Phys. 410 Quantum Mechanics and Its Applications I (Term 221)

Formulas Sheet

Formulas Sheet

Physical Constants:

Quantity Symbol, equation  Value

Speed of light c 2.9979 x 10® m s—*

Electron charge e 1.602 x 10~°C

Planck constant h 6.626 x 10~3*Js

Planck constant, reduced h=h/2r 1.055 x 10734 J s

Conversion constant he 197.327MeVim = 197.327eVnm
Electron mass me 9.109 x 1073 kg = 0.511MeV /c?
Proton mass m, 1.673 x 10727 kg® = 938.272MeV /c?
Neutron mass My, 1.675 x 10727 kg = 939.566MeV /c?
Fine structure constant a=e?/hc 1/137.036

Classical electron radius re = € /m.c? 2.818 x 1071°

Electron Compton wavelength

A=h/mec=r./c

m
2.426 x 10712 m
m

Proton Compton wavelength A = h/myc 1.321 x 10715
Bohr radius ap = r./a’ 0.529 x 107 m
Rydberg energy R = m.c?a?/2 13.606eV 1 MeVT !
Bohr magneton pup = eh/2m, 5.788 x 10711
Nuclear magneton pun = eh/2m,, 3.152 x 10~ MeVT?
Avogadro number Ny 6.022 x 102% mol ™
Boltzmann constant k 1.381 x 10723 J K !
=8.617 x 107 °eVK!
Gas constant R = N,k 8.31 J mol~! K1
Gravitational constant G 6.673 x 107" m? kg~ 72
Permittivity of free space €0 = 1/poc? 8.854 x 10~ "2Fm™!
Permeability of free space Lo 41 x 107" N A2

Conversion of units:

Ifm =107 m, 1fm = 107'° m,
mal energy at ' = 300 K :
1.783 x 10730 kg

1 barn = 1072 m? = 100fm?, 1 atmosphere = 101325 Pa,
kT = [38.682]'eV 0°C = 273.15 K,

leV = 1.602x10719 J,

Ther-
1leV/c? =
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Properties of the Solution of 1D stationary Schrodinger Equation:

1.

10.

11.

12.

For 1D potential, all stationary solutions are non-degenerate.
Stationary square integrable solution exist only for £ > min(V (z))
If V(x) is real, then ¥(x) can be taken to be real.

Eigenvalues of a Hermitian Hamiltonian are all real.

. The eigenfunctions of a Hermitian operator form a complete orthogonal basis set, for smooth

potentials.

1D Schrodinger equation Solution is real up to an over all phase.

. For a given 1D even potential the stationary states are either even or odd.

. The wave function and its first order space derivative are continuous all over space and in

particular at the boundaries of a finite potential.

. At boundaries with Dirac delta function potential, the wave function is still continuos but the

first space derivative of the wavefunction is discontinuous.

Due to square integrability, physical solution should be finite all over space, no blow ups, in

particular at infinity.

The number of nodes (zeros) of the eigenfunction increases by one unit between adjacent states

as we move from the ground state (zero nodes) to higher excited states.

Bound states exist only for confining potential (classically between turning points of the po-

tential).

The Origin of Quantum Physics:

h
E=hw p:X:hk‘ (1)
h 2w h
P k “7 me )

Blackbody Radiation:

Plank energy spectral density: p(V ) 3 b ( "™ )_1
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Photoelectric Effect:

W is the work function of irradiated metal. Vj is the stopping potential.

1 h 1 K
K:—vaZhV—W:—C—W; K=-mv’=le|lV, < Vo= —
2 A 2 le]
S w 1 c w
~ h T A 2m
de Broglie Formula:
h h
)\ = - = —
p  mu
Bohr Hydrogen-like Atom:
Z2
n
Ty = @nZ ap =0.53 x 107%m
Z
, (1 1
hv=FE,—FE,=2Z"R — - n>m
m? n

)= [l nlan) = [~ v o et Qo = [ v (k) v
(3)
O, 1) = HW(a, 1); U, t) = p(@)e ™ H() = Bu(a) (4)
o2, 1) = |0z, D) %p(x,t) LV It =0 S t) = % (\ya;;* _ @*2-‘5) (5)
J,0) = o (4T~ V) p= 1V (21, p5] = ih 6, (6)

