox0y Oydy 0z0y Oy
i 06 _ 0000 _000x 000y 000> _ 00
0z 0Otdz 0x0z Oyodz 020z Oz

Conclusion: "¢ transforms in the same way as a* (Eq. 12.27)—and hence is a contravariant 4-vector. qed

= 0%¢.

= 93¢.

Problem 12.57

According to Prob. 12.54, 3{%“; = 0 is equivalent to Eq. 12.130. Using Eq. 12.133, we find (in the notation
of Prob. 12.56):

OF,, 0F,\ N OF\,
oz O+ oxV

= a)\F;U/ + a;J,FuA + 81/FA;J,

= 0\(0, 4y — 0, A,) + 0u(0, AN — O\AY) + 0, (0xAy — 0, AN)
= (020 Ay — 0,00A)) + (0,0, A\ — 0,0, AN) + (0,00 A, — 0x0,A,) = 0. ged

[Note that 9\0uA, = agig;v = 8332@ = 0,0,A,, by equality of cross-derivatives.|

Problem 12.58
From Egs. 12.40 and 12.42, n* = ~(e,v), while 2 * = (¢t — ctp,vr — W(t;)) = (2,2 ), s0 0”2 , =
—ver +yv- =—y(2c—2 -v).

_a " q e _ 1 qc
dmegc (M2 ) Admepcy(2 c— 2 -v)  dmege (2 c—2 -v) ¢

(Eq. 10.46),
__4q n__ 4 v _ 1 qv
dwegc (M2 ) Amepey(2 c— 2 -v)  dmege (2 c— 2 - V)

(Eq. 10.47), so (Eq. 12.132)

L

4 n
dmege (NP2 )

=A*. v




Problem 12.59

AN
<i

Step 1: rotate from xy to XY, using Eq. 1.29: q y 3

X =cospx+singy
Y = —sin¢gz +cosoy * -

Step 2: Lorentz-transform from XY to XY, using W
Eq. 12.18:

Y(X —vt) =7y[cospx + singy — Set]
Y = —smd)x—i—cosgby
Z

rﬂ N N'
Il

(ct - pX) = ’y[ct — B(cospx + sinqby)}
Step 3: Rotate from XY to Z7, using Eq. 1.29 with negative ¢:

T=cos¢pX —singpY = ycosg[cospx + sinpy — Bet] — sin ¢[—sin ¢ x + cos ¢ ]
= (ycos® ¢ +sin® ¢)x + (v — 1) sin g cos py — v5 cos ¢ (ct)
=sing X +cospY = ysing(cospx +sinpy — Bet) + cos ¢p(—sin ¢ ¢ + cos ¢ y)
= (y—1)sin¢cos px + (ysin? ¢ + cos? ¢)y — yFsin ¢ (ct)

Q

t 0% —vB cos ¢ —~Bsin ¢ 0
—~Bcos¢ (ycos® ¢ +sin?¢) (y—1)singcosg 0
0
1

8l
8

In matrix form: || —1Bsing (v —1)singcose (ysin? e+ cos? )
0 0 0

I
<

N

Problem 12.60
In center-of-momentum system, threshold occurs when incident en- n

p
ergy is just sufficient to cover the rest energy of the resulting particles, O— —o0O before (CM)
with none “wasted” as kinetic energy. Thus, in lab system, we want o after (CM)
the outgoing K and X to have the same velocity, at threshold: K
— ¢ 00—
n K
Before After

Initial momentum: p,; Initial energy of m: E? — p?c? = m%c* = E2 = m2c* + p2c2.

Total initial energy: myc* = \/m2c* + p2c2. These are also the final energy and momentum: E? — p?c? =
(mx +ms)?ct.

2
(mp02 +/m2ct —|—p721.62> - pfrc2 = (mg + mg)204

294+2mp vVmic2 4+ p2e+m Q4+p/yc —1% mK+mg)94

C

2m
Tp Vm2c + p2 = (mg + mx)® —m, —m2



4m?
(m2c? +p72r)c—2p = (mg +mz)* = 2(m2 +m2)(mx +mg)® + m, + my + 2mim?

4m?

CT”pi = (mx + mg)4 - Q(mf7 + mfr)(mK +my)* + (mf) - mfr)2

Pr = 5 (mic 4 ms)t = 2m3 4+ m2) (mic +ms)? + (m2 — m2)?

2my,

= (2mi02)c \/(mKCQ + m202)4 o 2((mP62)2 + (mWCQ)Q)(mKCQ + m262)2 + ((mpc2)2 - (mﬂ62)2)2

2
= m\/mooﬂ —2((900)2 + (150)2) (1700)2 + ((900)2 — (150)2)
= 15052 V/ (8:35 x 1012) — (4.81 x 10™2) + (0.62 x 1012) = 15-(2.04 x 10%) = [ 1133 MeV /c

Problem 12.61

NP y
) p p (p = magnitude of 3-momentum
In CM: o —©° o X in CM, = CM scattering angle)
Before P )
gk
After
Outgoing 4-momentua: r* = (%,pcos o, psin QS,O); st = (%, —pcos ¢, —psin ¢,O).
FH

In Lab: o— O Problem: calculate , in terms of p,

Before gH

Lorentz transformation: 7, = v(r, — 8r°); 7y = ry; 5, = Y(sz — 35°); 5 = sy.
Now E = ymec?; p = —ymu (v here is to the left; E?> — p?c? = m?c?*, so = -,

STy =7 (pcoqu— ”—Ec%) = 9p(1 + cos ¢); 7y = psin¢; 5, = yp(1 — cos ¢); 5, = —psin¢.

