Phys. 310 Quantum Mechanics and Its Applications I (Term 212)

Formula Sheet

Physical Constants:

Formula Sheet

Quantity Symbol, equation  Value
Speed of light c 2.9979 x 10® m s—*
Electron charge e 1.602 x 10~°C
Planck constant h 6.626 x 10~3*Js
Planck constant, reduced h=h/2r 1.055 x 10734 J s
Conversion constant he 197.327MeVim = 197.327eVnm
Electron mass me 9.109 x 1073 kg = 0.511MeV /c?
Proton mass m, 1.673 x 10727 kg® = 938.272MeV /c?
Neutron mass My, 1.675 x 10727 kg = 939.566MeV /c?
Fine structure constant a=e?/hc 1/137.036
Classical electron radius Te = €%/mec? 2.818 x 107" m
Electron Compton wavelength A = h/m.c=r./a 2.426 x 1072 m
Proton Compton wavelength A\ = h/myc 1.321 x 107 m
Bohr radius ap = r./a’ 0.529 x 107 m
Rydberg energy R = m.c?a?/2 13.606eV 1 MeVT !
Bohr magneton pup = eh/2m, 5.788 x 10711
Nuclear magneton pun = eh/2m,, 3.152 x 10~ MeVT?
Avogadro number Ny 6.022 x 102% mol ™
Boltzmann constant k 1.381 x 10723 J K !
=8.617 x 107 °eVK™!
Gas constant R = N,k 8.31 J mol~! K1
Gravitational constant G 6.673 x 107" m? kg~ 72
Permittivity of free space €0 = 1/poc? 8.854 x 10~ "2Fm™!
Permeability of free space Lo 41 x 107" N A2

Conversion of units:

Ifm =107 m, 1fm = 107'° m,
mal energy at ' = 300 K :
1.783 x 10730 kg

1 barn = 1072 m? = 100fm?, 1 atmosphere = 101325 Pa,
kT = [38.682]'eV 0°C = 273.15 K,

leV = 1.602x10719 J,

Ther-
1leV/c? =
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Properties of the Solution of 1D stationary Schrodinger Equation:

1

10.

11.

12.

Th

. For 1D potential, all stationary solutions are non-degenerate.
Stationary square integrable solution exist only for £ > minV (x)
. If V(x) is real, then ¥(x) can be taken to be real.

Eigenvalues of a Hermitian Hamiltonian are all real.

The eigenfunctions of a Hermitian operator form a complete orthogonal basis set, for smooth

potentials.
1D Schrodinger equation Solution is real up to an over all phase.
For a given 1D even potential the stationary states are either even or odd.

. The wave function and its first order space derivative is continuous all over space and in

particular at the boundaries of a finite potential.

At boundaries with Dirac delta function potential, the first space derivative of the wavefunction

is discontinuous.
Physical solution should be finite all over space, no blow ups, in particular at infinity.

The number of nodes (zeros) of the eigenfunction increases by one unit as we move from the

ground state (zero nodes) to higher excited states.

Bound states exist only for confining potential (classically between turning points of the po-

tential).

e Origin of Quantum Physics:
h
E = hw p=y= hk (1)
Vo o o
p mc

Blackbody Radiation:

Plank energy spectral density: p(V ) 3 b ( "™ )_1
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Photoelectric Effect:

W is the work function of irradiated metal. Vj is the stopping potential.

h K
Kzl/szQZhV—WZTC—W; K:1/2m1)2:|e]V9<—>V;:W
(&
S 44 1 c w
~ h T A 2m
de Broglie Formula:
h h
)\ = = = —
P mu
Bohr Hydrogen-like Atom:
Z2
E,=-"5R R=13.6eV
n
Ty = @nZ ap =0.53 x 107%m
Z
, (1 1
hv=FE,—FE,=2Z"R — - n>m
m n