Hermitian conjugate A is defined by: [(Ay(z))*¢ (), dx = [(z) ATy (x), dz.
n* d

= o TV
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Fourier Transform & Wavepackets

_ th _ U (z)e” "k z|U(x)|? = 2=
U(z) = m/dk@(k)ek : O(k) = \/ﬂ/d U (x)e " /d |W(x)] /dk|<1>(k‘)| 1
(7)

_ 1 3 pikx _ 1 300 (x) e~ KX T (x) |2 = k 2 _
U(z) = (%)% /d k® (k) , D(k) (%)% /d U(x) /d |U(x)] /d |D(k)| 1
(8)
% Z PRI - 5(@ (271T)3 /Z cikx g3, 5(3)(@ \I/(x, t) _ ﬁ / ¢(k)ei(k~x—w(k)t) dk3

(9)
dw

Vgroup = E

; AkAx ~ 1 (10)

Complete Basis Set:

Given that Hiy,(x) = E b, (x); [ ¢k (2)dm(x)dr = ppm, where {¢,} is a complete set, then:

ve) = S endalel = [vile)ile)da (11)
[ @us =3l =1 (12)
B= [ U@t () =Y | E, (13)

— ncne_iEnt/h(bn T
U(z,0) =(x) = Y cadbn(z) = \If(x,t){ Z (@) (14)
n = /My (1, 0)

Cp = /gzﬁ;i\ll(x, 0)dx (15)

Commutator Properties:
[A,A]=0; [A,B]=—[B,A; [A+B,C]=[AC]+[B,C] (16)
[AB,C) = [A,C|B + A[B,C]; [A, BC] = |A, B]C + B[A,C); (17)

[A,[B,C]] + [B,[C,A]] + [C,[A,B]] =0 (18)
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Uncertainty Principle:

(AQ)P = (@) — (@) = (@~ @) Arap> (19)
Where AQ is the uncertainty for the Hermitian Operator Q.
1
(AQ*(AR)* > S [([Q, RD) (20)

Operators:

For the operator A, Ay = ayp. a in an eigenvalue and 1 is an eigenfunction of A. Then, the following

properties hold:
o Arp=amp, Alp=aly, eMy=cp, F(AY = Fla)y
o If At = A, A |¢n> = Qnp |¢n> — an €R, <¢m|¢n> = O

o If {¢,} is a complete and orthonormal for a Hermitian operator, then the operator is diagonal
in the eigenbasis, {¢,}, with eigenvalues,, {a,}, as the diagonal elements. The basis set is

unique iff there are no degenerate eigenvalues.

e [f two Hermitian operators, Aand B , commute and have no degenerate eigenvalues. Then each
eigenvector of A is also an eigenvector of B. A common orthonormal basis can be made of the

joint eigenvectors of A and B.

1D Infinite Square Well:

Hip(x) = Eyifn(z) / @) (@) d = Oy (21)
n(w) = @ sin (%x) =12, (1) = P ()e” Pt/ (22)
0,0<z<a h2k2  nPm2h?
Vv = E, = n— 23
@) 00, otherwise 2m 2ma? (23]
U, t) = 3 caoa(i)e B/ = [ u)E,0)ds (24)
n=1 0

Particle on a Ring:

1 RO 1 , 2t n

V() mexp( i——V2m ) me x = RO, TR; 7 A (25)
1 252

b(0) = exp +ind By = o0t 4243, (26)

" OmR?

V2r
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Harmonic Oscillator:

1 1 1
V(x)=§k$2:§m(w;1;)2 (wEVk/m) En:hw<n—|—§>;n:07172,,,_

H = ﬁ[ﬁ + (mwz)?] = hw | N + %) N=aia_ (=a'a)
Nty = iy az = [ (@ F i) N(astbn) = [N,a:]th,
[N,ay] = £ay; [a—,ay] =1 L= \/2;,W (Fip + mwz)
h . [mwh
x:\/zmw(a++a,) p =1/ i (ay —a-)
a’+1/}n =Vn-+ 1wn+1 a_, = \/ﬁwnfl
1/4 1
bola) = (52)  exp (—a?) Un = (0]
=\ H(©) = (-1 (1)
mw 1/4 1 —£2/ oo —z2 __o9n
¢n($) = ( 7Th> \/W/Hn(g)e Sk . HoHme ™ dx =2 n!ﬁén,m