=i
9]

cosf = = v2p?(1 — cos? ¢) — p?sin? ¢
5 \/[72]02(1 + cos )2 + p? sin? ¢] [y2p2(1 — cos §)? + p? sin ¢]
(v2 = 1)sin% ¢
\/[72(1 + cos ¢)2 + sin® qﬂ [72(1 — cos )2 + sin? ¢]
(v*-1) _ (42 —1)
\/[vg(”c"”)Q A1) (et 1] V0o 4+ 1) (tan? g+ 1)

=3

sin ¢ sin ¢



d (where w=+?%—1)

cosb =

\/(1 + cot? % + wcot? g) (1 + tan? g + wtan? %)

_ w B wsin%cos%
\/(CSC2 g + wcot? %) (Sec2 % + wtan? %) \/(1 + w cos? %) (1 + wsin? ¢)

_ jwsing B sin ¢
\/(1—|—w (1+cos¢))(1+wi(l—cosg)) \/[(%—l—l) +cos¢] [(2 +1) — cos¢]

sin g sin g ! , where 72 = % + é
w w

TV Cests JEriimte |1t ()

i 4 4 2 Q
sinf = ;7. 72:3(1+w)szﬁ,so tané):m. /@
AN /sin

. 2 262 A
Or, since (72 — 1) =2 (177%) =~%, tan&:m 1
Problem 12.62
dp — | ( tant) = 29 — K But & = L__.p=_mu
dr — a constan dt dt - but o = \/1 uz/cz’ b= \/1—u2/c2'

.'%(W)imm Multiply by 4
dtd( u ) d( u )_K\/WLGW_ u

dz dt V1 —u?/c? Cdz V1—wu?/c? m u . 1w
dw K1 dw 1d , k dw?) 2K .o 2K
v mw’ dz  2dz.  m’ dx m (w?) = m(x)
cow? = 2Kyt constant. But at ¢t =0, 2 =0 and u = 0 (so w = 0), and hence the constant is 0.
2K u? 2Kz 2Kz 2Kz 2Kx
2 = = — 2 - 7 _ 2 2 1
v m 1—u?/c?’ " m me2 Y (1+ mc2) m
2Kxz/m c? dx ¢ mc?
2
e = = [\1 () ds

Let 'g;; =a? ct:fi””jgazdx. Let © = y?%; do = 2y dy; /x = y.

Ji2 & a2
ct = /u 2ydy = 2/\/y2 +a?dy = [y\/y2 +a2+a’In(y + Vy? + aQ)} + constant.
Y

Att=0,2=0=y=0...0=a?lna+ constant, so constant = —a?Ina.

cet=y y2+a2=a21n(y/a+¢@/®72+1):“2[(3) (Z)2“““<Z+ (Z)2+1)]

2Kt
Let: 2 =¥ = /z,/25 = /2K2 — > Then 2V 1422 +In(z+ V14 22).




Problem 12.63

y
+( I

(a) z(t) = £ [ 14 (at)? — 1}, where a = £ The force of +¢ on A/2) o @i
—q will be the mirror image of the force of —¢ on +¢ (in the z-axis), d 2

so the net force is in the z direction (the net magnetic force is zero).

So all we need is the z-component of E. -d/2 B S

The field at +¢q due to —¢ is: (Eq. 10.72)
__4q z 2 .2
E = _mw [u(C — v ) +u(4 'a) — a(’b ‘u)} .

u=c2 —v=u,=cip —v=5(cdl—v2 );’L-u:cll -2 -v=(c2 —l); 2 -a=la. So:
q v
4meg (e —vl)3

E,=— [1 (cl —v2 )(c? — %) =

(cl —v¥)la — alcr ]/f})]

v \

»ca(l®> =2 %) = —cad®/ 2
¢ 1
dmeg (e —vl)3

[(cl = vz )(c® —v®) — cad?].

The force on +q is ¢F,, and there is an equal force on —¢, so the net force on the dipole is:

2¢> 1

F=- - -
dmeg (e — )3

It remains to determine 2 , [
_ a2y 2] s Uy
[(Cl v )(C v") — cad ]X v, and a, and plug these in.

dx c 1 1 cat

cat
v(t) = = = = ot = 7;v:vtr:—r,whereT: 14 (at,)2.

dv co 202t, co cx
a(tr) = E = ? + COéty- (—2> T3 = T3 (1 + (Oét ) (OétT,)Q) = ﬁ

Now calculate t,: *(t —t,)2 =2 2 =12+ d% I = z(t) — a(t;) = £[/1+ (at)? — /1 + (ot,)?], s
ff2tt = L[4 (o2 + 1+ anQ—Q\/l (at)?\/1+ at)} + (d/c)?
*) 1+ (at)?/1+ (at,)? =1+ o?tt, + 1 (24 ) Square both sides:

X+ (at)® + (aty)* + 04%3 =X+ ozj?z/ti - E(O‘Cd)4 + 2021, + (%df + aQtt,.(O‘Cd)2

ad d\2 o sdy\4
t2 12— 2tt, —tt( ) —(7> ——(—) =0
c c 4 \c
At this point we could solve for ¢, (in terms of t), but since v and a are already expressed in terms of t,, it is
simpler to solve for ¢ (in terms of ¢,), and express everything in terms of ¢,:

2 —tt, [2+ (O‘cd)z} + {tQ (d)2 _ Oj(d)‘l] 00—
=3 (s () () ()
(5]

I
~
s
| —
—_
+
[\}
S
o
RN EY
—_
—
()
—_
H_
$
—_
+
—~
°
g
=
VS
QL
N———
[\)
| —
—_
+



Which sign? For small o we want ¢ = ¢, + d/c, so we need the + sign:

1/0d\2] d a2
t=t, 1+f(o‘—) + 27D, where D = 1+(a—)
2\ ¢ c 2¢c

Soz =c(t—t,) = e (0‘7) +dTD. Now go back to Eq. (%) and solve for

e {1+;<id>2+a%[tr<1+;<aff]+iTDH
“Hlsenl (] o [ e
T2

1+ (at)?:

_ V1+ (at?) = /1 + (at,)? =< +1 ady? T+a2trdD—/T =ad iTthrD
« «a 2\ ¢ c 2c

Putting all this in, the numerator in square brackets in F becomes:

— {caa( L1 1 1,D) - % (%) | arp] [ - Cza%ﬂ Py

Cc

72 T;
= cod[ T + 1) — % t/f?]g[lﬂcﬂi)? — ()] - C%dQ
IR TIETP A ™
I Cad® o

3X. It remains to compute the denominator:
dreo [(cr — )T

cty rad\? d cat,
(c2 —Io)T = {C{Q( - ) +dTD} —ad( T+t D) = }T
:[ /d2+chD— /d2 cd(ot,)” ]T:cdD[ T2 - (at,)® | =deD
N————’
1+(g#))2 —(o#)?
_ q> 02d2a5{: q> « % (azi)
4dmeg c3d3 D3 4meg cd[l + (%)2]3/2 me

Energy must come from the “reservoir” of energy stored in the electromagnetic fields

1 2
(b)F:mca:fq a

/ 2
12\47760 cd[1 + (‘5—] )3/2 - {1 + ((;ici) ]3 2 87rejm02d (SA::%CZ)'
)

(force on one end only

- 27; (81?7312(1)2/3 —loso 1 F = 2773162 (8/?:;)2/3 -




Problem 12.64
(a) A" = (V/e, Ay, Ay, Az) s a 4-vector (like ¥ = (ct,x,y,2)), so (using BEq. 12.19): V = (V +vA,). But
V =0, and

i fio (MXT)y

Ay =——=

RV S

Now (mXT); = myZ — m.gJ = myz — m,y. So
po (myz — m-y)

V =~yv— -
i 47 73

Now Z = y(z —vt) = YR, § =y = Ry, Z = z = R, where R is the vector (in S) from the (instantaneous)
location of the dipole to the point of observation. Thus

2
— v .
7= *RL 4 Ry 4 B2 = *(RE + Ry + RB2) + (1= ") (Ry + R2) = 7 (R — 5 R?sin® 0)

(where 6 is the angle between R and the z-axis, so that RZQI + R? = R?sin”6).

_ Mo vy(my R, —m.R,)
TA3R3(1— Z—z sin? 9)3/2 ’

v-(mXxR) =v(mxR), =v(my,R, —m,R,), so

_ Mo Vv (me( _%)
CArx R3(1— 9)3/

~ 2
1 R(vxm)(l-%
or, using ug = 60% and v-(mXR) =R+(vxm): V = v )2( (:2??/2
dmeo (2R2(1 — 25 sin? 9)

(b) In the nonrelativistic limit (v? < ¢?):

1 R-(vxm) 1 Rop . vXm
4mey  Cc2R? dreg R2’ W N 2’

which is the potential of an electric dipole.
Problem 12.65
(a) B= -8 Ky (Eq. 5.58); N=mxB (Eq. 6.1), so N = —22mK(z2xy).

N = ?me = B (Ml?)(ov)k = B2 Aov??R.




<iA

Charge density in the front side: Ao (A = yAo);
Charge density on the back side: A = \g, where v = H—gﬁ’

1 2/.2 1 2/.2 1 2/.2 2
(1+v7/c%) +v7/c (+v/6):72(1+%)
4v2 /2 c

= —2/.2
l- s Jle2m s —an J1-2% 4y (1—v/c?)

Length of front and back sides in this frame: [/. So net charge on back side is:

< 9 vI\ A1 v?
0 =X =7 (H?)ﬂ_ (1+C—2)Az
Net charge on front side is:
1
b a1y,
YooY

So dipole moment (note: charges on sides are equal):

l . l . V2 l 1 1. A2 v2 w2y 202
P—(q+>2y‘<q>2y—[(1+cz)”zwz”2]y—2(1%2‘1*02)?/— z ¥

AN2v? o 1 po
_ oo _ _ _ NP 2, 24
E = 722, where 0 =09, so N =pXE = 72607(y><z) = ;?)\Ul veXR.