)= [l nlan) = [~ v o et Qo = [ v (k) v
(3)
O, 1) = HW(a, 1); U, t) = p(@)e ™ H() = Bu(a) (4)
o2, 1) = |0z, D) %p(x,t) LV It =0 S t) = % (\ya;;* _ @*2-‘5) (5)
J,0) = o (4T~ V) p= 1V (21, p5] = ih 6, (6)

Hermitian conjugate A is defined by: [(Ay(z))*¢ (), dx = [(z) ATy (x), dz.
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Fourier Transform

zkx _ L T T e—ikx T T 2 — 2
W (z) m/dm) B(k) = \/_/d (z) /d 0 ()| /dkz|<1>(k)| (1)
1

3 ik-x 1 3 —ik-x T x 2 _ k 2
v = o /d R, B = /d 2U(x)e /d T (x)) /d P (8)
% N e*dx = 5(k) (?;)3 /_ ) **dPr =60 (k) W(x,1) el lon) g3
(9)
Wavepackets
dw
Vgroup = AkAx ~ 1 (10)
Complete Basis Set:
Given that Hi,(x) = E b, (x); [ ¢h(z z)dx = Opm, where {¢,} is a complete set, then:
va) = Y edulel Co= [ Vi) ds (1)
[ @ut)ds =Y feaf =1 (12)
= /wZ(x)me(x)dx = Z e, P E, (13)
U(z,0)=1(x) = ch¢n( = U(x,t) Zc e~ Entlhg (1 (14)
Cpn = /gbfllll(a:,())dx (15)
Commutator Properties:
[A,A]=0; [A,B]=—-[B,Al; [A+B,C]=[AC]+[B,C] (16)
[AB,C] = [A,C|B + A[B,C); [A, BC] = A, B|C + B|A,C); (17)
[A,[B,C]|+ [B,[C, A]| + [C,[A,B]] =0 (18)
Uncertainty Principle:
(AQP = (@) — (@) = (@~ @) Avap> b (19)

Where AQ is the uncertainity for the Hermitian Operator Q.
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Operators:

For the operator A, fl@/} = atp. a in an eigenvalue and 1 is an eigenfunction of A. Then, the following

properties hold:
o Irp—ary, A —a i, e =, F(A) = Flay
° AT = A, A |¢n> = Qn |¢n> — a, €R, <¢m|¢n> = Omn

e If {¢,} is a complete and orthonormal for a Hermitian operator, then the operator is diagonal
in the eigenbasis, {¢,}, with eigenvalues,, {a,}, as the diagonal elements. The basis set is

unique iff there are no degenerate eigenvalues.

e If two Hermitian operators, Aand B , commute and have no degenerate eigenvalues. Then each
eigenvector of A is also an eigenvector of B. A common orthonormal basis can be made of the

joint eigenvectors of A and B.

1D Infinite Square Well:

Hip(z) = Eipn(z) / @ n (£ = b (20)

onte) = /2 (72) Gu(.1) = (@)™ (21)
0, 0 S S h2k2 2 2h2

Vi(a) = T R (22)

00, otherwise
=Y cabla)e o= [ nle 23
n=1

Particle on a Ring:

1 RO 1 » 2mn n
+i —\/2 = ¢tk = L=2 = = — 24
¥x(0) = oy S E mE = ¢ x = RY; TRik=" =+ (24)
1 252
»(0) = o SXpind B, = %, n=0+1,+2,43,..  (25)
T
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Harmonic Oscillator:

V(z) = lka = —m(wr)? (w = \/k/m> E, = hw (n + —) ;n=20,1,2, (26)
H= %[pQ + (mwz)?] = hw (N + %) N=aya_ (=ad'a) (27)
Nipy, = nipy, N(aypn) = [N, ai]th, (28)
1
[N,ay] = +ay = NI (Fip + mwz) (29)
h , h
r= 15— (as +a) p=iy/ o (s —a) (30)
a+wn =Vvn+ 1¢n+1 a—d}n = \/ﬁ,@bn—l (31)
1/4 1
Yo(z) = (%) exp <—%$2) Vn = W(m)”% (32)
e _ e (4N e
e= /™ (6= (e () o (53
/4 1 2 e 2
Un(z) = (%’) \/2n_m7{n(g)e—é /2 | e e =2l (34)
Models of Dirac Delta Distribution J(z):
.. sin(ax) o L e el s € , . O +e)—0O(¢)
o) = Jim S0 60 = tim 5o [ e k=l ey 0) =l =
(35)
where ©(x) is Heaviside or step function.
Bound State of Single /-Potential:
ma  _ma, ma?
V =—ad(x), a>0 Y(a) =175 € w o] T (36)
Scattering State:
Ae** 4 Bem 1 < ()
V(z) = —ad(x) (x) = | (37)
Fe*® 2 >0
F? 1 B|?
T:% e R:%:—lfﬁ (8 = ma/h%k) (38)