Models of Dirac Delta Distribution §(z):

sin(ax)

d(z) = lim

a—oo T =0+ 27 J_ o e—0t (22 + €2)’ =0

where O(x) is Heaviside or step function,

mo _may, mao
V=-aiz), a>0 Y(z) = ol SAkd E:_2h2
Scattering State:
omE Aeikz —I—Beiikx, <0
V(z) = —ad(a) k= = () =
Fettr, x>0
2 2

; 0(z) = lim L / ekl g = lim — . §(z) = lim Oz +¢) — O(¢)

(37)

(38)

(39)

(40)
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Miscellaneous:
e 2 e 2 2 17 Z :-]
/ e " dr = \/g; / e~ (a7 H0) (g — b /4“\/E; dij = (41)
o< ¢ o ¢ 0, i#j
Matrix Algebra:
a b
Let A be a 2X2 matrix defined as: A = then:
c d
o1 |d b
A = — ; Al = ad — be (42)
Al ¢ 4
01 0 —1 1 0
Oy = o, = 0, = (43)
1 0 1 0 0 -1
L =]
{O'i,O'j} = 2(51] [O’i,O'j] =21 € Z]k 0,05 = (44)
—0j0, 1 #J
Orbital Angular Momentum:
Ly =9p. = 2y, Ly = 2o — &ps, L. = &Py — Gpa (45)
(oL = inhe, [Ly L) = itie, [LeL] =i, (46)
= Lbo+ Lb,+ Ll [I%L] =0 (47)
o 10 -~ 1 0
= O — — 4
v 8r+9r(99+ rsinf 0¢ (48)
10 0 1 0 0 1 0?
2o (2 ~ (sinf= )+ — ( — 49
v r2 or ( 87") * r2sin 6 06 (sm 89) * 72 sin? 6 (8¢2) (49)
1 02 1 [ 0? 0 1 02
2_ Y il t0— 4 —— — 20
Vi=rae e (892+CO ae+sm2ea¢2) (50)
A 0? 0 1 02
2= 12— +cotfe + —— 51
(892 Feotigg t sin298¢2> (51)

T i a . a - .3
L,=——: Ly=het (j:% + 1 cot 68—¢> =L, +1iL, (52)
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General Momentum Operator L, S, J

[Js, J,) = ihJ. [J., ] = ihJ, [Ty, J.] = ihJ, (53)
J2Jm) = %5 + 1) |Jm) J. |Jm) = hm|Jm) =T+ T+ T (54)
J? = JoJe + L2 Fh, (55)

|Jm) are common eigenstates of the J2, J;
Thus both J? and J, are diagonal matrices for any fixed value of J, the dimension of these matrices
is (2J 4+ 1) x (2J +1) sincem =—J,—J +1,...,J —1,J, (2J4+1 Values).

J=2z = 2J+1=2 — 2 x 2 matrices.

1
2

J=1 —= 2J+1=3 = 3 x 3 matrices.

Jy=J, +ilJ, Ji|Jm) =/ J(J+1) —m(m=*1)|Jm+1) (56)

so that J. are off diagonal matrices.
We oreder the eigenvectors for a fixed J-value as the following:
|\ J) |JLJ—=1) [J,J=2) ... |J,=J)

For a fixed J here is the expectation of operator A:

JIALY AT =1 ... ] A|=T)
J—11AJ) (J—-1A|J-1) ... (J—1|A|-J
A |G UtAl =Y -t Al) -
(—JIAL)  (—J|A|T—1) ... (—J|A|-J)
in the above matrix, for a fixed J we denote |Jm) = |m).
Spin Angular Momentum Operator
For j =5 = [1) =13,3);}) = |3, —3) then:
h([0 1 h h ([0 —i h h{1l O h
=31, o] 27 K i o) 27 %73 0 1) 27 o
(S, S,] = ihS. [S., S,] = ihS, (S, S.] = kS, (59)
S, =S, +1S, S_ =S, —iS, (60)
0 2 0 0
Sy = i_i S_= 72 (61)
2\0 0 2\2 0
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Spherical Harmonics:

