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Introduction
· Follow dynamics of neutron chain reaction or time behavior.
· We apply two simplifications:
· Average all cross sections over the energy spectrum of the reactor
· Apply spatial averaging to neutrons
· To study time kinetic in a simple way, average the other two dimensions and focus on time only now.
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· In infinite non-multiplying medium, the neutron population changes due to either source or absorption:


· At time , assume no source () and initial population of :



· The mean “infinite”, lifetime of a neutron is given by:



· Let us have a constant source on top of absorption[footnoteRef:1]: [1:  ] 
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· Add fissionable material on top of a source term and absorption:



· The infinite multiplication factor has been defined from before to be: 



· So, the changes to the population are the source and whatever difference from unity the infinite multiplication factor gives out (positive or negative):



· If there is no source, the equation simplifies to: 
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· Now, add leakage term and model it to be proportional to the absorption term:



· You may state that neutrons:
· Born from:
· External source 
· Fission source
· Die because of:
· Absorption 
· Leakage from the system
· Thus, the probability of leakage compared to the total losses are:


· As noted, the neutrons are removed by either leakage or absorption and thus:  
· Both are less than 1


· Multiply the above equation by the non-leakage term :




	
	5.22



· Where, finite life and finite multiplication factor are: , , both smaller than their infinite counter parts.
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· Assume that there is no source in Equation 5.22 which can be integrated to be:

	
	5.24




· Having a constant source (not varying in time ), 5.22 can be integrated to 5.26:

	 for k > 1
	5.26




	 
	5.27




	 
	5.28


· The time progress of neutrons’ population indicates linear increase in time
· Summary equation:



· The time progress of neutrons’ population for the two cases of no source or constant source is shown in Figure 5.1

· Stable population is established for two cases only:
· Critical multiplication () with no source present ()
· Subcritical multiplication () with constant source present ()
· It is very difficult to stabilize the population given the extremely fast time scale as the neutrons’ lifetime is very small in the range of . Any small deviation from unity will either exponentially crash the population or increase it and both are not desired for stability.
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f[k_, t_] := 1*Exp[(k - 1) t];
d = 1.5;
Plot[{f[1 - d, t], f[1, t], f[1 + d, t]}, {t, 0, 1}, 
 GridLines -> Automatic, PlotRange -> {0, 3}]

d = 1.5;
g[k_, t_] := 2/(k - d)*(Exp[(k - d) t] - 1);
Plot[{g[1 - d, t], g[1, t], g[1 + d, t]}, {t, 0, 1},  
GridLines -> Automatic, PlotRange -> {0, 3}]
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Delayed Neutron Kinetics
· 99% of neutrons are prompt and 1% is delayed. The ratio is called “delayed neutron fraction” β:
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· The delayed neutrons are around 50 types but usually grouped in six characteristic delay times:

	
	5.31, 5.34



· Modify the lifetime parameter to account for the delay results in much longer lifetime
· 
	

	5.35, 5.36



· This modification is significant since: 
[image: ]
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· Include the effects of the delayed neutrons by dividing the fission term into:
· Prompt fission with slightly reduced factor of ()
· Delayed neutrons are kind of decay terms of precursor with concentration, C, and half-life 
· Source: fission is the source (with  fractions)
· Sink: decay of the concentration product similar to any exponential decay

	

	5.37
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· We obtain the following modified differential equation:
	

	5.40


· The time variation of the pre-cursor concentration changes is given by:
	

	5.41



· To have stable solution or zero changes in both neutron population, n, and concentration, C: 
· Assume constant source
· Zero change in population
· Zero change in concentration of precursors 

	

	5.42

	

	5.43


· We need to divide the situation into having constant source or not
· If there is a constant source, then 5.42 equation simplifies!
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· [bookmark: _Toc116235096]To have the neutron population steady and positive, there are two cases:
· For a constant source : k must be less than 1 (sub critical)
· For no source: k must be one or critical to have n non-zero.

