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· Criticality maintained over:
· Varying power levels (low level, mid, highest possible power)
· Fuel lifetime cycle (fresh  half used  near end of life)
· Thermal energy must be transferred from the core to the outside the core for final utilization
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Core Composition
· Wide variety in designs: 
· liquid fuels, 
· pebble bed fuels with coolant/moderator flowing in-between
· structured: largely cylindrical (most common now):
· Axial flow of coolants
· Heat flow from fuels and conducted by its surface to the coolant
· Fuel element diameter (normal to flow) is around 1cm
· Limits the centerline core temperature
· Limits power per unit length (q’) (3-25 kW/m)
· Since q’ is limited, higher power means more linear elements (thousands)
· Refueling reactors:
· Elements are grouped in assemblies to ease replacement
· Replacement can be done in stages
· Assemblies can be made different:
· To flatten power generation density within the reactor
· Reduce central assemblies’ power 
· How?
· Relative enrichment
· Control rods
· Cycles of replacement 

· Key Parameters for the design:
· Linear power density: 
· Coolant/moderator to fuel volumetric ratio:		
· Average power density of the reactor		
· Thermal power output				
· Volume of the reactor				
· Enrichment of the fuel				
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Sun’s core power density[footnoteRef:1]:   [1:  https://en.wikipedia.org/wiki/Solar_core ] 

Human body: 60kg giving 120 W, say density 1kg/liter density120W/0.060m3 = 
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· Square cells
· Fuel: uranium oxides in zirconium cladding
· (People abandoned metallic fuels in early stage of nuclear reactors)
· Cladding is structural and isolates fission products from the coolant/moderator
· Moderator to fuel ratio of around 2:1
· Slowing down power (watt/cm) is a key to small sizes and volume ratio
· 
· PWR/BWR have generally compact sizes: 
· Small volume ratios (from the large slowing down power)
· Water serving both as coolant and moderator

· Water large absorption thermal neutrons cross section (compared to heavy water )
· It requires enriched uranium: 2-5% (as shown in Table 4.1: 4.2 % )
· Pressures and temperature:
· PWR: 152.[footnoteRef:2] bar 316oC: secondary coolant circuit [2:  The book by mistake states that the pressure 1520. Bar a mistake of converting 2200psi. The butane gas tank used for domestic cooking is 26bar. The water critical pressure is 217.7bar. It should be obvious that water is kept bellow the critical point conditions in both temperature and pressure:  (link)] 

· BWR: 69.bar 316oC: only one coolant circuit

· Fuel cycle: 
· batch mode of 1-2 years
· 20-30% fuel replacement
· Neutron poison:
· Burnable poison within the fuel: consume in early part of the life cycle, 
· Soluble boron in coolant
· Retractable control rods
· The neutron poisons are consumed and 
· Thus, they become less effective as time passes
· This can be optimized because the fuel becomes partially consumed as time passes 

[image: ]
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Heavy Water Reactors
· Used mainly in Canada and recently in India
· It can also be called: Pressurized Heavy Water Reactor: PHWR
· Developed in 1950s in Canada under name CANDU
· Moderator to fuel ratio is large (17:1)
· 
· Heavy water has tiny absorption cross section to thermal neutrons cross section
· It can work with natural uranium avoiding the enrichment process all together!
· It makes more energy per minded kg of uranium (since you avoid enrichment)
· Heavy water:
· It exists in ocean as 1:6420 ratio compared to light water
· It can be purified using distillation as it boils at 101.4C compared to 100C
· The boiling points of deuterium and hydrogen gas (−249.7°C and −252.5°C) can be used in separation
· Reactors using heavy water can be used to make plutonium and tritium more easily compared to other reactors
· CANDU
· Pressure vessel is placed on its side
· Pressure tubes houses several assemblies or fuel bundles (10cm diameter and 50cm in length for example)
· The general vessel, calandria, is kept at low pressure
· Only the fuel tubes are pressurized to prevent boiling of the heavy water
· Fuel
· It uses natural uranium without enrichment
· Natural UO2 cannot sustain long operation time 
· Fuel is replaced on continuous basis (i.e. not in batch mode)
· Each bundle is pushed from one side and used one collected in the other side as shown in the figure bellow (machine operated)
· More spent fuel compared to light water reactor!
· Since the fuel serve a shorter time there is a reduced need for neutron poison. 
· Control rods are used for shut down 
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Graphite-Moderated Reactors
· Graphite:
· slowing down power to be smaller than that of either light or heavy water.
· Slowing down ratio intermediate between light and heavy water
·  Very large moderator to fuel volume 

· Helium coolant combined with partially enriched fuel has led to the design of graphite-moderated power reactors capable of operating at very high temperatures.
· High temperature enables efficient power or high temperature applications 

· The fuel enrichment is quite high (20%)

· The large volume of graphite moderator required causes the HTGR to have the lowest power density
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· RBMK: water-cooled, graphite-moderated reactor.
· liquid coolants that differ from the moderator
· volumes as large as 1000 m3
· Core consists of pressure tubes which contain fuel assemblies composed of bundles of 
· cylindrical fuel elements of uranium dioxide in zirconium cladding.
· Refueling:
· on-line using machines to isolate one pressure tube at a time.
· Water boils as it moves inside the tube
· (can it go through density variation?)
· Unlike CANDU, the tubes are vertical 
· Fuel is enriched (2%)
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Fast Reactors
· Fast reactor cores contain as little low atomic mass material as possible in order to impede neutron slowing down by elastic scattering.
· Fast reactor fuel may be metal or a ceramic, encapsulated in metal cladding

· Liquid metals:
· Sodium-cooled fast reactors (SFRs) are the most common designs
· Some Russian fast reactors have utilized molten lead coolant.

· fast reactor refueling is carried out in batch mode.
[bookmark: _Toc115185796]

Fast Reactor Lattices
· In fast reactors, the energy spectrum is kept narrow as a fast energy range. 
· We have the “Infinite Multiplication Factor”, with just energy dependence (spatial is averaged):
[image: ]
· Fast reactor has high enrichment factor >10%
· Low atomic weight (low A) materials are reduced as much as possible to reduce energy degradation/thermalization of fast neutrons
· Since the cross section (fast) is very small (compared to thermal), the neutrons mean free path is very large
1. This makes the energy flux flat over the reactor (spatially flat)
2. The three constituents: fuel, coolant and structural see about the same spectrum.
· To find the multiplication factor for certain enrichment level and coolant to fuel ratio, we proceed:
1. Use volume fractions to average absorption and fission cross section (4.2)
· 
2. Use energy weighted spectrum to evaluate flux averaged cross section
· The average energy flux (which is around “fast") (4.4)
· The energy averaging process is stated for each process in (4.5)
3. Enrichment should be accounted for in cross sections 
· (U-235 is still 4-5X higher cross section compared to U-238 in the fast region)


[image: ]


[image: ]



	Notes
	Equation:

	Multiplication factor (assuming a pure materials and known spectrum)
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	Averaging cross section over different materials (identified by volume fractions)
(cell volume averaging)
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	Update 4.1 using volume fractions of 4.2

(coolant & structural do not fission)
	[image: ]

	Computing average flux averaged over the energy dependent flux 
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	Averaging a cross section of process y over the energy flux
	[image: ]

	Simple combination of 4.5 and 4.4
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	Energy and cell volume averaging
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	Multiplication factor expressed using averaging of space and energy
(fuel is assumed as a single material)
	[image: ]

	Fuel has an enrichment factor
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	Macroscopic cross section expressed in terms of microscopic one
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	4.5 expressed in terms of microscopic rather than macroscopic
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	Macroscopic fission cross section expressed in terms of fissile/fertile microscopic cross sections:
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	Multiplication factor accounting for:
1) Enrichment
2) Volume fractions of materials
3) Energy spectrum 
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	Re-statement that removes fuel volume from enrichment terms.
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· Fuel pins are several MFP because:
· Cross sections are large
· Dimensions of coolant and moderators are large compared to fuel
· This results in significant spatial variation of each energy range.
· The following check table, indicates non-ignored terms:

· Fission happens in fuel only.
· Most fission in fast region and some in fast region
	Fission Cross section
	Thermal
	Intermediate
	Fast

	Fuel
	 X
	
	X

	Moderator
	
	
	



· Absorption happens in thermal region in both fuel and moderator
· Some resonance absorption happens for fuel
	Absorption Cross section
	Thermal
	Intermediate
	Fast

	Fuel
	 X
	X 
	*

	Moderator
	X
	
	


(*) fast absorption is ignored not because it does not happen but it is too small compared to thermal and intermediate absorption 

· Infinite multiplication factor 
· accounting for materials and energy
· spatial variation is not accounted for
· if you include spatial loss of neutrons (through boundary then you are talking about effective mu
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The Four Factor Formula
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· Where:
· n: number of neutrons borne fast
· : fast fission factor:
· neutrons created on fast regions relative to those in thermal fission +1 
· (total fission events to thermal fission events = 1 + fast/thermal)
· 
· p: neutrons probability of surviving intermediate absorption to reach thermal 
· p < 1
· p neutrons reach thermal, (1-p) are captured in resonance region
· f:  thermal utilization
· f<1
· f is absorbed by fuel
· (1-f) absorbed by the moderator
· : fast fission factor:
· 
· Neutron generated to neutrons absorbed
· In result, we model the multiplication using 4 factors formula as:


· [bookmark: _Toc115185799]Comments on Table 4.2
·  is substantially greater than 1
· It should be true for fresh fuel, no poison. 
· As the fuel is depleted or poisons accumulate, or control rods are in – it is not supercritical
· Fuel depletion reduces 

· The 4-factors formula does not account for geometric loss through boundary of the system
· That is why it is infinity criticality factor ()
· The loss through boundary is not included
· It is included on effective multiplication factor or  
· where C is the loss 
· The “finite” core size where loss can occur is accounted for in 6-factors formula

· Remaining parts: examine each factor by proper averaging:


Fast Fission Factor
The fast fission factor estimates the increase in fission neutrons due to fast fission events compared to the case that we only have thermal fission events:
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Resonance Escape Probability

	Absorption Cross section
	Thermal
	Intermediate
	Fast

	Fuel
	 X
	X 
	

	Moderator
	X
	
	



· Fast absorption is minimal compared to the other regions
· From the three absorptions in the above table
· Intermediate absorption does not contribute to fission  loss
· p factor discount it relative to the three: 
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After a few arguments about energy dependence within intermediate steps, p factor is expressed as an energy independent formula and resonance integral formula are given by:
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: moderator slowing down decrement factor
The detailed modeling can be replaced with the following empirical formula:	
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	I: resonance integral in barns
density in g/cm3
D: the rod diameter in cm (only in 0.2 cm < D < 3.5 cm)







Thermal Utilization and 
Thermal neutrons are either absorbed in the fuel or moderator, the desired fraction is for the fuel to absorb them[footnoteRef:3]: [3: ] 
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We are interested in the generated neutrons from these general absorptions: 
[image: ]
The above expressions can be simplified, if we use average energy spectrum (in the thermal region), and also simplifying the cross sections as well:
[image: ][image: ]
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Finally, we reach:
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Where we define “thermal disadvantage factor”: ratio of thermal neutron flux in the moderator to that in the fuel[footnoteRef:4] [4:  It is not desired that thermal neutrons are fluxing around in the moderator rather than the fuel. We cannot control this behavior unfortunately! 
] 
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Reconsidered
If the four factors formula (can be evaluated for a given reactor configuration) are multiplied, the original formula (difficult to compute directly) is re-derived:
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Pressurized Water Reactor Example
· The two key design features:
· Enrichment of the fuel
· Moderator to fuel volume ratio
· Infinite multiplication factor, , increases with enrichment, with some maximum affected by volume ratio
· You could have under-moderated or over-moderated 

· We express the four factors in terms of: 
· 1) enrichment, 
· 2) moderator to fuel volume ratio

[image: ]

· On purpose, the design is under-moderated in liquid moderated reactor
· As ,
· Moderator volume increases
· Moderator volume to fuel ratio decreases (negative feedback)
· In solid moderated or solid-liquid moderated reactor 
· The design is not simple and complex behavior must be modeled
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	Factor
	Original Formula
	Simplified
	Expressed enrichment/volumes

	
	[image: ]
	
	[image: ]

	p
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	f 
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TABLE 4.1
Representative Reactor Lattice Properties



PWR
Pressurized-
H2O Reactor



BWR Boiling-
H2O Reactor



PHWR
CANDU-D2O
Reactor



HTGR
C-Moderated
Reactor



SFR
Na-Cooled
Fast Reactor



GCFR
He-Cooled
Fast Reactor



�q0 (kW/m) average
linear heat rate



17.5 20.7 24.7 3.7 22.9 17.0



Vx=Vf volume
ratioa 1.95 2.78 17 135 1.25 1.93



�P000 (MW/m3) average
power density



102 56 7.7 6.6 217 115



V (m3) volume
3000 MW(t)
reactor



29.4 53.7 390 455 13.8 26.1



~e (weight %)
enrichment



4.2 4.2 0.7 15 19 19



a x = moderator for a thermal reactor and coolant for a fast reactor, f = fuel.
Source: Data courtesy of W. S. Yang, Argonne National Laboratory.
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where �s ¼ N�s is the macroscopic scattering cross section. Note
that the number density N must not be too small. Thus gases are
eliminated. Helium, for example, has sufficiently large values of �
and �s to be a good moderator but its number density is too small to
have a significant impact on the energy distribution of neutrons in a
reactor. Conversely, for the same reason gases such as helium may be
considered as coolants for fast reactors since they do not degrade the
neutron spectrum appreciably.



Table 3.1 lists values of the slowing down decrement and power
for the three most common moderators. The table also includes the
slowing down ratio: the ratio of the material’s slowing down power to
its thermal absorption cross section. If the thermal absorption cross
section �a Ethermalð Þ is large, a material cannot be used as a moderator;
even though it may be effective in slowing down neutrons to thermal
energy, it will then absorb too many of those same neutrons before
they can make collisions with the fuel and cause fission. Note that
heavy water has by far the largest slowing down ratio, followed by
graphite and then by ordinary water. Power reactors fueled by natural
uranium can be built using D2O as the moderator. Because graphite
has poorer moderating properties, the design of natural uranium
fueled power reactors moderated by graphite is a more difficult under-
taking. Reactors using a light water moderator and fueled with
natural uranium are not possible; some enrichment of the uranium
is required to compensate for the larger thermal absorption cross
section of the H2O.



Large thermal absorption cross sections eliminate other materials
as possible moderators. For example, boron-10 has reasonable values of
the slowing down decrement and power. Its thermal absorption cross
section, however, is nearly 4000 b. As a result boron cannot be used as
a moderator but is, in fact, one of the more common neutron
‘‘poisons,’’ which are used to control or shut down the chain reactions.



The foregoing discussion focuses on elastic scattering, since
inelastic scattering tends to be of much less importance in determin-
ing the energy distribution of neutrons in thermal reactors. The
lighter weight materials either have no inelastic scattering cross



TABLE 3.1
Slowing Down Properties of Common Moderators



Slowing Down
Decrement



Slowing Down
Power



Slowing Down
Ratio



Moderator � ��s ��s=�aðthermalÞ
H2O 0.93 1.28 58
D2O 0.51 0.18 21,000
C 0.158 0.056 200
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3938.20  The Process of Heavy Water Production



One of the interesting features of heavy water is that it can be used to create a reactor in which plutonium can 
be bred from natural uranium alone. Because of this, facilities to separate heavy water from ordinary water have 
always been a subject of great concern to the nuclear community as a whole. In fact, Nazi Germany attempted to 
build a heavy water–moderated reactor during the Second World War to produce weapons-grade plutonium. In 
addition, heavy water–moderated reactors can also be used to make tritium, which is a key component of some 
thermonuclear weapons. For this reason, the production of heavy water in the world today is carefully monitored 
and controlled.



8.20 � The Process of Heavy Water Production



Separating heavy water from ordinary water is not as technically difficult or challenging as enriching uranium, but it 
does require a fair amount of technical infrastructure. This process has many similarities to the process of ammonia 
production or alcohol distillation. Heavy water can be separated directly from ordinary water because of the dif-
ference in their boiling points (101.4°C vs. 100°C) or because of the difference in the boiling points of deuterium 
and hydrogen gas (−249.7°C and −252.5°C). However, because there is only one deuterium atom for every 6420 
hydrogen atoms in the earth’s oceans, a vast amount of ordinary water must be boiled to produce a small amount of 
heavy water.



Because the heat of vaporization of ordinary water is very high relative to most liquids (about 2256 kJ/kg), the 
process of deuterium production requires an enormous amount of electrical power. Alternatively, ordinary water can 
be electrolyzed to make oxygen and hydrogen containing normal hydrogen and deuterium gas. The hydrogen gas can 
then be liquefied and distilled to separate the deuterium from the hydrogen. The deuterium can then be combined with 
oxygen to form heavy water. Today, heavy water is produced commercially in a number of different countries. The 
first commercial heavy water plant was the Norsk Hydro facility in Norsk, Norway, which was attacked by the Allies 
during the Second World War to prevent Nazi Germany from producing enough heavy water to make an atomic bomb 
(Figure 8.10).



The Bruce Heavy Water Plant in Ontario, Canada, is currently the world’s largest producer of heavy water. It uses a 
process called the Girdler sulfide process to separate the deuterium atoms from ordinary hydrogen. In the first stage of 
this process, the deuterium content of the hydrogen gas is increased to between 0.015% and 0.07%. In the second stage 
of this process, the deuterium content is increased to 0.35%, and in the third stage, a concentration of between 10% and 
30% deuterium is obtained. The deuterium is then combined with oxygen to form heavy water or D2O. The production 
of a single kilogram of heavy water requires about 340,000 kg of ordinary water. Thus, the production of heavy water is 
similar in many respects to the process of uranium enrichment, which we will discuss in another chapter. The production 
of heavy water is a strategic necessity to any country that does not possess a uranium enrichment plant. Heavy water is 
about 10% heavier than ordinary water is and has a density of about 1.10 g/cm3. The density of ordinary water at atmo-
spheric pressure is about 1.00 g/cm3. However, their thermodynamic properties, such as their specific heats and thermal 
conductivities, are nearly the same.