So apart from the relativistic factor of v the torque is the same in both systems — but in § it is the torque
exerted by a magnetic field on a magnetic dipole, whereas in § it is the torque exerted by an electric field on

an electric dipole.
Problem 12.66

Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, E); B = (0, B cos ¢, Bsin ¢).
Go to a frame moving at speed v in the x direction:

E = (0, —yvBsin¢,v(E + vBcos $)); B(0,7(Bcos ¢ + —E),yBsin¢).
C

) —yvBsin ¢ Y(E + vBcos ¢)
I used Eq. 12.109.) Parallel ded =
(T used Eq ) Parallel provide V(Beosg+ SE) “Bsing , or

2
—vB?sin? ¢ = (B cos ¢ + %E) (E +vBcos¢) = EBcos ¢ + vB%cos® ¢ + %EQ + U—QEB cos ¢
c c c

v v? v EBcos¢
0=vB?+ S E?+EB (1 7)~ __
vB” + 2 + cosp( 1+ 2) 110/ Bt B2/
Xy z ExB
Now ExXB=|0 0 E |=—EBcos¢. So —~ — — =X qed

2.2 2 27,2
0 Bcos¢ Bsing 1+v?/c B? + E?/c

No

zero in S.

there can be no frame in which E L B, for (E-B) is invariant, and since it is not zero in S it can’t be

)




Problem 12.67

Just before:
Field lines emanate

X from present position
of particle.

Just after: Field lines outside sphere of radius ct emanate from
position particle would have reached, had it kept going on its
original “flight plan”. Inside the sphere £ = 0. On the sur-
face the lines connect up (since they cannot simply terminate
+ - in empty space), as suggested in the figure.

This produces a dense cluster of tangentially-directed field
lines, which expand with the spherical shell. This is a pic-
torial way of understanding the generation of electromagnetic
radiation.

Problem 12.68

Equation 12.67 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in S. So
F, = %FJ_, F = F). Using F = ¢E, then,

Fa;:F‘x:qua F, =
Invoking Eq. 12.109:

1 1
F,=qF;, F,= ;Q’Y(Ey - UBZ) = Q(Ey - UBZ) F, = ;QV(EZ + UBy) = Q(EZ + UBy)'

But vxB=-vB,X+vByz so F=¢E+vxB). ged
Problem 12.69

Rewrite Eq. 12.109 with z -y, y — 2, 2z — a:

Eac = ’Y(Ez + UBZ)
— v — v
C C

This gives the fields in system S moving in the y direction at speed v.
Now E = (0,0, Ey); B = (By,0,0), so E, =0, E, = vy(Ey — vBy), E, = 0.

If we want E = 0, we must pick v so that Eg —vBy = 0; i.e.
(The condition Ey/By < ¢ guarantees that there is no problem getting to such a system.)



With this, B, =0, B, =0, B, = v(By — %Eo) = vBo(1 - %) = ¥BoZ: = 1By; | B = —Box.

The trajectory in S: Since the particle started out at rest at the origin =
in §, it started out with velocity —vy in §. According to Eq. 12.71
it will move in a circle of radius R, given by

1 2
p=aBR, or ymv =q(-Bo)R=|R="7_". t
v qBO q y
|
X
The actual trajectory is given by ’f =0; y=—Rsinwt; z= R(1 — coswt); ‘ where |w = %

The trajectory in S: The Lorentz transformations Eqs. 12.18 and 12.19, for the case of relative motion in
the y-direction, read:

r=2x r=2
g =n(y—ot) y = (§ + vt)
zZ =2z z2=2z

fzv(t——y) t:y(t+ 2y)

So the trajectory in S is given by:

x = 0;y = y(—Rsinwt + vt) 'y{Rsin{wfy(t C%y)} Jrv’y(tf y)}

2
o) = om0, fn(e- )]

2 v2
Vy(l—tz+23)=72y

= R(1 — cos® wt) = R[l - COSW’Y(t - —y)}

R

So: |z =0; y=vt— — sin{wy(t — —y)}, z=R— Rcos{w'y(t — %)}
vy c

We can get rid of the trigonometric terms by the usual trick:

(y —vt) = —Rsin [wy(t — 5y) 2 2 2 _ 2
ZER:—RCOSS[wfy[(t’Y—CUQy)]y]}:"7 (y —vt)* 4+ (2 — R) —R.‘

Absent the 42, this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The 42 makes it, as it were, an

elliptical cycloid — same picture as Fig. 5.7, but with the horizontal axis stretched out.
Problem 12.70

(a) D= ¢E+P suggests E — ED

H— ;}OB M suggests B — jiyH } but it’s a little cleaner if we divide by pg while we're at it, so that

E— L D=¢D, B — H. Then: 0 ¢Dy cDy cD.
Hoo pw _ ) —cDx 0 H. —H,

—cDy, —H, 0 H,

-cD, H, —H, 0




Then (following the derivation in Sect. 12.3.4):

0] 0 10 oD
D% =¢V.-D =cps=J?; DY == —(—¢D, VxH), = (Jf)s; Ky — gt
oV ¢ PE=F5 v c@t( eDz) +( Ja = (Jp)e s s0 oz I
where Jjﬁ‘ = (cpys,Jf). |Meanwhile, the homogeneous Maxwell equations (V-B =0, E=— %]?) are unchanged,
8G'U.l/
and hence =0
oxv
(b) 0 H, H, H,
e — -H, 0 —c¢D, cD,
-Hy cD, 0 —cD,
—H, —cDy cD, 0
(c) If the material is at rest, 1, = (—¢,0,0,0), and the sum over v collapses to a single term:

(d)