· In both cases, the delayed neutrons have no effect on the final stability value of the solution. The time evolution toward stability is different from the stability value.


Reactivity Formulation

· We want to recast the differential equations in terms of two modified parameters: reactivity  (small rho), and prompt lifetime  (capital lambda): 

	


	ᵨ5.45


· The reactivity can be thought of as the ratio of the net neutron production rate to the neutron production rate due to fission alone
· The prompt generation time is defined as:
	
	5.45



· With the above two definitions the differential equations can be re-expressed in reactivity terms:

	


	5.47
5.48



· Under steady state condition, there are more nuclei emitting neutrons () than neutrons () which simplifies the steady state solution to the following constant with two cases (constant source with rho non-zero) or exponential
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Step Reactivity Changes
· What happens when a step change in reactivity is applied to an initially critical reactor that has been operating at steady state? Perturb, and see?
[image: ]
· The perturbation is small: a fraction of delayed neutron fraction.
· The two curves are the solution to the differential equations 5.47 and 5.48. 
· Nothing dramatic: reasonably slow multiplication of population in 1-2 minutes given the step size increase in reactivity
· (This timeframe allows some electromechanical control by inserting control rods.)
· Early (at the start) very fast increase (or decrease) followed by slow growth (or decline)
· The fast increase (or decrease) is due to the prompt neutrons
· The slow behavior is due to the delayed neutrons
· The behavior can be approximated with a general formula:

· T is called the period, or the reactor characteristic time if you like, 
· T is time required for the reactor power to increase or decrease by a factor of e and is arguably the most important quantity derivable from the kinetics equations.	
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Reactor Period
· In the following, we try to find the reactor period based on the basic differential equations governing neutrons including delayed fraction:

	#
	Step
	Equation
	

	1
	Assume neutron population and pre-cursors to be in exponential forms
 are assumed constants
(not the solution only form!)
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--- 


	




5.47
5.48

	2
	7 (1+6) differential equations 5.47 and 5.48
Have the following solutions
	

	5.49


5.50

	3
	Using the above equations and the beta cross section ()
	




	
5.51







5.52

	4
	Rearrange the last equation to find reactivity:
“inhour” equation
Reactivity is function of a single prompt term and 6 delayed terms
	
If there are no delayed neutrons (i.e., :

	
5.53

	5
	The plot of RHS of the inhour equation gives the following figure ()

There are 7 roots for any selected  value including .

Since, the reactivity is desired to be zero, there are only specific values of  that satisfies this criterion.
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	Plotting a simple example 
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	6
	We must have the neutron population in the following form

	

	

	7
	One term dominates the longtime thus others are dropped: 
	
	
5.55

	8
	When the reactivity is small, so is the largest value of omega,. This enables us to remove multiple terms and keep one in reactivity:
asymptotic solution 
  [image: ]
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	“Thus, for small reactivities—positive or negative—the reactor period is governed almost completely by the delayed neutron properties and .”
	
Since :



So, for small reactivity, , the reactor period is governed by a time constant totally controlled by delayed neutrons. The period is in order of minutes which can be controlled by electromechanical means.
	

	
	Above prompt critical, 
, the period is very small. 
	


So, the reactor is extremely sensitive and potentially explosive
If you jerk the reactivity by large amount,  , the output multiplies in a period comparable to milliseconds!
Prompt criticality is not forgiving, and output of the reactor can multiply to explosive levels. 
	