Example Problem 8.11



A tank of ordinary water to be used in a pressurized water reactor weighs 300,000 kg. How much does the same tank of 
heavy water weigh? At atmospheric pressure, what is the boiling point of heavy water?



Solution  Since heavy water weighs 10% more than light water, the tank will weigh 330,000 kg when it is filled with 
heavy water. The boiling point of heavy water is 101.4°C, which is about 1.5% higher than that of ordinary water at 
atmospheric pressure. [Ans.]



TABLE 8.7
Comparison of the Nuclear Properties of Light Water (H2O) and Heavy Water (D2O)



Substance Symbol Capture σc Fission σf Scattering σs Total σt



Density 
(1024/cm3)



Capture 
∑e



Fission 
∑f



Scattering 
∑s



Total 
∑t



Water (light) H2O 0.644 0 103 103.644 0.03343 0.02220 0.0 3.443 3.465



Water (heavy) D2O 0.00133 0 13.6 13.6 0.03323 0.0000442 0.0 0.4519 0.4519



Note:	 The microscopic cross sections are given in barns and the macroscopic cross sections are given in cm−1.
See Appendix C for a more comprehensive listing.
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most depleted are removed and replaced by fresh assemblies. In batch
mode operation the fuel must be sufficiently enriched to compensate
for the uranium burn up that takes place over the length of time that
the assembly remains in the reactor.



During core life neutron poisons control the reactor multiplica-
tion. In PWRs soluble boron in the coolant serves this purpose, and in
most thermal reactors burnable poisons placed in the fuel or else-
where also serve to compensate for fuel burn up. Control rods must
be present to rapidly shut down the chain reaction, but they may also
be used to compensate for fuel depletion. As the schematic diagrams
of Fig. 4.4 indicate, PWR control rods are inserted from the top,
whereas those of BWRs are inserted from the bottom. The PWR
control rods are employed in clusters that occupy channels within
the fuel assemblies as depicted in Fig. 4.2a. In BWRs the control rods
have cruciform-shaped cross sections and fit into channels between
the square fuel assemblies, with their centerlines positioned at inter-
sections between four assemblies.



Heavy Water Reactors



As Table 3.1 indicates, the larger mass of deuterium causes heavy
water’s slowing down power to be substantially smaller than that of
H2O. However, deuterium’s thermal absorption cross section is min-
uscule, and as a result D2O has the largest slowing down ratio of any
moderator. Thus in contrast to LWRs, reactors moderated by heavy
water require large volume ratios of moderator to fuel to provide



(a)



Pressurizer Steam
generator



Control
rods



Reactor
vessel



(b)



Control rods



Reactor
vessel



FIGURE 4.4 Light water cooled reactors (courtesy U.S. Nuclear Regulatory
Commission). (a) Pressurized water reactor, (b) boiling water reactor.
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channel surface. It then is convected into the coolant and trans-
ported axially along the coolant channel and out of the core. The
four diagrams that make up Fig. 4.1, however, are drawn on quite
different scales, since in all cases the fuel element diameters are of
the order of 1 cm. Thermal constraints on the heat flux crossing a
fuel element’s surface and on the temperature along its centerline
limit both its diameter and the power per unit length—called the
linear heat rate or q0—that it can produce. Since allowable linear
heat rates typically fall within the range between few and tens of
kW/m, a large power reactor designed to produce 1000 MW(t)
or more of heat must contain many thousands of cylindrical fuel
elements—often referred to as fuel pins.



Refueling a reactor containing thousands of fuel elements by
replacing them one by one would represent an inordinately time-
consuming and hence uneconomical task. Thus fuel elements are
grouped together to form fuel assemblies. The mechanical design of
fuel assemblies allows them be moved as a whole in and out of the
reactor during refueling procedures. Figure 4.2 illustrates three exam-
ples of fuel assemblies. The assemblies’ cross-sectional areas may be
square or hexagonal as shown in Figs. 4.2a and 4.2c. Fuel elements
may also be bundled into circular fuel assembles as shown in
Fig. 4.2b; in this case the bundles are inserted in tubes placed in



Coolant



Fuel



Coolant



Fuel



Coolant
channelPressure



tube



Insulation



Fuel



Coolant



Fuel



D2O



(a)



(c)



(d)



(b)



Graphite



FIGURE 4.1 Reactor lattice cross sections (not on the same scale).
(a) Water-cooled reactor, (b) fast reactor, (c) CANDU heavy water reactor,
(d) high temperature gas-cooled graphite reactor.
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dependent flux ’ðEÞ. The chapter concluded using energy-averaged
cross sections to express the multiplication as



k1 ¼
Z



0



1
��fðEÞ’ðEÞdE



,Z
0



1
�aðEÞ’ðEÞdE; ð4:1Þ



which serves as the starting point for the more detailed analysis of
both fast and thermal reactors. Fast reactors differ from thermal reac-
tors in several respects. The fuel enrichments are higher than typically
found in thermal reactors, generally substantially exceeding 10%.
Core designers eliminate low atomic weight materials to the greatest
extent possible, since they have the adverse effect of degrading the
neutron energy spectrum. The result is a fast neutron spectrum such
as that shown in Fig. 3.6. Since cross sections in general decrease with
increasing neutron energy, the neutron spectrum averaged cross sec-
tions in a fast reactor are substantially smaller than those in a thermal
system. Accordingly, in fast reactors neither the fuel diameter nor the
coolant thickness between fuel pins substantially exceeds a mean free
path. Under such conditions the spatial distribution of the flux will be
quite flat across the lateral cross section of the lattice cell, allowing us
to approximate that fuel, coolant, and any structural material are all
exposed to the same flux distribution, ’ðEÞ. Thus for any reaction x,
we may use Eq. (2.18) to volume-weight the cross sections of fuel,
coolant and structural materials:



�xðEÞ ¼ ðVf=VÞ�f
xðEÞ þ ðVc=VÞ�c



xðEÞ þ ðVst=VÞ�st
x ðEÞ; ð4:2Þ



where the cell volume is the sum of contributions from these three
components: V ¼ Vf þ Vc þ Vst. Substituting Eq. (4.2) into Eq. (4.1)
yields



k1 ¼
Vf



Z 1
0



��f
fðEÞ’ðEÞdE



Vf



Z 1
0



�f
aðEÞ’ðEÞdEþ Vc



Z 1
0



�c
aðEÞ’ðEÞdEþ Vst



Z 1
0



�st
a ðEÞ’ðEÞdE



;



ð4:3Þ



where only the fuel contributes to the fission cross section in the
numerator.



We may express the multiplication in terms of energy-averaged
(also referred to as one-energy-group) cross sections as follows. First
integrate the flux over energy:



� ¼
Z



0



1
’ðEÞdE: ð4:4Þ
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Process: Absorption, fission, scattering
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Table 3.2
(continued)



Thermal Spectrum Cross Sections Resonance Integrals Fast (Fission Spectrum) Cross Sections



Nuclide �f �a �s If Ia �f �a �s



157



64 Gd 0 1.92� 105 1422 0 762 0 0.201 6.51
232



90 Th 0 6.54 11.8 0 84.9 7.13� 10�2 0.155 7.08
233



92 U 464 506 14.2 752 886 1.84 1.89 5.37
235



92 U 505 591 15.0 272 404 1.22 1.29 6.33
238



92 U 1.05� 10�5 2.42 9.37 2� 10�3 278 0.304 0.361 7.42
239



94 Pu 698 973 8.62 289 474 1.81 1.86 7.42
240



94 Pu 6.13� 10�2 263 1.39 3.74 8452 1.36 1.42 6.38
241



94 Pu 946 1273 11.0 571 740 1.62 1.83 6.24
242



94 Pu 1.30� 10�2 16.6 8.30 0.94 1117 1.14 1.22 6.62



Source: R. J. Perry and C. J. Dean, The WIMS9 Nuclear Data Library, Winfrith Technology Center Report ANSWERS/WIMS/TR.24, Sept. 2004.
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dependent flux ’ðEÞ. The chapter concluded using energy-averaged
cross sections to express the multiplication as



k1 ¼
Z



0



1
��fðEÞ’ðEÞdE



,Z
0



1
�aðEÞ’ðEÞdE; ð4:1Þ



which serves as the starting point for the more detailed analysis of
both fast and thermal reactors. Fast reactors differ from thermal reac-
tors in several respects. The fuel enrichments are higher than typically
found in thermal reactors, generally substantially exceeding 10%.
Core designers eliminate low atomic weight materials to the greatest
extent possible, since they have the adverse effect of degrading the
neutron energy spectrum. The result is a fast neutron spectrum such
as that shown in Fig. 3.6. Since cross sections in general decrease with
increasing neutron energy, the neutron spectrum averaged cross sec-
tions in a fast reactor are substantially smaller than those in a thermal
system. Accordingly, in fast reactors neither the fuel diameter nor the
coolant thickness between fuel pins substantially exceeds a mean free
path. Under such conditions the spatial distribution of the flux will be
quite flat across the lateral cross section of the lattice cell, allowing us
to approximate that fuel, coolant, and any structural material are all
exposed to the same flux distribution, ’ðEÞ. Thus for any reaction x,
we may use Eq. (2.18) to volume-weight the cross sections of fuel,
coolant and structural materials:



�xðEÞ ¼ ðVf=VÞ�f
xðEÞ þ ðVc=VÞ�c



xðEÞ þ ðVst=VÞ�st
x ðEÞ; ð4:2Þ



where the cell volume is the sum of contributions from these three
components: V ¼ Vf þ Vc þ Vst. Substituting Eq. (4.2) into Eq. (4.1)
yields



k1 ¼
Vf



Z 1
0



��f
fðEÞ’ðEÞdE



Vf



Z 1
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�f
aðEÞ’ðEÞdEþ Vc



Z 1
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�c
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�st
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;



ð4:3Þ



where only the fuel contributes to the fission cross section in the
numerator.