E
DM = 2eFH0ny = DM = e F*0 = —cD = —?¢— = D = ¢E (Eq. 4.32), v
c

1 1 1 1
HHno = ;G“% = H" = ;G“O »-H=—B=>H=_B (Eq. 6.31). v

In general, n, = v(—c¢, u), so, for u = 0:
DYy, = D%y + D%z + D% = eDy(yuy) + eDy(yuy) + eD.(yu) = v¢(D - ),
F%n, = FOly + F%np + F%n3 = %(wx) + %(7“1}) + %(vuz) = %(E ‘), so
D%n, = c*eF%n, = ve(D -u) = ¢ (%) (E-u)=D -u=¢€¢E-u). [1]

Hn, = H%%y + H”no + H%n3 = Hy(yua) + Hy(yuy) + Ha(yu.) = v(H - u),
GO”ny = G01771 + G02772 + GO37)3 = Bm(’YUm) + By('Y“y) + BZ(VUZ) = ’Y(B : u), SO

1 1 1
H"p, = =G"n, = y(H-u)= —y(B-u)=H-u=—(B-u). [2]
1 [ [
Similarly, for p = 1:

DY, = D"y + D%y + Dns = (—cDy)(—ve) + H.(yuy) + (—Hy)(yu.) = y(*Dy + uyH. — u.H,)
=7 [CQD—I— (u x H)LC7

v _EZE
FYny = F' + F'ny + F'ng = —=(=7¢) + Ba(yuy) + (=By)(yu2) = ¥(Ex + uy B — . By)
=v[E+(uxB)],, so DYp, =c*eF"n, =
1
v [¢*D + (u x H)]I =c’ey[E+ (ux B)], éD—l—C—?(ux H) =€¢[E + (ux B)]. [3]

H'Yn, = H'% + Hny + H'nz = (—H,)(—7¢) + (—eD2)(yuy) + (eDy)(yus)
= vye(Hy —uyD, +u.Dy) =~vc[H - (uxD)]_,



v E, E
G, = G + G+ 6 = (B0 + (- ) )+ (22) )

7
c

1
(*B, —u,E, +u,E,) = % [®B — (u x E)| , so H'y, = ;Gl”ny =

yc[H—(uxD)]z:;Z[CQB—(uxE)]m:H—(uxD):i[B—;(uxE)].

Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D:

D+612u><{(u><D)+;[B—;(uxE)}}:e[E—f—(uxB)];

D+Cl2[(u~D)u—u2D] :6[E+(uxB)]—ﬁ(uxB)+ﬁ[ux(uxE)].

Using Eq. [1] to rewrite (u - D):

_uj = " (E-uwute u —iu 1 ~u)u — u?
D(1-%) = -5 wut B+ (ux B~ wxB)+ L (B wu-E]

L[ A S R )

1 1
v

D:726{(1_“Z’2)E+<1—"C’2> {(uxB)—;(E~u)u]}.

Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H:

Let | v Then

H—HX{—(}Q(UXH)—&-G[E—F(uxB)]}:i [B—;(uxE)};

H+Cl2 [(u-H)u—v*H] = i [B;(uxE)] +e(u x E) + ¢[u x (ux B)].
Using Eq. [2] to rewrite (u- H):

H(l—i) - —é(B-u)u—i—i {B—;(uxE)} 4 euxE)+c[(B-uju— u’B]

[
H:f{<1_£>3+(1}2—;> [(uxE)+(B-u)u]}.




Problem 12.71

We know that (proper) power transforms as the zeroth component of a 4-vector K9 = %%. The Larmor
formula says that for v = 0, ‘ZVTV 4#160 1 © a2
reduces to this when the velocity is zero?

(Eqg. 11.70). Can we think of a 4-vector whose zeroth component

Well, a? smells like (a”a,, ), but how do we get a 4-vector in here? How about n*, whose zeroth component
is just ¢, when v = 07 Try, then:
1 242

KH— _~ 24
47en 3 P

(¥ v )ny
This has the right transformation properties, but we must check that it does reduce to the Larmor formula
when v = 0O:
aw _1dw 1 KO _ aw poq?
dt oy dr vc v 6me dt  6me
us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we
could simply have looked for a Lorentz scalar that generalizes the Larmor formula.]

In Prob. 12.39(b) we calculated (o) in terms of ordinary velocity and acceleration:

1 pog?
—C

3 (@’ )n°, but n° = ¢y, so (a¥aw) | [Incidentally, this tells

a’a, =7 {a + ((v_az;)} =8 [azvfz + C%(V-a)z}

v 1 1
=0 [aQ (1 — 7) + —2(V-a)2} = 76{a2 - [U2a2 — (V-a)2] }
c c c
Now v-a = vacos 8, where 6 is the angle between v and a, so:

v2a® — (vea)? = v2a?(1 — cos? 0) = v2a?sin? § = |vxal?.

vXa|?
a’a, :76(1127 ‘—‘ )
c

AW pog® 6(a2 _ ’VX3’2)

dt  6mc c

which is Liénard’s formula (Eq. 11.73).

Problem 12.72
(a) It’s inconsistent with the constraint 7, K* = 0 (Prob. 12.39(d)).