	
	Reactivity measured in $.
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[bookmark: _Toc116235100]Rod Drop
· Rod drop is a reactivity perturbation method
· Masterson: A study of the transient response of the reactor to a rapid insertion of high negative reactivity
· dropping the reactor control rods when the reactor is in a critical state
· immediately after control rod insertion  which allows estimating reactivity

[image: ] [image: rod drop - prompt drop]

· Lewis: from steady state  Immediately following the rod insertion 
· In the immediate time after the rod drop and much less than decay of precursor:
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· A solution to this equation can be proven to be, :

[image: ]
· In some time above the prompt regeneration time and less the decay [image: ]:

[image: ]
· The reactivity drop in units of beta or $, can be found:
[image: ]
· This is an experimental method to measure the reactor’s reactivity if the perturbation is within a small fraction of beta (i.e. small even compared to delayed fraction):

[image: ][image: ]
[bookmark: _Toc116235101]Source Jerk
· The source jerk is performed on a subcritical reactor,, containing a neutron source .
· Removing the source from a subcritical system with reactivity ,  (the source jerk experiment) results in a measurable drop in the neutron population from .
[bookmark: _Toc116235102]Rod Oscillator
· Another experimental method to measure the reactor’s reactivity is to oscillate the control rod:
· After early transients, the population is stated:

[image: ]
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· plotting  versus frequency determines , the ratio of reactivity to prompt neutron generation time

[bookmark: _Toc116235103]Prologue to Reactor Dynamics
· The analysis so far does not include thermal feed back effects. It is basic and is called “zero-power kinetics.”
· As temperature changes:
· Density changes
· Cross sections change
· Doppler broadening increases
· Maxwell distribution of neutrons’ energy shifts (harder spectrum for hotter values)
· Temperature feedback could be positive or negative (we desire negative feedback)

· The following figure (log y scale) shows that negative feedback is desired to control overpower.

· Sun’s core as a fusion reactor has negative feedback:
· As temperature rises, the core expands and rate of fusion decreases
· As temperature cools, the gravity densifies the core and fusion rate increases
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Problems
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The average velocity change with KE:
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a) Finding the desired period of the reactor:



b) Finding the needed reactivity to achieve the above period:
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(a) Period is found using the generic definition of reactor period:




(b) Since the reactivity is done slowly (cents), we could use the approximate formula:



Let us assume that we are dealing with U-235 and obtain the beta and lambda from Table 5.1:
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We had computed decay constant for U-235:
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720 Burnup, Depletion, and Temperature Feedback



In fact, for a typical thermal neutron, the total absorption cross section (fission plus capture) for U-238 is about 210 
times smaller than it is for U-235. So in a thermal water reactor, Uranium-238 burns about 200 times more slowly than 
Uranium-235 does. Figure 17.1 shows the concentration of U-235 as a function of time in a thermal water reactor for 
several different values of the thermal neutron flux, and Figure 17.2 shows the change in the concentration of U-238 with 
time for the same values of the thermal neutron flux. It should be apparent that more than half of the Uranium-235 can be 
burned away in a single year, while in the case of Uranium-238, barely 1% of the initial inventory is burned in that time. 
Yet, it is this very small percentage of Uranium-235 in the fuel rods that completely dominates the isotopic composition 
of the core.



1 2 3 4 5 6 7 8 9 100
Months of full power operation



0.0



25



50



75



100



Pe
rc



en
ta



ge
 o



f U
-2



35
 re



m
ai



ni
ng



 



11 12



φ = 1 × 1014



φ = 6 × 1013



φ = 3 × 1013



φ = 1 × 1013



FIGURE 17.1  The amount of U-235 remaining in the fuel as a function of time for different values of the thermal neutron flux.
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FIGURE 17.2  The amount of U-238 remaining in the fuel as a function of time for different values of the thermal neutron flux.
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120 NUCLEAR PARTICLES, PROCESSES AND REACTIONS



neutrons travelling through heavy water, the value of the neutron age increases to about 130 square centimeters.*  
We will have more to say about the uses of the neutron age in Chapters 10, 11, and 12.