O o|llm) =Yim(0,¢) = NP (cos Q)eimd’
iznm = hmnm

LYy = B0+ 1)y,
27 1
(Ul m) = / 42X}, (8, 6)Yom (8, 6) = 5o e / 00 / ds / d(cos 9)
0 —1
3

1 3 . : /
= YVi41(0,0) = F 8—7T$n¢9exp(iz¢); Yio(6, ¢) = ECOSG

[loaeslaa=1 S jmiam| =1

%,0(97 ¢>

Central Potentials V(r) = V(r):

[;_:jw V()| 0(0,6) = E0(r:0,9)
N [1 0* _L*0.9)

r or? h2r?
Y(r,0,9) = R(r)Yim = (69)
0(r.0,6) = i 0.0)

( n 2 h20(0 + 1)) w(r) = Bu(r)

n vm] 6(r,0,0) = B(r.6,6)

“omare TVt

41

u(r) ~r asr — 0

R20(0+ 1)

n d?
2mr?

g+ Vel () = Bu(r): Vialr) = V) +
1 82 1 82 a 1 82

s 1 170 o, 9
V= ror T (892 +COt939 * Sin298¢2)

. o o 1 o
L2 =R | =— oy -7
h (892 eotbag sin298¢2>
.o

7 ; a a oy A
== 700 Ly = he*® (j:— —|—icot6—> =L, +1iL,

90 96
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Hydrogen Atom (Z=1):

Ze? Ze? N R2(0+1)

V(T) - _T Veﬁ(r) T r 2mr? (78)
2 2
P Ze
g P _2e 79
2m r ( )
AT K2 §
En=—2"— 4= ——~0529x10""m, -— ~13.6eV (80)
2a¢ N2 me? ag

¢
Unem (1,0, 0) = A (ai) ( Polynomial in ai of degree n — (¢ + 1)) e_”ZTTOYEm(é’, o) (81)
0

0

Wt (1,0,6) = Rualr)V7"(6.6) = \/ (Z) Cooben (2w, (2w o

na

2n(n+ 1) na na
/¢:€m (mlﬁn’f’m’ (F>d3_’: 6nn’5mm’§%’ (83)
n=12,..., £=0,1,....n—1, m=—4L,.... ¢ (85)
Une(T) <o

¢n€m(ra 6)’ ¢) = 4}/( (07 ¢) (86)

2r
uyo(r) = —73 €XP (—r/ap) (87)

Qg
) = —2 (1= exp (—r/2a0) (88)

Uz,0\T") = (2a0)3/2 2 Xp 0
1 1 2
Up1(T) = —=————¢ —r/2a 89
0= 8 g P ) )
2r
\I/m()(?“, 9, gb) = 36—7"/(10 (90)
VAamrag
Transfer Matrix
- M M = det M =1 (91)
G B My, M
ek Ve ol
T=——; R+T=1 92 Bes G

| Mas)? (92) U g

Region I Region IT Region III

Figure 1: Scattering from an arbi-
trary localized potential (V(z) =0
except for Region II)
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Spherical Coordinates:

= sin # cos ¢pxX + sin @ sin ¢y + cos 6z

>

0 = cos 0 cos ¢x + cos 0 sin ¢y — sin 0z

(}b = —sin ¢X + cos ¢y
X = sin @ cos ¢r + cos 0 cos gbé — sinmz’)
¥ = sin@sin ¢F + cos 0 sin ¢O + cos

Z = cos Or — sin 66

Identical Particles:

Particles that share the same intrinsic properties: mass, charge, spin, magnetic moment, ...etc.

Identical particles are indistinguishable
U(1,2,...,4,...,4,...,N)=£¥(1,2,...,7,...,4,...,N) (93)

are either symmetric for Bosons (integer spin particles) or antisymmetric for Fermions (half integer
spin particles) under exchange of any two particles.

—> Pauli Exclusion Principle: Two identical Fermions cannot occupy the same quantum state.