(b) We want to find a 4- Vector b* with the property that (dau +b”>77u = 0. How about b* = Ii( ;“TU nl,)n”? Then
( +b“)77# = —77#+/<; = 7],,(77“%) But ntn, = —c?, 50 this becomes ( = 77#) —c /<;( e 7],,), which is zero,

if we pick x = 1/c2. This suggests K, =

Note that n* = (¢, v)~, so the spatial

1oq? (da“ 1 da” )
6me \ dr 2 dr ar M
components of b* vanish in the nonrelativistic limit v << c, and hence this still reduces to the Abraham-Lorentz

formula. [Incidentally, o¥n, = 0= == (a 7,) =0 = d =y o d"" =0, so ddi:nl, = —a”a,,, and hence b* can
just as well be written — 2 (o al,)n“ ]
Problem 12.73

Define the electric current 4-vector as before: J¥ = (cpe,Je), and the magnetic current analogously:

JH = (¢pm,Im). The fundamental laws are then

O F" = podt, 0,6 =Eopn Kb = (@ + Ime )y




The first of these reproduces V-E = (1/e9)p. and VXB = poJ. + poegdE/0t, just as before; the second
yields V-B = (uo/c)(cpm) = popm and —(1/¢)[0B/0t + VXE] = (9/¢)Im, or VXE = —puoJ,, — 0B/0t
(generalizing Sec. 12.3.4). These are Maxwell’s equations with magnetic charge (Eq. 7.44). The third says

Kl=__% [EtuxB), +In _C(—B)+%<—EZ)+UZ(E?’)

1

K — m{qe[E—i—(uxB)H—qm {B—;(uxE)H, or

P = 0. [B+ (ux Bl g, B S(axE).

which is the generalized Lorentz force law (Eq. 7.69).




4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed

1.1 v 1.1 1.46 v 1.45 2.27 v 2.27
1.2 v 1.2 1.47 v 1.46 2.28 v 2.28
1.3 v 1.3 1.48 v 1.47 2.29 v 2.29
1.4 v 1.4 1.49 v 1.48 2.30 v 2.30
1.5 v 1.5 1.50 v 1.49 2.31 v 2.31
1.6 v 1.6 1.51 v 1.50 2.32 new -

1.7 v 1.7 1.52 v 1.51 2.33 new -

1.8 v 1.8 1.53 v 1.52 2.34 v 2.32
1.9 v 1.9 1.54 v 1.53 2.35 v 2.33
1.10 v 1.10 1.55 v 1.54 2.36 v 2.34
1.11 v 1.11 1.56 v 1.55 2.37 new -

1.12 v 1.12 1.57 v 1.56 2.38 v 2.35
1.13 v 1.13 1.58 v 1.57 2.39 v 2.36
1.14 v 1.14 1.59 v 1.58 2.40 new -

1.15 v 1.15 1.60 v 1.59 2.41 v 2.37
1.16 v 1.16 1.61 v 1.60 2.42 v 2.38
1.17 v 1.17 1.62 v 1.61 2.43 v 2.39
1.18 v 1.18 1.63 v 1.62 2.44 v 2.40
1.19 new - 1.64 new — 2.45 v 2.41
1.20 v 1.19 2.1 v 2.1 2.46 new -

1.21 v 1.20 2.2 mod 2.2 2.47 v 2.43
1.22 v 1.21 2.3 v 2.3 2.48 v 2.44
1.23 v 1.22 2.4 v 2.4 2.49 v 2.45
1.24 v 1.23 2.5 v 2.5 2.50 v 2.46
1.25 v 1.24 2.6 v 2.6 2.51 new -

1.26 v 1.25 2.7 v 2.7 2.52 v 2.47
1.27 v 1.26 2.8 v 2.8 2.53 v 2.48
1.28 v 1.27 2.9 v 2.9 2.54 mod 2.49
1.29 v 1.28 2.10 v 2.10 2.55 v 2.50
1.30 v 1.29 2.11 v 2.11 2.56 v 2.51
1.31 v 1.30 2.12 v 2.12 2.57 v 2.52
1.32 v 1.31 2.13 v 2.13 2.58 new -

1.33 v 1.32 2.14 v 2.14 2.59 new -

1.34 v 1.33 2.15 mod 2.15 2.60 new -

1.35 v 1.34 2.16 v 2.16 2.61 new -

1.36 v 1.35 2.17 v 2.17 3.1 v 3.1
1.37 v 1.36 2.18 v 2.18 3.2 v 3.2
1.38 v 1.37 2.19 v 2.19 3.3 v 3.3
1.39 v 1.38 2.20 v 2.20 3.4 new -

1.40 v 1.39 2.21 v 2.21 3.5 v 3.4
1.41 v 1.40 2.22 v 2.22 3.6 v 3.5
1.42 v 1.41 2.23 v 2.23 3.7 v 3.6
1.43 v 1.42 2.24 v 2.24 3.8 v 3.7
1.44 v 1.43 2.25 v 2.25 3.9 v 3.8
1.45 v 1.44 2.26 v 2.26 3.10 v 3.9