3.5 � The Delayed Neutron Fraction



In the fields of reactor kinetics and reactor control, which are important to the behavior of time-dependent reactors, the ratio 
of the number of delayed neutrons produced to the total number of neutrons produced (both prompt and delayed) is another 
meaningful nuclear parameter. This parameter is sometimes called the delayed neutron fraction β, and it is defined as



Definition of the Delayed Neutron Fraction



	
b =



+
Number of delayed neutrons



Number of prompt neutrons Number of dellayed neutrons( ) 	
(3.8)



Normally less than 1% of neutrons produced in a reactor are delayed neutrons. Hence, delayed neutrons usually consti-
tute less than 1% of the total neutron population, except during very fast and severe transients, where their percentage 
can temporarily rise above 1%. The delayed neutron fraction is also a function of the type of nuclear fuel that is used. 
In particular, a reactor fueled with Pu-239 has fewer delayed neutrons than a reactor fueled with U-235. The actual ratios 
are presented in Table 3.1 and expanded upon in Chapter 7.



Delayed neutrons play an important role in the time-dependent reactor behavior because they are produced slowly 
enough to make it possible for the reactor control system to respond to changes in the neutron population before too 
many neutrons or too few neutrons are produced. In other words, delayed neutrons are what allow the nuclear chain reac-
tion to be controlled. Without delayed neutrons, commercial power reactors would be almost impossible to control. The 
study of delayed neutrons is part of the field of reactor kinetics, which is introduced to the reader in Chapters 15 and 16 
of this book. The delayed neutron fraction also appears in another famous equation of reactor physics and reactor kinetics 
called the Inhour equation. Among other things, the Inhour equation can be used to predict how the core-wide neutron 
population increases or decreases with time.



3.6 � Types of Neutron Interactions



Because free neutrons are electrically neutral particles, the only way they can interact with ordinary matter is to collide with 
it. Most of the time, this matter happens to be an atomic nucleus. (However, a neutron can also hit another neutron or nuclear 
particle on some occasions.) When a neutron hits an atomic nucleus, it can be either scattered off of the nucleus or it can be 
absorbed by it. It can also destabilize the nucleus and cause it to split apart or “fission.” Thus nuclear power can be produced 
in this way. The kinetic energy a neutron imparts to an atomic nucleus can be substantial in some cases.



If a nucleus absorbs a neutron and subsequently emits a γ-ray after absorbing the neutron to return to a more stable 
state, the process of neutron absorption and γ-ray emission is called radiative capture. For a Uranium-235 nucleus, radia-
tive capture occurs about 15% of the time. The other 85% of the time, the nucleus simply “fissions” after absorbing the 
neutron. In future sections, we will see that the dynamics of this process can become quite complicated. The probability 
of a particular reaction occurring is then described by what is known as a reaction cross section. Separate cross sections 



*	See An Introduction to Nuclear Engineering, by Lamarsh, J.R. and Baratta, A.J., Prentice Hall Publishing, Upper Saddle River, NJ 
(2001).



TABLE 3.1
Average Characteristics of Prompt and Delayed Neutrons



Time of Appearance (s)a



Average Kinetic 
Energy (MeV)



Most Probable Kinetic 
Energy (MeV)



Prompt neutrons ~10−12 2.00 0.74



Delayed neutrons 0.1–100 0.60 0.30



U-233 U-235 Pu-239



Prompt-to-delayed neutron ratio 385 154 500



Source:	 Duderstadt, J. and Hamilton, L. Nuclear Reactor Analysis, John Wiley & Sons, New York, 1976.
a	 After initial fission.
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atomic nucleus, it is called radioactive beta decay. Beta decay is responsible for most of the decay heat that is gener-
ated in nuclear fuel rods (see Chapter 6).



3.4  �Prompt and Delayed Neutrons



Neutrons can be produced in reactor cores in two distinct ways:



	 1.	 First, they can be produced when an atomic nucleus splits apart or “fissions.” (These neutrons are usually released 
within 1 billionth of a second after the nucleus first disintegrates.) The resulting neutrons are called prompt fission 
neutrons because they appear promptly or essentially instantaneously after the nucleus splits apart.