We may express the multiplication in terms of energy-averaged
(also referred to as one-energy-group) cross sections as follows. First
integrate the flux over energy:



� ¼
Z



0



1
’ðEÞdE: ð4:4Þ
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Then defining the flux-averaged cross section as in Eq. (3.38), we have
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where y indicates the material in which the reaction is taking
place. Combining these two equations then expresses the reaction
rate as the product of the energy-averaged cross section and the
flux:



Z
0



1
�y



xðEÞ’ðEÞdE ¼ ��y



x�: ð4:6Þ



The cell-averaged reaction rate then becomes
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�; ð4:7Þ



and we may write Eq. (4.3) as



k1 ¼
Vf���f



f



Vf ��
f



a þ Vc ��c



a þ Vst ��
st



a



: ð4:8Þ



The fuel enrichment and the ratios of coolant and other materi-
als to fuel nuclei become the primary determinants of the lattice
multiplication. To examine enrichment we write the number
density of fuel atoms as a sum of the fissile (fi) and fertile (fe)
contributions:



Nf ¼ Nfi þNfe: ð4:9Þ



We define enrichment ~e as in Eq. (3.6) to be the ratio of fissile to total
fuel nuclei:



~e ¼ Nfi=Nf : ð4:10Þ



We next use Eq. (2.5) to specify macroscopic cross sections (for reac-
tion x in material y) in terms of their microscopic counterparts,



��y



x ¼ Ny ��y
x; ð4:11Þ
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where the energy-averaged microscopic cross sections are
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’ðEÞdE: ð4:12Þ



Separating the fuel into fissile and fertile contributions reduces
Eq. (4.11) to



��f



x ¼ Nfi ��
fi
x þNfe ��fe



x : ð4:13Þ



Thus utilizing Eqs. (4.9) through (4.11) in this expression allows us to
obtain the microscopic fuel cross section as



��f
x ¼ ~e��fi



x þ ð1� ~eÞ��fe
x : ð4:14Þ



The foregoing definitions allow us to express k1 in terms the
enrichment and these microscopic cross sections. Thus Eq. (4.8)
becomes



k1 ¼
VfNf



h
~e�fi ��fi



f þ ð1� ~eÞ�fe ��fe
f



i
VfNf



h
~e��fi
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i
þ VcNc ��c



a þ VstNst ��st
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; ð4:15Þ



or alternatively



k1 ¼
~e�fi ��fi



f þ ð1� ~eÞ�fe ��fe
f



~e��fi
a þ ð1� ~eÞ��fe



a þ ðVcNc=VfNfÞ��c
a þ ðVstNst=VfNfÞ��st



a



: ð4:16Þ



Because the ratio of ��f to �a is larger for fissile than for fertile
materials, fast reactor multiplication increases with enrichment. The
effects of the coolant and structural materials are subtler. As
Eq. (4.16) indicates, increasing the ratio of coolant to fuel atoms
(i.e., increasing VcNc=VfNf ) increases absorption in the coolant and
thus decreases k1; the presence of structural material has the same
effect. Equally important, since coolant and structural materials have
lower atomic weights than the fuel, neutron collisions with these
nuclei degrade the neutron energy. Thus the more coolant is present,
the more degraded the energy spectrum will become. The degraded
spectrum impacts Eq. (4.16) primarily though the energy-averaged
values of the fuel cross sections. For as Fig. 3.1 indicates, as the
energy of the neutrons decreases, so does the ratio of ��f to �a, thus
decreasing the multiplication.
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VfNf



h
~e��fi



a þ ð1� ~eÞ��fe
a



i
þ VcNc ��c



a þ VstNst ��st
a



; ð4:15Þ



or alternatively



k1 ¼
~e�fi ��fi



f þ ð1� ~eÞ�fe ��fe
f



~e��fi
a þ ð1� ~eÞ��fe



a þ ðVcNc=VfNfÞ��c
a þ ðVstNst=VfNfÞ��st



a



: ð4:16Þ



Because the ratio of ��f to �a is larger for fissile than for fertile
materials, fast reactor multiplication increases with enrichment. The
effects of the coolant and structural materials are subtler. As
Eq. (4.16) indicates, increasing the ratio of coolant to fuel atoms
(i.e., increasing VcNc=VfNf ) increases absorption in the coolant and
thus decreases k1; the presence of structural material has the same
effect. Equally important, since coolant and structural materials have
lower atomic weights than the fuel, neutron collisions with these
nuclei degrade the neutron energy. Thus the more coolant is present,
the more degraded the energy spectrum will become. The degraded
spectrum impacts Eq. (4.16) primarily though the energy-averaged
values of the fuel cross sections. For as Fig. 3.1 indicates, as the
energy of the neutrons decreases, so does the ratio of ��f to �a, thus
decreasing the multiplication.
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where the energy-averaged microscopic cross sections are
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Separating the fuel into fissile and fertile contributions reduces
Eq. (4.11) to
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x : ð4:13Þ
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thus decreases k1; the presence of structural material has the same
effect. Equally important, since coolant and structural materials have
lower atomic weights than the fuel, neutron collisions with these
nuclei degrade the neutron energy. Thus the more coolant is present,
the more degraded the energy spectrum will become. The degraded
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Reaction rates then divide into these three ranges, with each having a
distinct pattern of fission and capture:



Z 1
0



�y
xðEÞ’yðEÞdE ¼



Z
T



�y
xðEÞ’yðEÞdE þ



Z
I



�y
xðEÞ’yðEÞdE



þ
Z



F
�y



xðEÞ’yðEÞdE:



ð4:19Þ



Fission takes place primarily in the thermal neutron range, with a
smaller amount added from fast fission in the fertile material. Thus
we delete the intermediate range from fission reactions and write



Z 1
0
��f



fðEÞ’fðEÞdE �
Z



T
��f



fðEÞ’fðEÞdEþ
Z



F
��f



fðEÞ’fðEÞdE: ð4:20Þ



Since moderator materials have significant absorption cross sections
only for thermal neutrons we make the further simplification



Z
0



1
�m



a ðEÞ’mðEÞdE �
Z



T
�m



a ðEÞ’mðEÞdE: ð4:21Þ



Finally, fuel absorbs both intermediate neutrons—through resonance
capture—and thermal neutrons, whereas fast neutron absorption is
minimal. Thus



Z 1
0



�f
aðEÞ’fðEÞdE �



Z
T



�f
aðEÞ’fðEÞdEþ



Z
I



�f
aðEÞ’fðEÞdE: ð4:22Þ



These simplifications reduce Eq. (4.18) to the more explicit form:
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Vf



Z
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��f



fðEÞ’fðEÞdEþ
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��f



fðEÞ’fðEÞdE



� �
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� �
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T
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:



ð4:23Þ



The Four Factor Formula



Although Eq. (4.23) brings out the importance of thermal neutrons (three
of the five integrations are over the thermal range), the central role of the
neutron slowing down in determining the lattice multiplication is
contained within it only implicitly. To make the physical processes
more explicit a simplified model—the four factor formula for k1—was
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developed early in the history of reactor physics. Based on physical
arguments and related to measurements that could be performed at the
time, the four factor formula remains valuable tool in understanding the
neutron cycle in thermal reactors, and particularly in relating neutron
behavior to the thermal hydraulic feedback discussed in Chapter 9. In
what follows we present the four factors first qualitatively and then
quantitatively. Then, in the final subsection, we employ the formula to
examine enrichment, moderator to fuel volume ratio, and other design
parameters in determining the multiplication of a pressurized water
reactor lattice.



Figure 4.5 illustrates schematically the behavior of neutrons in a
thermal reactor lattice consisting of fuel and moderator. The hori-
zontal axis denotes the radial distance from the center to the outside
of a lattice cell consisting of a cylindrical fuel element surrounded by
moderator; it is separated into fuel and moderator regions. The dia-
gram’s vertical axis demarks the neutron energy ranging from 0.01 eV
to 10 MeV, with the neutron energies divided into thermal (T), inter-
mediate (I), and fast (F) ranges.