4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed 4th ed | Same? 3rd ed

3.11 v 3.10 3.56 v 3.49 4.43 v 4.40
3.12 v 3.11 3.57 new - 5.1 v 5.1
3.13 v 3.12 3.58 new - 5.2 v 5.2
3.14 v 3.13 4.1 v 4.1 5.3 v 5.3
3.15 v 3.14 4.2 v 4.2 5.4 v 5.4
3.16 mod 3.15 4.3 v 4.3 5.5 v 5.5
3.17 v 3.16 4.4 v 4.4 5.6 v 5.6
3.18 v 3.17 4.5 v 4.5 5.7 v 5.7
3.19 v 3.18 4.6 v 4.6 5.8 v 5.8
3.20 v 3.19 4.7 v 4.7 5.9 v 5.9
3.21 v 3.20 4.8 v 4.8 5.10 v 5.10
3.22 v 3.21 4.9 v 4.9 5.11 v 5.11
3.23 v 3.22 4.10 v 4.10 5.12 new -
3.24 v 3.23 4.11 v 4.11 5.13 v 5.12
3.25 v 3.24 4.12 v 4.12 5.14 v 5.13
3.26 v 3.25 4.13 v 4.13 5.15 v 5.14
3.27 v 3.26 4.14 v 4.14 5.16 v 5.15
3.28 new - 4.15 v 4.15 5.17 v 5.16
3.29 v 3.27 4.16 mod 4.16 5.18 v 5.17
3.30 v 3.28 4.17 v 4.17 5.19 v 5.18
3.31 v 3.29 4.18 v 4.18 5.20 v 5.19
3.32 v 3.30 4.19 v 4.19 5.21 v 5.20
3.33 v 3.31 4.20 v 4.20 5.22 v 5.21
3.34 v 3.32 4.21 v 4.21 5.23 v 5.22
3.35 new - 4.22 v 4.22 5.24 v 5.23
3.36 v 3.33 4.23 v 4.23 5.25 v 5.24
3.37 new - 4.24 v 4.24 5.26 v 5.25
3.38 new - 4.25 v 4.25 5.27 v 5.26
3.39 v 3.35 4.26 v 4.26 5.28 v 5.27
3.40 v 3.36 4.27 v 4.27 5.29 v 5.28
3.41 new - 4.28 v 4.28 5.30 v 5.29
3.42 new - 4.29 v 4.29 5.31 v 5.30
3.43 v 3.37 4.30 v 4.30 5.32 v 5.31
3.44 v 3.38 4.31 new - 5.33 v 5.32
3.45 v 3.39 4.32 new - 5.34 v 5.33
3.46 v 3.40 4.33 v 4.31 5.35 v 5.34
3.47 v 3.41 4.34 new - 5.36 v 5.37
3.48 v 3.42 4.35 v 4.32 5.37 mod | 5.35, 5.36
3.49 new - 4.36 v 4.33 5.38 v 5.60
3.50 v 3.43 4.37 v 4.34 5.39 new —
3.51 v 3.44 4.38 v 4.35 5.40 v 5.38
3.52 mod 3.45 4.39 v 4.36 5.41 v 5.39
3.53 v 3.46 4.40 v 4.37 5.42 v 5.40
3.54 v 3.47 4.41 v 4.38 5.43 v 5.41
3.55 v 3.48 4.42 v 4.39 5.44 v 5.42




4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed

5.45 v 5.43 6.26 v 6.24 7.40 v 7.37
5.46 v 5.44 6.27 v 6.26 7.41 v 7.39
5.47 v 5.46 6.28 v 6.27 7.42 v 7.41
5.48 mod 5.47 6.29 v 6.28 7.43 v 7.57
5.49 v 5.48 7.1 v 7.1 7.44 v 7.42
5.50 v 5.49 7.2 v 7.2 7.45 v 7.43
5.51 new - 7.3 v 7.3 7.46 v 7.44
5.52 v 5.50 7.4 v 7.4 7.47 v 7.45
5.53 v 5.51 7.5 v 7.5 7.48 mod 7.46
5.54 v 5.52 7.6 v 7.6 7.49 mod 7.47
5.55 v 5.53 7.7 v 7.7 7.50 v 7.48
5.56 v 5.54 7.8 v 7.8 7.51 new -

5.57 v 5.55 7.9 v 7.9 7.52 v 7.49
5.58 v 5.56 7.10 v 7.10 7.53 v 7.50
5.59 v 5.57 7.11 v 7.11 7.54 new -

5.60 v 5.58 7.12 v 7.12 7.55 v 7.51
5.61 v 5.59 7.13 v 7.13 7.56 v 7.52
5.62 v 5.61 7.14 v 7.14 7.57 v 7.53
6.1 v 6.1 7.15 v 7.15 7.58 v 7.54
6.2 v 6.2 7.16 v 7.16 7.59 new -

6.3 v 6.3 7.17 v 7.17 7.60 v 7.55
6.4 v 6.4 7.18 v 7.18 7.61 v 7.56
6.5 v 6.5 7.19 v 7.19 7.62 v 7.58
6.6 v 6.6 7.20 new — 7.63 v 7.59
6.7 v 6.7 7.21 new - 7.64 v 7.60
6.8 v 6.8 7.22 v 7.20 8.1 v 8.1
6.9 v 6.9 7.23 v 7.21 8.2 v 8.2
6.10 v 6.10 7.24 v 7.22 8.3 v 8.3
6.11 v 6.11 7.25 v 7.23 8.4 v 8.4
6.12 v 6.12 7.26 v 7.24 8.5 new -

6.13 v 6.13 7.27 v 7.25 8.6 mod 8.6
6.14 v 6.14 7.28 v 7.26 8.7 mod 8.5
6.15 v 6.15 7.29 v 7.27 8.8 v 8.7
6.16 v 6.16 7.30 v 7.28 8.9 new -