	 2.	 Second, smaller numbers of less energetic neutrons are produced much later from the by-products, or fission prod-
ucts, of the fission process. These additional neutrons are called delayed neutrons, and delayed neutrons normally 
appear between one-tenth of a second and 100 seconds after the fission products are produced. (The exact timing 
is a function of the type of fission product, and not all fission products are radioactive enough to produce delayed 
neutrons.) The average kinetic energy of a delayed neutron is about one-third of that of a prompt neutron (see 
Chapter 7). Otherwise, the properties of delayed neurons and prompt neutrons are identical.



3.4.1 � The Prompt Neutron Energy Spectrum



Now let us compare the kinetic energies of prompt neutrons to those of delayed neutrons. In general, prompt fission neu-
trons are created with a distribution of kinetic energies between about 1 keV and 10 MeV. The exact energies with which 
they are produced are governed by a statistical probability distribution called the “Watt curve,” and fission neutrons are 
more likely to be produced with certain energies than others. The Watt curve for prompt fission neutrons created from the 
thermal fission of Uranium-235 is shown in Figure 3.3. Historically, this curve was named after an American physicist 
named B.E. Watt, who first measured it in 1952. According to this curve, prompt fission neutrons have a most probable 
kinetic energy of about 0.75 MeV, and this energy corresponds to the peak of the curve shown in Figure 3.3. In other 
words, the most probable energy is the energy with which they are most likely to be produced. The energies of the prompt 
neutrons described by this curve can also be fit to a statistical probability distribution of the form



Prompt Neutron Energy Distribution



	
P E e EP



E( ) = ( ){ }-0 453 2 291 036. sinh ..



	
(3.5)



Equation 3.5 is normalized so that the area under the curve represented by the Watt distribution is equal to 1.0. The aver-
age kinetic energy <E> of a prompt neutron is then given by the area under the curve A = ∫PP(E) dE, divided by the energy 
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FIGURE 3.3  The neutron energy spectrum of “prompt” neutrons and “delayed” neutrons produced from the thermal fission of 
Uranium-235. The prompt neutron energy spectrum is often called the “Watt curve.”
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5.4 Delayed Neutron Kinetics



More than 99% of fission neutrons are produced instantaneously at
the time of fission. The remaining fraction, �, results from the decay
of the neutron-emitting fission products. These neutron precursors
are typically lumped into six groups with half-lives ranging from a
fraction of a second to nearly a minute. Table 5.1 displays the six
group half-lives and delayed fractions for the three most common
fissile isotopes. Note that � is just the sum of the delayed fractions for
each group:



� ¼
P6
i¼1



�i: ð5:31Þ



If we denote the half-life for the ith group by ti1=2 , then the average
half-life of the delayed neutrons is



t1=2¼
1



�



X6



i¼1



�iti1=2 : ð5:32Þ



Moreover, since half-lives and decay constants are related by



t
i1=2¼ 0:693=�i;



ð5:33Þ



the average decay constant can be defined by



1



�
¼ 1



�



X6



i¼1



�i
1



�i
: ð5:34Þ



TABLE 5.1
Delayed Neutron Properties



Approximate
Half-life (sec)



Delayed Neutron Fraction



U233 U235 Pu239



56 0.00023 0.00021 0.00007
23 0.00078 0.00142 0.00063
6.2 0.00064 0.00128 0.00044
2.3 0.00074 0.00257 0.00069
0.61 0.00014 0.00075 0.00018
0.23 0.00008 0.00027 0.00009



Total delayed fraction 0.00261 0.00650 0.00210
Total neutrons/fission 2.50 2.43 2.90
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neutrons travelling through heavy water, the value of the neutron age increases to about 130 square centimeters.*  
We will have more to say about the uses of the neutron age in Chapters 10, 11, and 12.