Most of the fission neutrons are born as a result of the absorption
of thermal neutrons in the fuel, and they emerge as fast neutrons.
Assume that n such fast neutrons originate in the fuel as indicated in
Fig. 4.5. Some nominal fraction of these neutrons will cause
fast fission in the fertile material, resulting in a total number of
"n ("> 1) fast neutrons produced from fission, where " is the fast
fission factor. The "n fission neutrons migrate into the moderator
region as step 1 of the diagram indicates. They then undergo slowing
down, indicated as step 2, as a result of collisions with the light
atomic weight moderator nuclei. However only some fraction p sur-
vive to thermal energies, with the remaining neutrons lost to the
resonance capture in the fuel; p (<1) is referred to as the resonance
escape probability. Of the "n neutrons which undergo slowing down,
"pn arrive at thermal energies, while "ð1� pÞn are lost to capture in
the resonances. After arrival at thermal energy some of the neutrons



F n → (1) →
εpf ηT 



n



→ εn
↓



I
↑



(4) ε (1 – p)n ←
↑



↓
← (2)



↓



T
↑



 ←  ← (3) ←
↓



← εpn → εp (1 – f  )n



Fuel Moderator 



εpfn



FIGURE 4.5 Four factor formula for a thermal reactor neutron cycle.
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are absorbed by the moderator and are thereby lost. However in step 3 a
larger fraction f (<1), which is referred to as the thermal utilization,
enters the fuel and is absorbed. Thus the fuel absorbs "pfn while the
moderator absorbs "p ð1� fÞn neutrons. For each thermal neutron
absorbed in the fuel, �T (>1) fission neutrons result. Thus, as step 4
symbolizes, "pf�Tn fission neutrons appear from thermal fission with
MeV energies, generated from the n such fission neutrons of the previous
generation. Thus according to the definition of Eqs. (3.1) and (3.2):



k1 ¼ "pf�T : ð4:24Þ



Table 4.2 displays representative values of the four factors con-
tributing to k1 for the major classes of thermal reactors. The values of
k1, which are substantially greater than one, represent normal operat-
ing conditions. But understand that they are calculated for fresh fuel in
the absence of all control poisons. In an operating reactor, of course,
fuel depletion, which reduces �T , the presence of control rods or other
control poisons, which reduce f, when taken together with PNL, the
nonleakage probability, must yield k ¼ k1 PNL ¼ 1. To better under-
stand the importance of the neutron moderators we examine each of
the four factors more quantitatively in terms of the neutron flux and
cross sections in the thermal (T), intermediate (I), and fast (F) energy
ranges.



Fast Fission Factor



The fast fission factor is the ratio of total fission neutrons produced to
the thermal fission neutrons. Since the neutrons produced by fission
of intermediate energy neutrons can be neglected, we have



TABLE 4.2
Representative Four Factor and k1 Values for Thermal Reactors



PWR Pressurized-
H2O Reactor



BWR Boiling-
H2O Reactor



PHWR
CANDU-D2O
Reactor



HTGR
C-Moderated
Reactor



" 1.27 1.28 1.08 1.20



p 0.63 0.63 0.84 0.62



f 0.94 0.94 0.97 0.98



�
T



1.89 1.89 1.31 2.02



k1
a 1.41 1.40 1.12 1.47



a Fresh fuel without neutron poisons.
Source: Data courtesy of W. S. Yang, Argonne National Laboratory.
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or equivalently,



" ¼ 1þ



Z
F
��f



fðEÞ’fðEÞdEZ
T



��f
fðEÞ’fðEÞdE



; ð4:26Þ



where the ratio of integrals on the right varies significantly with the
moderator and fuel enrichment employed, ranging between 0.02
and 0.30.



Resonance Escape Probability



All of the fast neutrons scattered downward in energy are absorbed
either in the intermediate energy range by the fuel’s resonance capture
cross sections or in the thermal energy range by fuel or moderator.
Because neutrons captured by the fuel resonances are lost from the
slowing down process, the fraction that survives to thermal energies is
the resonance escape probability:
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Adding and subtracting Vf



R
I �f



aðEÞ’fðEÞdE to the numerator, we may
rewrite the escape probability as



p ¼ 1�
Vf



Z
I



�f
aðEÞ’fðEÞdE



Vf



Z
T



�f
aðEÞ’fðEÞdEþ



Z
I



�f
aðEÞ’fðEÞdE



� �
þ Vm



Z
T



�m
a ðEÞ’mðEÞdE



:



ð4:28Þ



The total absorption, which is the denominator, must equal the total
number of neutrons slowing down, or Vq, where q is the slowing down
density—introduced in Chapter 3—averaged over the cell. Next, divide
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where the ratio of integrals on the right varies significantly with the
moderator and fuel enrichment employed, ranging between 0.02
and 0.30.
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All of the fast neutrons scattered downward in energy are absorbed
either in the intermediate energy range by the fuel’s resonance capture
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Because neutrons captured by the fuel resonances are lost from the
slowing down process, the fraction that survives to thermal energies is
the resonance escape probability:
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number of neutrons slowing down, or Vq, where q is the slowing down
density—introduced in Chapter 3—averaged over the cell. Next, divide
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where the ratio of integrals on the right varies significantly with the
moderator and fuel enrichment employed, ranging between 0.02
and 0.30.
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number of neutrons slowing down, or Vq, where q is the slowing down
density—introduced in Chapter 3—averaged over the cell. Next, divide
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where the ratio of integrals on the right varies significantly with the
moderator and fuel enrichment employed, ranging between 0.02
and 0.30.
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The total absorption, which is the denominator, must equal the total
number of neutrons slowing down, or Vq, where q is the slowing down
density—introduced in Chapter 3—averaged over the cell. Next, divide
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Most resonances are sufficiently widely spaced that a 1/E flux
distribution is reestablished at energies between them, but with a
slowing down density decreased in proportion to the fraction of neu-
trons absorbed. This being the case we may apply the two preceding
equations to the ith resonance,



pi ¼ 1�
VfNfe



Vm�m �m
s



Ii; ð4:36Þ



and



Ii ¼
Z



I



�fe
aiðEÞ’fðEÞ
E’mðEÞ dE: ð4:37Þ



and write the resonance escape probability as the product of the pi. If
T is the total number of resonances, then



p ¼ p1p2p3 � � � pi � � �pT�1pT : ð4:38Þ



Generally, the escape probability for a single resonance is sufficiently
close to one that Eq. (4.36) is a reasonable two-term approximation to
the exponential function. Thus we take



pi ¼ exp �
VfNfe



Vm�m �m
s



Ii



� �
; ð4:39Þ



and inserting this result into Eq. (4.38) gives



p ¼ exp �
VfNfe



Vm�m �m
s



I



� �
; ð4:40Þ



where the resonance integral is the sum of contributions from the
individual resonances:



I ¼
PT
i¼1



Ii: ð4:41Þ



Figure 3.4 illustrated that self-shielding in energy reduces the
neutron capture in the resonances of the fertile material. In fact, the
separation of fuel from moderator increases this desirable effect with
space–energy self-shielding which depresses the ratio ’fðEÞ=’mðEÞ in
Eq. (4.37) at energies were the resonance peaks appear in the absorp-
tion cross section �fe



a ðEÞ. Figure 4.6 illustrates spatial self-shielding
as well as the effect of temperature on it. A resonance cross section
and the Doppler broadening that takes place as the temperature
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the cell-averaged slowing down density into contributions qf and qm



from fuel and moderator regions:



q ¼
Vf



V
qf þ



Vm



V
qm: ð4:29Þ



Because the fuel nuclei have much larger atomic weights than those
of the moderator, slowing down in the fuel can be neglected to first
approximation. We then have



Vq � Vmqm: ð4:30Þ



Replacing the denominator in Eq. (4.28) by Vmqm then yields



p ¼ 1�
Vf



Vmqm



Z
I



�fe
a ðEÞ’fðEÞdE; ð4:31Þ



where we have also replaced �f
aðEÞ with �fe



a ðEÞ since the dominant
resonance capture takes place in the fertile material.



In the intermediate energy range moderators may be approximated
as purely scattering materials. In these circumstances Eq. (3.26)
relates the flux and slowing down density; if the scattering cross
section �m



s of the moderator is energy independent then the flux is
1/E, and Eq. (3.26) reduces to



qm ¼ �m�m
s E’mðEÞ; ð4:32Þ



where �m is the moderator slowing down decrement defined in
Chapter 2. Inserting this expression into Eq. (4.31) then yields



p ¼ 1�
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Z
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�fe
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Because qm and �m�m
s are constants, Eq. (4.32) indicates that E’mðEÞ



also must be independent of energy. Hence we may move it inside
the integral. Then, writing �fe



a ðEÞ ¼ Nfe�
fe
a ðEÞ, we obtain the custom-



ary form of the resonance escape probability:



p ¼ 1�
VfNfe



Vm�m �m
s



I; ð4:34Þ



where the resonance integral is defined by



I ¼
Z
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�fe
a ðEÞ’fðEÞ
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dE: ð4:35Þ
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increases from T1 to T2 is illustrated in Fig. 4.6a. We see in Fig. 4.6b
the depression in ’fðEÞ, the flux in the fuel, relative to that of ’mðEÞ,
the flux in the moderator. As indicated, increasing the temperature
decreases the self-shielding at the resonance peak, and this in turn
increases the absorption as the temperature increases.