Uy (Ry) Wy(Ry) Un(Ry)
1 | iRy (R ... Uy(Ry)

\Ierrmions<R17 R27 cee 7RN) - ﬁ : . . : (94)
U, (Ry) Us(Ry) ... Un(Rw)

For Bosons use the same Slater-determinant by replacing all signs be + . Spin % particles can be in

any of the following states:

Singlet State (Antisymmetric state):

Ya(s1,52) = %o@(slmSm o (sDxa(s2) (95)

with total spin s=0.

Triplet States (Symmetric state): with total spin S, =1, 0, -1:

(
X1,1(81> 59) = XT(Sl)XT<32)

X7 (51582) 4 x_1,-1(s1, 52) = xy(51)x(52) (96)

| X10(s1,92) = Z5(xa(s1)xu(s2) + X (s1)xr(s2)
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Electron Gas in Volume V:

Each eigenvalue in k-space occupy a volume Cn° $o that 2 for spin states:
Vv
)

s
S350 =25 [ ki)

Highest occupied wave vector is called Fermi wave vector kg

N
kp = (3m*n)Y3; n = v Electronic Density

Ground State of N Electrons in Volume V:

h2k? hE: 3

E7 om g om 5 ¢

Qk Z—lﬂ'k?’
2 =NV =2 3(2%)5 kp = (3n°n)'/?
% %

N 1 1 3\
n—=—=-—=—-———- 7"5 = _—
Vv gl dmn

T's Ts

Bloch Theorem in Solids:

Y(R+ 1) = ™)

ey
In 3D: ki:%; t=ux,y,2; n=0%x1,£2 ... =dn =

> F(ko) = % > /dk:3F(k, o)

ko

3
(27r)3dk

Probability Distributions:

(97)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

We have three distributions, one for classical particles (Maxwell-Boltzmann) and two for undistin-

guishable particles (Fermi-Dirac for fermions and Bose-Einstein for bosons). Their equations are the

following:
P(E) = ﬁ Fermi—Dirac Dist.
e 41
P(E) = eﬁ(bﬂ;ﬂ)—l Bose-Einstein Dist.
P(FE) = 66(;“) Maxwell-Boltzmann Dist.
Where 5 = L

kT

(106)
(107)
(108)

(109)
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The plots of these distributions for different temperatures

Probability of Occ Vs. Energy
P(E)
1.0 ———
L \\ \\
0.8 N
L \
\ \
\
» R T T =5000K
0.6 ke
F y\ = T = 10000 K
3
0.4 W T=0K
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\ \
\ \
\ \\
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\\ \\\
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Figure 1: Fermi-Dirac Dist. when F; = 7eV. For fermions
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Figure 2: Bose-Einstein Dist. when p = 7eV. For bosons
Probability of Occ Vs. Energy
P(E)
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Figure 3: Maxwell-Boltzmann Dist. when p = 7eV. For bosons
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Non-Degenerate Perturbation Theory

H=H"+)H =H(\)
H(A)n(A) = En(A)n(A)
Un(A) = Uy + Ay, + A2 +
E,(\) = ES+ \E} + N’E2 +

Assume ¥, (), E,(\) converges

AV HOy) = Eplin)
As HO) 4+ H'YO = ERjuy) + EXyl)
No HOWpn) + H'Yy = Eplvn) + Eyliy) + Enlin)

B, = (YpH'|[¢y)
0 H' 0
o) = 3 g
m#n
By = (Yp H'|¢y,)
=y [mlH0n] || H 1) [ wO IH’|¢°>\
EO
m#n
Degenerate Perturbation Theory
For 2-fold degeneracy
H{, — F! Hi, q

! / 1

with eigenenergies

1
B = 5 (Mot L — 17 4l

and eigenfunctions [1) = a1]¢)) + az|1d). Which should be normalized.

For n-fold degeneracy

(119)

(120)

(121)

(122)
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— Y (H,— EML6;)a; =0, fori=12,...

where 1 <m <mn, H' is an n X n matrix. And

a=(ag,ao,... ,an)T
H[7) = E7|47)
Hz{j - <¢?|HI|¢?>
|90 = ZO@W?)
i=1
H(\) = H°+ \H'
EL(N) = B4 AL+ NEE 4

[ (A)) = [0) + A[bL) + A2[ep2) + - --