3.5 � The Delayed Neutron Fraction



In the fields of reactor kinetics and reactor control, which are important to the behavior of time-dependent reactors, the ratio 
of the number of delayed neutrons produced to the total number of neutrons produced (both prompt and delayed) is another 
meaningful nuclear parameter. This parameter is sometimes called the delayed neutron fraction β, and it is defined as



Definition of the Delayed Neutron Fraction



	
b =



+
Number of delayed neutrons



Number of prompt neutrons Number of dellayed neutrons( ) 	
(3.8)



Normally less than 1% of neutrons produced in a reactor are delayed neutrons. Hence, delayed neutrons usually consti-
tute less than 1% of the total neutron population, except during very fast and severe transients, where their percentage 
can temporarily rise above 1%. The delayed neutron fraction is also a function of the type of nuclear fuel that is used. 
In particular, a reactor fueled with Pu-239 has fewer delayed neutrons than a reactor fueled with U-235. The actual ratios 
are presented in Table 3.1 and expanded upon in Chapter 7.



Delayed neutrons play an important role in the time-dependent reactor behavior because they are produced slowly 
enough to make it possible for the reactor control system to respond to changes in the neutron population before too 
many neutrons or too few neutrons are produced. In other words, delayed neutrons are what allow the nuclear chain reac-
tion to be controlled. Without delayed neutrons, commercial power reactors would be almost impossible to control. The 
study of delayed neutrons is part of the field of reactor kinetics, which is introduced to the reader in Chapters 15 and 16 
of this book. The delayed neutron fraction also appears in another famous equation of reactor physics and reactor kinetics 
called the Inhour equation. Among other things, the Inhour equation can be used to predict how the core-wide neutron 
population increases or decreases with time.



3.6 � Types of Neutron Interactions



Because free neutrons are electrically neutral particles, the only way they can interact with ordinary matter is to collide with 
it. Most of the time, this matter happens to be an atomic nucleus. (However, a neutron can also hit another neutron or nuclear 
particle on some occasions.) When a neutron hits an atomic nucleus, it can be either scattered off of the nucleus or it can be 
absorbed by it. It can also destabilize the nucleus and cause it to split apart or “fission.” Thus nuclear power can be produced 
in this way. The kinetic energy a neutron imparts to an atomic nucleus can be substantial in some cases.



If a nucleus absorbs a neutron and subsequently emits a γ-ray after absorbing the neutron to return to a more stable 
state, the process of neutron absorption and γ-ray emission is called radiative capture. For a Uranium-235 nucleus, radia-
tive capture occurs about 15% of the time. The other 85% of the time, the nucleus simply “fissions” after absorbing the 
neutron. In future sections, we will see that the dynamics of this process can become quite complicated. The probability 
of a particular reaction occurring is then described by what is known as a reaction cross section. Separate cross sections 



*	See An Introduction to Nuclear Engineering, by Lamarsh, J.R. and Baratta, A.J., Prentice Hall Publishing, Upper Saddle River, NJ 
(2001).



TABLE 3.1
Average Characteristics of Prompt and Delayed Neutrons



Time of Appearance (s)a



Average Kinetic 
Energy (MeV)



Most Probable Kinetic 
Energy (MeV)



Prompt neutrons ~10−12 2.00 0.74



Delayed neutrons 0.1–100 0.60 0.30



U-233 U-235 Pu-239



Prompt-to-delayed neutron ratio 385 154 500



Source:	 Duderstadt, J. and Hamilton, L. Nuclear Reactor Analysis, John Wiley & Sons, New York, 1976.
a	 After initial fission.
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The number of precursors of type i produced per second is �i��f �vnðtÞ,
whereas the decay rate is �iCiðtÞ. Hence



d



dt
CiðtÞ ¼ �i��f �vnðtÞ � �iCiðtÞ; i ¼ 1; 2; � � �; 6: ð5:39Þ



Taken together, Eqs. (5.37) and (5.39) constitute the neutron kinetics
equations. Expressed in terms of the multiplication and prompt neu-
tron lifetime, defined by Eqs. (5.5), (5.11), (5.20), and (5.21), these
equations become



d



dt
nðtÞ ¼ SðtÞ þ 1



l
½ð1� �Þk� 1�nðtÞ þ



X
i



�iCiðtÞ ð5:40Þ



and



d



dt
CiðtÞ ¼ �i



k



l
nðtÞ � �iCiðtÞ; i ¼ 1; 2; � � �; 6: ð5:41Þ



We may ask, under what conditions can these equations have a
steady state solution; that is, a solution for which n and Ci are time-
independent, causing the derivatives on the left vanish? For a time-
independent source, So, we have