Only the increase in the resonance escape probability caused by
the separations of fuel from moderator allowed reactors fueled with
natural uranium and graphite moderators to be built. Without the
spatial self-shielding provided by the separation of fuel and modera-
tor, values of k1� 1 are possible with natural uranium fuel only if
heavy water is the moderator. Even with spatial self-shielding,
slightly enriched uranium is required to achieve criticality in a
light water–moderated system.



More advanced texts include detailed analysis of space–energy
self-shielding. However, experimental investigations have led to
empirical equations for the resonance integrals of uranium-238 fuel
rods given in Table 4.3. The resonance integrals are in barns, the
density � in g/cm3, and D is the rod diameter in cm. These equations
are valid for isolated rods with 0.2 cm<D< 3.5 cm; if the rods are
located in a tightly packed lattice the self-shielding increases some-
what through what is called a Dancoff correction. In either case, the



TABLE 4.3
Resonance Integrals for Fuel Rods



I ¼ 2:95þ 25:8
ffiffiffiffiffiffiffiffiffiffiffiffi
4=�D



p
for U metal



I ¼ 4:45þ 26:6
ffiffiffiffiffiffiffiffiffiffiffiffi
4=�D



p
for UO2



Source: Nordheim, L. W., ‘‘The Doppler Coefficient,’’ The Technology of Nuclear Reactor
Safety, T. J. Thompson and J. G. Beckerley, eds., Vol. 1, MIT Press, Cambridge, MA, 1966.
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FIGURE 4.6 Effect of Doppler broadening on self-shielding for T2 > T1.
(a) Resonance absorption cross section, (b) neutron flux in fuel and
moderator.
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.



Thermal Utilization and hT



The thermal utilization, f, is the fraction of thermal neutrons
absorbed in the fuel. Since all the thermal neutrons must be absorbed
in either fuel or moderator, we have



f ¼
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: ð4:42Þ



Finally, the number of fission neutrons produced per thermal neutron
absorbed in the fuel is



�T ¼



Z
T
��f



fðEÞ’fðEÞdE



Z
T
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aðEÞ’fðEÞdE



: ð4:43Þ



The expressions for f and �T simplify considerably by defining
cross sections averaged only over the thermal neutron spectrum. Let



�’fT ¼
Z



T
’fðEÞdE ð4:44Þ



and



�’mT ¼
Z



T



’mðEÞdE ð4:45Þ



be the thermal fluxes, space-averaged, respectively, over the fuel and
moderator regions. The thermal cross sections for fuel and moderator
then become



��f
xT ¼ �’�1
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.
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With these thermal cross section definitions f and �T simplify to



f ¼ 1



1þ & Vm ��m



aT



.
Vf ��



f



aT



� 	 ð4:48Þ



and



�T ¼
���f



fT



��f



aT



; ð4:49Þ



where the thermal disadvantage factor is defined as the ratio of
thermal neutron flux in the moderator to that in the fuel:



& ¼ �’mT





�’fT : ð4:50Þ



The disadvantage is that the more neutrons that are captured in the
moderator because of the larger flux there, the fewer will be available
to create fission in the fuel.



k¥ Reconsidered



The question remains, How does the four factor formula relate to the
value of k1 given by Eq. (4.23)? For an answer, insert Eqs. (4.25),
(4.27), (4.42), and (4.43) for ", p, f, and �T into k1 ¼ "pf�T . Canceling
terms, we see that the result is identical to Eq. (4.23):



Thus Eq. (4.23) is consistent with the four factor formula.
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Pressurized Water Reactor Example



Two of the primary determinants of the thermal reactor core multi-
plication are the fuel enrichment and the volume ratio of modera-
tor to fuel. The multiplication increases monotonically with
enrichment but exhibits a maximum when plotted with respect
to the moderator to fuel ratio. Under- and overmoderated lattices
refer to those in which the moderator to fuel ratios are less than or
greater than the optimal value. We illustrate the effects of enrich-
ment, moderator to fuel ratio, and other design parameters on
multiplication using UO2 pressurized water reactor lattices as
examples.



We begin by expressing the four factors in terms of the enrich-
ment and the moderator to fuel atom ratio. Equations (4.9) and (4.10)
define the enrichment ~e in terms of the number fissile (fi) and fertile
(fe) atom densities. Thus analogous to Eq. (4.14) for fast reactors, for
thermal reactors we have



�� f
aT ¼ ~e�� fi



aT þ ð1� ~eÞ�� fe
aT : ð4:52Þ



Now, however, the energy average is taken over only the thermal
range as indicated by the subscript T. With this nomenclature, we
may express �T in terms of the enrichment and �fi of the fissile
material as



�T ¼ � fi
T



.
1þ ð1� ~eÞ�� fe



aT=~e�� fi
aT



h i
: ð4:53Þ



The resonance escape probability is a function of both the
enrichment and the ratio of moderator to fuel nuclei, VmNm=VfNf .
Because Nfe ¼ ð1� ~eÞNf , we may rewrite Eq. (4.40) as



p ¼ exp � ð1� ~eÞ
ðVmNm=VfNfÞ



I



� �m
s



� �
; ð4:54Þ



where �m
s ¼ Nm�



m
s . Expressed in terms of the moderator to fuel atom



ratio the thermal utilization given by Eq. (4.48) becomes



f ¼ 1



1þ &ðVmNm=VfNfÞð��m
aT=��f



aTÞ
; ð4:55Þ



where we have again expressed macroscopic cross section in terms
of nuclide densities and microscopic cross sections: ��m



aT ¼ Nm ��m
aT
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and ��f
aT ¼ Nf �� f



aT . Finally the fast fission factor, given by Eq. (4.26),
appears as



" ¼ 1þ ð1�
~eÞ



~e



�fe �� fe
fF



�fi ��fi
fT



ð4:56Þ



when written in terms of microscopic cross sections.
Two phenomena compete as VmNm=VfNf , the ratio of moderator



to fuel, is increased. Equation (4.54) indicates that the resonance escape
probability increases. This happens as a result of the greater ability of
the moderator to slow down neutrons past the capture resonances. In
contrast, Eq. (4.55) shows that a larger value of VmNm=VfNf results in
more thermal neutron capture in the moderator, thus decreasing the
thermal utilization. As a result of these opposing phenomena, there
exists an optimum moderator to fuel ratio, which for a given enrich-
ment, fuel element size, and soluble absorber concentration yields the
maximum value of k1. Figure 4.7 illustrates these effects.



The figure also illuminates a number of other effects. Increasing
the concentration of boron poison in the moderator reduces the
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FIGURE 4.7 k1 for pressurized water lattices vs moderator to fuel volume
ratios with different rod radii, boron concentrations, and enrichments
(adapted from Theorie der Kernreaktoren, 1982, by D. Emendorfer and
K. H. Hocker, by permission of VGB, Essen).
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��f
fðEÞ’fðEÞdEþ



Z
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��f
fðEÞ’fðEÞdEZ



T
��f



fðEÞ’fðEÞdE



; ð4:25Þ



or equivalently,



" ¼ 1þ



Z
F
��f



fðEÞ’fðEÞdEZ
T



��f
fðEÞ’fðEÞdE



; ð4:26Þ



where the ratio of integrals on the right varies significantly with the
moderator and fuel enrichment employed, ranging between 0.02
and 0.30.



Resonance Escape Probability



All of the fast neutrons scattered downward in energy are absorbed
either in the intermediate energy range by the fuel’s resonance capture
cross sections or in the thermal energy range by fuel or moderator.
Because neutrons captured by the fuel resonances are lost from the
slowing down process, the fraction that survives to thermal energies is
the resonance escape probability:



p ¼
Vf



Z
T



�f
aðEÞ’fðEÞdEþ Vm



Z
T



�m
a ðEÞ’mðEÞdE



Vf
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I
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� �
þ Vm



Z
T



�m
a ðEÞ’mðEÞdE



:



ð4:27Þ



Adding and subtracting Vf



R
I �f



aðEÞ’fðEÞdE to the numerator, we may
rewrite the escape probability as



p ¼ 1�
Vf



Z
I



�f
aðEÞ’fðEÞdE



Vf



Z
T



�f
aðEÞ’fðEÞdEþ



Z
I



�f
aðEÞ’fðEÞdE



� �
þ Vm



Z
T



�m
a ðEÞ’mðEÞdE



:



ð4:28Þ



The total absorption, which is the denominator, must equal the total
number of neutrons slowing down, or Vq, where q is the slowing down
density—introduced in Chapter 3—averaged over the cell. Next, divide
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when written in terms of microscopic cross sections.
Two phenomena compete as VmNm=VfNf , the ratio of moderator



to fuel, is increased. Equation (4.54) indicates that the resonance escape
probability increases. This happens as a result of the greater ability of
the moderator to slow down neutrons past the capture resonances. In
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more thermal neutron capture in the moderator, thus decreasing the
thermal utilization. As a result of these opposing phenomena, there
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FIGURE 4.7 k1 for pressurized water lattices vs moderator to fuel volume
ratios with different rod radii, boron concentrations, and enrichments
(adapted from Theorie der Kernreaktoren, 1982, by D. Emendorfer and
K. H. Hocker, by permission of VGB, Essen).
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where the ratio of integrals on the right varies significantly with the
moderator and fuel enrichment employed, ranging between 0.02
and 0.30.