6.17 v 6.17 7.31 v 7.29 8.10 v 8.8
6.18 v 6.18 7.32 v 7.30 8.11 new -

6.19 v 6.19 7.33 new - 8.12 new -

6.20 v 6.20 7.34 v 7.31 8.13 v 8.9
6.21 v 6.21 7.35 v 7.32 8.14 new -

6.22 v 6.22 7.36 v 7.33 8.15 new -

6.23 v 6.25 7.37 v 7.34 8.16 v 8.10
6.24 new - 7.38 v 7.35 8.17 v 8.11
6.25 v 6.23 7.39 v 7.36 8.18 new -




4th ed | Same? | 3rd ed 4th ed | Same? 3rd ed 4th ed | Same? | 3rd ed
8.19 v 8.12 10.1 v 10.1 11.13 new -
8.20 new - 10.2 v 10.2 11.14 v 11.14
8.21 mod 8.13 10.3 mod | 10.3, 10.5 11.15 v 11.15
8.22 v 8.14 10.4 v 10.4 11.16 v 11.16
8.23 v 8.15 10.5 v 10.6 11.17 v 11.17
8.24 new - 10.6 v 10.7 11.18 new -
9.1 v 9.1 10.7 new - 11.19 v 11.19
9.2 v 9.2 10.8 new 11.20 mod 11.20
9.3 v 9.3 10.9 new 11.21 new —
94 v 9.4 10.10 v 10.8 11.22 v 11.21
9.5 v 9.5 10.11 v 10.9 11.23 v 11.22
9.6 v 9.6 10.12 v 10.10 11.24 v 11.11
9.7 v 9.7 10.13 v 10.11 11.25 v 11.23
9.8 v 9.8 10.14 v 10.12 11.26 new —
9.9 v 9.9 10.15 v 10.13 11.27 new —
9.10 v 9.10 10.16 v 10.14 11.28 v 11.24
9.11 new - 10.17 v 10.15 11.29 v 11.26
9.12 v 9.11 10.18 v 10.16 11.30 v 11.27
9.13 v 9.12 10.19 v 10.17 11.31 v 11.28
9.14 v 9.13 10.20 v 10.18 11.32 v 11.29
9.15 v 9.14 10.21 mod 12.43a 11.33 v 11.30
9.16 v 9.15 10.22 v 10.19 11.34 v 11.31
9.17 v 9.16 10.23 v 10.20 11.35 new -
9.18 v 9.17 10.24 v 10.21 12.1 v 12.1
9.19 v 9.18 10.25 v 10.22 12.2 v 12.2
9.20 v 9.19 10.26 new - 12.3 v 12.3
9.21 v 9.20 10.27 v 10.23 12.4 v 12.4
9.22 v 9.21 10.28 v 10.24 12.5 v 12.5
9.23 v 9.22 10.29 new 12.6 v 12.6
9.24 v 9.23 10.30 new - 12.7 v 12.7
9.25 v 9.24 10.31 v 10.25 12.8 v 12.8
9.26 new - 10.32 v 10.26 12.9 v 12.9
9.27 v 9.26 10.33 new - 12.10 v 12.10
9.28 v 9.27 10.34 new 12.11 v 12.11
9.29 v 9.28 11.1 v 11.1 12.12 v 12.12
9.30 v 9.29 11.2 v 11.2 12.13 v 12.13
9.31 v 9.30 11.3 v 11.3 12.14 mod 12.14
9.32 v 9.31 11.4 v 11.4 12.15 v 12.15
9.33 v 9.32 11.5 v 11.5 12.16 v 12.16
9.34 new — 11.6 v 11.6 12.17 v 12.17
9.35 v 9.33 11.7 v 11.7 12.18 v 12.18
9.36 v 9.34 11.8 new 12.19 v 11.19
9.37 v 9.35 11.9 v 11.8 12.20 v 12.20
9.38 v 9.36 11.10 v 11.9 12.21 v 12.21
9.39 v 9.37 11.11 v 11.12 12.22 v 12.22
9.40 v 9.38 11.12 v 11.10 12.23 v 12.23




4th ed | Same? | 3rd ed 4th ed | Same? | 3rd ed
12.24 v 12.24 12.49 v 12.48
12.25 v 12.25 12.50 v 12.49
12.26 mod 12.26 12.51 v 12.50
12.27 new — 12.52 v 12.51
12.28 v 12.27 12.53 v 12.52
12.29 v 12.28 12.54 v 12.53
12.30 v 12.29 12.55 v 12.54
12.31 v 12.30 12.56 v 12.55
12.32 ve 12.31 12.57 v 12.56
12.33 v 12.32 12.58 new —

12.34 v 12.33 12.59 v 12.57
12.35 v 12.34 12.60 v 12.58
12.36 v 12.35 12.61 v 12.59
12.37 v 12.36 12.62 v 12.60
12.38 v 12.37 12.63 v 12.61
12.39 v 12.38 12.64 v 12.62
12.40 v 12.39 12.65 v 12.63
12.41 v 12.40 12.66 v 12.64
12.42 v 12.41 12.67 v 12.65
12.43 vV 12.42 12.68 v 12.66
12.44 new - 12.69 v 12.67
12.45 v 12.44 12.70 v 12.68
12.46 v 12.45 12.71 v 12.69
12.47 v 12.46 12.72 v 12.70
12.48 ve 12.47 12.73 v 12.71