0 ¼ So þ
1



l
½ð1� �Þk� 1�nþ



X
i



�iCi ð5:42Þ



and



0 ¼ �i
k



l
n� �iCi; i ¼ 1;2; � � �;6: ð5:43Þ



Solving for Ci, inserting the result into Eq. (5.42), and making use of
Eq. (5.31) yields



0 ¼ S0 þ
ðk� 1Þ



l
n: ð5:44Þ



Thus for the situation where a source is present n ¼ lS0=ð1� kÞ,
which gives a positive result only when k < 1, that is, the system is
subcritical. In the absence of a source, Eq. (5.44) is satisfied with a
time-independent neutron population, n, only if k = 1, that is, the
system is critical. Moreover, if k = 1, then any value of n satisfies the
equation. These are the same conditions for steady state solutions as
shown in Fig. 5.1, and given by Eqs. (5.24) and (5.28). Thus the
presence of delayed neutrons has no effect on the requirements for
achieving steady state neutron distributions.
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steady state. The two curves in Fig. 5.2 show solutions to Eqs. (5.47)
and (5.48) for positive and negative reactivity insertions. At first
glance the curves appear similar to those in Fig. 5.1a. However, on
further inspection we observe that the curves in Fig. 5.2 are more
nuanced; this results from both prompt and delayed neutrons being
taken into account. First—in less than a second—a prompt jump
occurs in the neutron population. The jump is abrupt because it is
controlled by the prompt neutron lifetime, here taken as
� ¼ 50 � 10�6 s, which is typical for a water-cooled reactor. There
then follows the exponential growth or decay that appears similar
for Fig. 5.1a. The exponential behavior displayed in Fig. 5.2 occurs
quite slowly because the half-lives from the neutron-emitting fission
products are the primary determinant the neutron population’s
growth or decay following the prompt jump.



The asymptotic behavior may be represented as nðtÞ / expðt=TÞ,
where T is defined as the reactor period. The period is positive or
negative depending on whether the reactor is super- or subcritical; it
is the length of time required for the reactor power to increase or
decrease by a factor of e and is arguably the most important quantity
derivable from the kinetics equations.



Reactor Period



We determine the reactor period by returning to the kinetics equa-
tions and setting the source equal to zero. We then look for a solution
of the seven equations set in the form nðtÞ ¼ A expð!tÞ and
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FIGURE 5.2 Neutron populations following reactivity insertions of –0.10�.
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CiðtÞ ¼ Bi expð!tÞ, where A, Bi, and ! are constants. Inserting these
expressions into Eqs. (5.47) and (5.48) yields



!A ¼ ð�� �Þ
�



Aþ
X



i



�iBi ð5:49Þ



and



!Bi ¼
�i



�
A� �iBi: ð5:50Þ



Solving the second equation for Bi in terms of A and inserting the
result into the first, we obtain—after canceling out the A’s—the
following:



! ¼ ð�� �Þ
�



þ 1



�



X
i



�i�i



!þ �i
: ð5:51Þ



Next, we consolidate the terms on the right by making use of
Eq. (5.31):



! ¼ �



�
� 1



�



X
i



�i



!þ �i
!: ð5:52Þ



Finally, solving for � yields



� ¼ �þ
X



i



�i



!þ �i



 !
!: ð5:53Þ



This is known as the inhour equation, since the units of ! are
commonly taken as inverse hours.