Resonance Escape Probability



All of the fast neutrons scattered downward in energy are absorbed
either in the intermediate energy range by the fuel’s resonance capture
cross sections or in the thermal energy range by fuel or moderator.
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density—introduced in Chapter 3—averaged over the cell. Next, divide
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Most resonances are sufficiently widely spaced that a 1/E flux
distribution is reestablished at energies between them, but with a
slowing down density decreased in proportion to the fraction of neu-
trons absorbed. This being the case we may apply the two preceding
equations to the ith resonance,



pi ¼ 1�
VfNfe



Vm�m �m
s



Ii; ð4:36Þ



and



Ii ¼
Z



I



�fe
aiðEÞ’fðEÞ
E’mðEÞ dE: ð4:37Þ



and write the resonance escape probability as the product of the pi. If
T is the total number of resonances, then



p ¼ p1p2p3 � � � pi � � �pT�1pT : ð4:38Þ



Generally, the escape probability for a single resonance is sufficiently
close to one that Eq. (4.36) is a reasonable two-term approximation to
the exponential function. Thus we take



pi ¼ exp �
VfNfe



Vm�m �m
s



Ii



� �
; ð4:39Þ



and inserting this result into Eq. (4.38) gives



p ¼ exp �
VfNfe



Vm�m �m
s



I



� �
; ð4:40Þ



where the resonance integral is the sum of contributions from the
individual resonances:



I ¼
PT
i¼1



Ii: ð4:41Þ



Figure 3.4 illustrated that self-shielding in energy reduces the
neutron capture in the resonances of the fertile material. In fact, the
separation of fuel from moderator increases this desirable effect with
space–energy self-shielding which depresses the ratio ’fðEÞ=’mðEÞ in
Eq. (4.37) at energies were the resonance peaks appear in the absorp-
tion cross section �fe



a ðEÞ. Figure 4.6 illustrates spatial self-shielding
as well as the effect of temperature on it. A resonance cross section
and the Doppler broadening that takes place as the temperature
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increases from T1 to T2 is illustrated in Fig. 4.6a. We see in Fig. 4.6b
the depression in ’fðEÞ, the flux in the fuel, relative to that of ’mðEÞ,
the flux in the moderator. As indicated, increasing the temperature
decreases the self-shielding at the resonance peak, and this in turn
increases the absorption as the temperature increases.



Only the increase in the resonance escape probability caused by
the separations of fuel from moderator allowed reactors fueled with
natural uranium and graphite moderators to be built. Without the
spatial self-shielding provided by the separation of fuel and modera-
tor, values of k1� 1 are possible with natural uranium fuel only if
heavy water is the moderator. Even with spatial self-shielding,
slightly enriched uranium is required to achieve criticality in a
light water–moderated system.



More advanced texts include detailed analysis of space–energy
self-shielding. However, experimental investigations have led to
empirical equations for the resonance integrals of uranium-238 fuel
rods given in Table 4.3. The resonance integrals are in barns, the
density � in g/cm3, and D is the rod diameter in cm. These equations
are valid for isolated rods with 0.2 cm<D< 3.5 cm; if the rods are
located in a tightly packed lattice the self-shielding increases some-
what through what is called a Dancoff correction. In either case, the



TABLE 4.3
Resonance Integrals for Fuel Rods



I ¼ 2:95þ 25:8
ffiffiffiffiffiffiffiffiffiffiffiffi
4=�D



p
for U metal



I ¼ 4:45þ 26:6
ffiffiffiffiffiffiffiffiffiffiffiffi
4=�D



p
for UO2



Source: Nordheim, L. W., ‘‘The Doppler Coefficient,’’ The Technology of Nuclear Reactor
Safety, T. J. Thompson and J. G. Beckerley, eds., Vol. 1, MIT Press, Cambridge, MA, 1966.
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FIGURE 4.6 Effect of Doppler broadening on self-shielding for T2 > T1.
(a) Resonance absorption cross section, (b) neutron flux in fuel and
moderator.
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Pressurized Water Reactor Example



Two of the primary determinants of the thermal reactor core multi-
plication are the fuel enrichment and the volume ratio of modera-
tor to fuel. The multiplication increases monotonically with
enrichment but exhibits a maximum when plotted with respect
to the moderator to fuel ratio. Under- and overmoderated lattices
refer to those in which the moderator to fuel ratios are less than or
greater than the optimal value. We illustrate the effects of enrich-
ment, moderator to fuel ratio, and other design parameters on
multiplication using UO2 pressurized water reactor lattices as
examples.



We begin by expressing the four factors in terms of the enrich-
ment and the moderator to fuel atom ratio. Equations (4.9) and (4.10)
define the enrichment ~e in terms of the number fissile (fi) and fertile
(fe) atom densities. Thus analogous to Eq. (4.14) for fast reactors, for
thermal reactors we have



�� f
aT ¼ ~e�� fi



aT þ ð1� ~eÞ�� fe
aT : ð4:52Þ



Now, however, the energy average is taken over only the thermal
range as indicated by the subscript T. With this nomenclature, we
may express �T in terms of the enrichment and �fi of the fissile
material as



�T ¼ � fi
T



.
1þ ð1� ~eÞ�� fe



aT=~e�� fi
aT



h i
: ð4:53Þ



The resonance escape probability is a function of both the
enrichment and the ratio of moderator to fuel nuclei, VmNm=VfNf .
Because Nfe ¼ ð1� ~eÞNf , we may rewrite Eq. (4.40) as



p ¼ exp � ð1� ~eÞ
ðVmNm=VfNfÞ



I



� �m
s



� �
; ð4:54Þ



where �m
s ¼ Nm�



m
s . Expressed in terms of the moderator to fuel atom



ratio the thermal utilization given by Eq. (4.48) becomes



f ¼ 1



1þ &ðVmNm=VfNfÞð��m
aT=��f



aTÞ
; ð4:55Þ



where we have again expressed macroscopic cross section in terms
of nuclide densities and microscopic cross sections: ��m



aT ¼ Nm ��m
aT
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.



Thermal Utilization and hT



The thermal utilization, f, is the fraction of thermal neutrons
absorbed in the fuel. Since all the thermal neutrons must be absorbed
in either fuel or moderator, we have



f ¼
Vf



Z
T



�f
aðEÞ’fðEÞdE



Vf



Z
T



�f
aðEÞ’fðEÞdEþ Vm



Z
T



�m
a ðEÞ’mðEÞdE



: ð4:42Þ



Finally, the number of fission neutrons produced per thermal neutron
absorbed in the fuel is



�T ¼



Z
T
��f



fðEÞ’fðEÞdE



Z
T



�f
aðEÞ’fðEÞdE



: ð4:43Þ



The expressions for f and �T simplify considerably by defining
cross sections averaged only over the thermal neutron spectrum. Let



�’fT ¼
Z



T
’fðEÞdE ð4:44Þ



and



�’mT ¼
Z



T



’mðEÞdE ð4:45Þ



be the thermal fluxes, space-averaged, respectively, over the fuel and
moderator regions. The thermal cross sections for fuel and moderator
then become



��f
xT ¼ �’�1



fT



Z
T



�f
xðEÞ’fðEÞdE ð4:46Þ



and



��m
xT ¼ �’�1



mT



Z
T



�m
x ðEÞ’mðEÞdE: ð4:47Þ
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With these thermal cross section definitions f and �T simplify to



f ¼ 1



1þ & Vm ��m



aT



.
Vf ��



f



aT



� 	 ð4:48Þ



and



�T ¼
���f



fT



��f



aT



; ð4:49Þ



where the thermal disadvantage factor is defined as the ratio of
thermal neutron flux in the moderator to that in the fuel:



& ¼ �’mT





�’fT : ð4:50Þ



The disadvantage is that the more neutrons that are captured in the
moderator because of the larger flux there, the fewer will be available
to create fission in the fuel.



k¥ Reconsidered



The question remains, How does the four factor formula relate to the
value of k1 given by Eq. (4.23)? For an answer, insert Eqs. (4.25),
(4.27), (4.42), and (4.43) for ", p, f, and �T into k1 ¼ "pf�T . Canceling
terms, we see that the result is identical to Eq. (4.23):



Thus Eq. (4.23) is consistent with the four factor formula.
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With these thermal cross section definitions f and �T simplify to



f ¼ 1



1þ & Vm ��m



aT



.
Vf ��



f



aT



� 	 ð4:48Þ



and



�T ¼
���f



fT



��f



aT



; ð4:49Þ



where the thermal disadvantage factor is defined as the ratio of
thermal neutron flux in the moderator to that in the fuel:



& ¼ �’mT





�’fT : ð4:50Þ



The disadvantage is that the more neutrons that are captured in the
moderator because of the larger flux there, the fewer will be available
to create fission in the fuel.



k¥ Reconsidered
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Pressurized Water Reactor Example



Two of the primary determinants of the thermal reactor core multi-
plication are the fuel enrichment and the volume ratio of modera-
tor to fuel. The multiplication increases monotonically with
enrichment but exhibits a maximum when plotted with respect
to the moderator to fuel ratio. Under- and overmoderated lattices
refer to those in which the moderator to fuel ratios are less than or
greater than the optimal value. We illustrate the effects of enrich-
ment, moderator to fuel ratio, and other design parameters on
multiplication using UO2 pressurized water reactor lattices as
examples.