Phys. 310 Quantum Mechanics and Its Applications I (Term 212) Formula Sheet

Miscellaneous:

/OO e~ dy = \/E; /OO (07" b2) gy — eb2/4a\/E; Oij = b
—o0 @ —o0 @ 0, i#7J

Matrix Algebra:

b
Let A be a 2X2 matrix defined as: A = (a ) then:
c d

o1 fd b
A7 = — ; |A| = ad — be
Al —¢ 4

Orbital Angular Momentum:

RN A 9?
"or) T smaos 80 ) T ranze \ ag2

Cror? 00? 00 sm2 0 0¢?

i & o 1 &
L2 — 2 - I _
h (092 eotbg sm298¢2>

I 2 ; d 0 P
Lz:{(‘?_gzﬁ; Li—heid)(iae—l—zcotea—(ﬁ)ZinZLy

Spherical Harmonics:

Yim(0, ) = Nowm Pi"(cos 0)e™?
LGm = hmnm

LYy = R0+ 1)y,

QY0 (0,0)Yom (0, 6) = 60ty [ d2= | d o
[ 400,00 0.0) = b, [ar= [0 [ dteost
Yoo(0, ) = L Yi41(6,9) = ﬂ/%sin@exp(iw); Yio(0,¢) = \/%COS@

(39)

(40)
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Central Potentials V(r) = V(r):

o+ V()| 6(:0.6) = Bulr0.0)

2m

h? 0? L?(6
_% [%wr - h(Q,,:;b) + V(T):| ¢(T7 97 gb) = Elb(ﬂ 07 ¢)
U(r,0,0) = R(r)Yim * (69)

0(r.0,6) = "0,

<—h—d— +V(r)+ w) u(r) = Eu(r)

2m dr? 2mr?

u(r) ~ ) asr — 0

- 96° 90 " sin? 0 9¢?

A 02 0 1 9?
2 — _ 2 - te_ -z
L h (602 o 00 * sin” f 8¢2)

. h O - i 9 . Y [ 7
L, = ;a_qb’ L, = het® (i%JFZCOtH@_gb) =L, £iL,

Hydrogen Atom (Z=1):

_ p2 Z62
- 2m T
Z2 2 1 h2 2
B, = -2 4= ~0529% 100 m, —— ~13.6eV
2a¢ n? me? 2a0
¢
Unom(T) = A (L> ( Polynomial in L oof degree n — (¢ + 1)) e_"ZTTOY}g,m(@, o)
Qo Qo
n=12..., (=0,1,....n—1, m=—4,.../
— Une\T
wn,f,m(x) = j( )}/Z,m(ea ¢)
2r

uro(r) = 372 OXP (—r/ao)
Qo

Ugo(r) = (2;0% (1 — 2%10) exp (—r/2ap)
1 1 r?
ug (1) = %W— exp (—r/2ag)

Qo
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Spherical Coordinates:

T = sin 6 cos ¢x + sin 0 sin ¢y + cos 0z
0 = cos 0 cos ¢X + cos B sin ¢y — sin 0z

& — sin X + cos ¢y

sin  cos ¢r + cos 6 cos gzﬁé — sin <bgAZ)

X
y = sin @ sin ¢r + cos 0 sin ¢9 + cos ¢<}b

Z = cos Or — sin 606