We begin by expressing the four factors in terms of the enrich-
ment and the moderator to fuel atom ratio. Equations (4.9) and (4.10)
define the enrichment ~e in terms of the number fissile (fi) and fertile
(fe) atom densities. Thus analogous to Eq. (4.14) for fast reactors, for
thermal reactors we have



�� f
aT ¼ ~e�� fi



aT þ ð1� ~eÞ�� fe
aT : ð4:52Þ



Now, however, the energy average is taken over only the thermal
range as indicated by the subscript T. With this nomenclature, we
may express �T in terms of the enrichment and �fi of the fissile
material as



�T ¼ � fi
T



.
1þ ð1� ~eÞ�� fe



aT=~e�� fi
aT



h i
: ð4:53Þ



The resonance escape probability is a function of both the
enrichment and the ratio of moderator to fuel nuclei, VmNm=VfNf .
Because Nfe ¼ ð1� ~eÞNf , we may rewrite Eq. (4.40) as



p ¼ exp � ð1� ~eÞ
ðVmNm=VfNfÞ



I



� �m
s



� �
; ð4:54Þ



where �m
s ¼ Nm�



m
s . Expressed in terms of the moderator to fuel atom



ratio the thermal utilization given by Eq. (4.48) becomes



f ¼ 1



1þ &ðVmNm=VfNfÞð��m
aT=��f



aTÞ
; ð4:55Þ



where we have again expressed macroscopic cross section in terms
of nuclide densities and microscopic cross sections: ��m



aT ¼ Nm ��m
aT
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spatial self-shielding is evident, since as the fuel diameter increases,
the resonance integral—and therefore the absorption—decreases.



Thermal Utilization and hT



The thermal utilization, f, is the fraction of thermal neutrons
absorbed in the fuel. Since all the thermal neutrons must be absorbed
in either fuel or moderator, we have



f ¼
Vf



Z
T



�f
aðEÞ’fðEÞdE



Vf



Z
T



�f
aðEÞ’fðEÞdEþ Vm



Z
T



�m
a ðEÞ’mðEÞdE



: ð4:42Þ



Finally, the number of fission neutrons produced per thermal neutron
absorbed in the fuel is



�T ¼



Z
T
��f



fðEÞ’fðEÞdE



Z
T



�f
aðEÞ’fðEÞdE



: ð4:43Þ



The expressions for f and �T simplify considerably by defining
cross sections averaged only over the thermal neutron spectrum. Let



�’fT ¼
Z



T
’fðEÞdE ð4:44Þ



and



�’mT ¼
Z
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’mðEÞdE ð4:45Þ



be the thermal fluxes, space-averaged, respectively, over the fuel and
moderator regions. The thermal cross sections for fuel and moderator
then become
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With these thermal cross section definitions f and �T simplify to



f ¼ 1



1þ & Vm ��m
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.
Vf ��



f



aT



� 	 ð4:48Þ



and



�T ¼
���f



fT



��f



aT



; ð4:49Þ



where the thermal disadvantage factor is defined as the ratio of
thermal neutron flux in the moderator to that in the fuel:



& ¼ �’mT





�’fT : ð4:50Þ



The disadvantage is that the more neutrons that are captured in the
moderator because of the larger flux there, the fewer will be available
to create fission in the fuel.



k¥ Reconsidered



The question remains, How does the four factor formula relate to the
value of k1 given by Eq. (4.23)? For an answer, insert Eqs. (4.25),
(4.27), (4.42), and (4.43) for ", p, f, and �T into k1 ¼ "pf�T . Canceling
terms, we see that the result is identical to Eq. (4.23):



Thus Eq. (4.23) is consistent with the four factor formula.
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Problems



4.1. A reactor is to be built with fuel rods of 1.2 cm in diameter and a
liquid moderator with a 2:1 volume ratio of moderator to fuel.
What will the distance between nearest fuel centerlines be



a. For a square lattice?
b. For a hexagonal lattice?



4.2. In a fast reactor designers often want to minimize the coolant to
fuel volume ratio to minimize the amount of neutron slowing
down. From a geometric point of view what is the theoretical
limit on the smallest ratio of coolant to fuel volume that can be
obtained



a. With a square lattice?
b. With a hexagonal lattice?



4.3. A sodium-cooled fast reactor is fueled with PuO2, mixed with
depleted UO2. The structural material is iron. Averaged over the
spectrum of fast neutrons, the microscopic cross sections and
densities are as follows:



�f b �a b �t b � g/cm3



PuO2 1.95 2.40 8.6 11.0



UO2 0.05 0.404 8.2 11.0
Na – 0.0018 3.7 0.97
Fe – 0.0087 3.6 7.87
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channel surface. It then is convected into the coolant and trans-
ported axially along the coolant channel and out of the core. The
four diagrams that make up Fig. 4.1, however, are drawn on quite
different scales, since in all cases the fuel element diameters are of
the order of 1 cm. Thermal constraints on the heat flux crossing a
fuel element’s surface and on the temperature along its centerline
limit both its diameter and the power per unit length—called the
linear heat rate or q0—that it can produce. Since allowable linear
heat rates typically fall within the range between few and tens of
kW/m, a large power reactor designed to produce 1000 MW(t)
or more of heat must contain many thousands of cylindrical fuel
elements—often referred to as fuel pins.



Refueling a reactor containing thousands of fuel elements by
replacing them one by one would represent an inordinately time-
consuming and hence uneconomical task. Thus fuel elements are
grouped together to form fuel assemblies. The mechanical design of
fuel assemblies allows them be moved as a whole in and out of the
reactor during refueling procedures. Figure 4.2 illustrates three exam-
ples of fuel assemblies. The assemblies’ cross-sectional areas may be
square or hexagonal as shown in Figs. 4.2a and 4.2c. Fuel elements
may also be bundled into circular fuel assembles as shown in
Fig. 4.2b; in this case the bundles are inserted in tubes placed in
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FIGURE 4.1 Reactor lattice cross sections (not on the same scale).
(a) Water-cooled reactor, (b) fast reactor, (c) CANDU heavy water reactor,
(d) high temperature gas-cooled graphite reactor.
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square or hexagonal arrays within moderator regions as indicated, for
example, in Fig. 4.1c.



Figure 4.3 depicts lateral cross sections of a power reactor cores
made up of square and hexagonal fuel assemblies, respectively. The
shading in Fig. 4.3 indicates that typically not all of the fuel assem-
blies in a reactor core are identical. They may differ in fuel enrich-
ment in order to flatten the power across the core, or they may have
been placed in the core during different refueling operations. The
placement of control poisons may also cause assemblies to differ.



In addition to fuel, coolant, and (in thermal reactors) moderator,
the reactor must contain channels placed at carefully designated
intervals throughout such lattice configurations to allow the inser-
tion of control rods. These rods consist of strong neutron absorbers—
often referred to as neutron poisons—such as boron, cadmium, or
hafnium. Their insertion controls the reactor multiplication during
power operations, and they shut down the chain reaction when fully
inserted. Some classes of power reactors contain space for the control
rods as channels reserved for them within designated fuel assemblies;
the assemblies shown in Figs. 4.2a and 4.2c fall into this category. In
other systems the control rods are inserted between the fuel assem-
blies. For example, control rods with cruciform cross sections may be
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FIGURE 4.2 Reactor fuel assemblies. (a) Pressurized water reactor
(courtesy of Westinghouse Electric Company), (b) CANDU heavy water
reactor (courtesy of Atomic Energy of Canada, Ltd.), (c) high temperature
gas-cooled reactor (courtesy of General Atomics Company).
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placed at the intersections of square assemblies, or control rods may
be inserted into moderator regions between assemblies.



The fuel elements’ linear heat rate and the volume ratio of coolant
and/or moderator to fuel, designated as Vx=Vf , along with a number of
other factors determine �P000, the average power density, that is, the
average power produced per unit volume, achievable for each reactor
class. Since a reactor’s power is given by P ¼ �P000V, for a given power
the core volume V, it is inversely proportional to the average power
density. Core lattice structures must be optimized to facilitate heat
transfer, and thus maximize achievable power densities within the
heat removal capabilities of the coolant. But neutronic considerations
play an equally important role. For lattice structure and particularly
the ratios of fuel, coolant, and moderator largely determine the value
of k1 for a given fuel enrichment. On the other hand, PNL, the non-
leakage probability, approaches a value of one as the core volume
increases. Thus since k ¼ k1PNL, lattice structure and achievable
power density intertwine in determining the critical state of a power
reactor.



Table 4.1 compares typical parameters for some major classes of
power reactors. To gain a better understanding of how the displayed
values result from power reactor design and operational considerations
we next examine separately each broad class of the reactors in terms of
the neutronic properties of their fuel, moderator, and/or coolant.



Light Water Reactors



Pressurized water reactors (PWRs) and boiling water reactors (BWRs)
utilize ordinary water both as coolant and moderator. Both these
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FIGURE 4.3 Reactor cores consisting of square and hexagonal fuel
assemblies (courtesy of W. S. Yang, Argonne National Laboratory). (a) Square
fuel assemblies, (b) hexagonal fuel assemblies.
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