The solution of Eq. (5.53) may be examined by graphing the right-
hand side versus ! as Fig. 5.3 illustrates. By drawing a horizontal line
for a specific value of �, we observe that there are seven solutions,
say, !1 > !2 � � � > !7, regardless of whether the reactivity is positive
or negative. Accordingly, the neutron population takes the form



nðtÞ ¼
P7
i¼1



Ai expð!itÞ: ð5:54Þ



Figure 5.3 indicates that for positive reactivity only !1 is positive.
The remaining terms rapidly die away, yielding an asymptotic solu-
tion in the form



nðtÞ ’ A1 expðt=TÞ; ð5:55Þ
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where T ¼ 1=!1 is the reactor period. Figure 5.3 also shows that a
negative reactivity leads to a negative period: All of the !i are nega-
tive, but T ¼ 1=!1 will die away more slowly than the others. Thus
Eq. (5.55) is valid for negative as well as positive reactivities.



The plots in Fig. 5.2 are for reactivities of � ¼ 
0:1�, using para-
meters for uranium-235 and � ¼ 50 � 10�6 s. The prompt jump mag-
nitude at the beginning of the curves is approximately A1 � nð0Þj j.



To determine the reactivity required to produce a given period—
or vice versa—a plot of � vs T must be constructed using the delayed
neutron data for a particular fissionable isotope or isotopes, and for a
given prompt neutron lifetime. Figure 5.4 employs uranium-235 data
in such a plot. Note that the very rapid decrease in the period takes
place as � exceeds �. The condition � ¼ � defines prompt critical, for
at that point the chain reaction is sustainable without delayed neu-
trons as indicated by the change in sign from negative to positive of
the second term in Eq. (5.47).



As prompt criticality is exceeded, the distinction between the
prompt jump and the reactor period vanishes, for now the prompt
neutron lifetime rather than the delayed neutron half-lives largely
determines the rate of exponential increase. Indeed, as prompt criti-
cal is approached, the period becomes so short that controlling the
reactor by mechanical means such as the movement of control rods
becomes exceeding difficult if not impossible. So important is it to
avoid approaching prompt critical that reactivity is often measured in
dollars, $ ¼ �=�, or in cents.



For negative reactivities there is an asymptotic limit to how fast
the neutron population can be decreased. Note from Fig. 5.3 that the
smallest negative period possible—that is, the fastest a reactor’s power
can be decreased after the initial prompt drop—is determined by the
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FIGURE 5.3 Solution of the in-hour equation (adapted from A. F. Henry,
Nuclear-Reactor Analysis, 1975, by permission of the MIT Press).
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678 The Point Kinetics Approximation and the Inhour Equation
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FIGURE 16.2  An illustration of how quickly the neutron flux (and hence the reactor power level) rises and falls with a rapid reactiv-
ity reduction or a rapid reactivity insertion. A rapid stepwise increase in the reactivity will lead to what is known as the “prompt jump,” 



and a rapid stepwise reduction in the reactivity will lead to what is known as the “prompt drop.”
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FIGURE 16.1  A plot of the roots of the Inhour equation with one delayed neutron group.
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longest half-life of delayed neutrons or T ¼ 1=�1 ¼ 0:693t1=2 maxj ,
which is approximately 56 s for a uranium-fueled reactor.



Figure 5.3 indicates that when the reactivity is small, so is the
largest value of omega, !1. Suppose for a small reactivity we take
!1 	 �i for all �i. We may then eliminate omega from the denomi-
nator of Eq. (5.53), yielding



� ¼ �þ
X



i



�i



�i



 !
!1: ð5:56Þ



Using Eq. (5.34) to eliminate the summation, and solving for omega,
we obtain !1 ¼ �=ð�þ �=�Þ. Generally, �	 �=�, yielding



T � �=ð��Þ: ð5:57Þ



Thus for small reactivities—positive or negative—the reactor per-
iod is governed almost completely by the delayed neutron proper-
ties � and �. This may seem surprising since delayed neutrons
are such a small fraction of the fission neutrons produced. But
when this small fraction is multiplied by the average half-life,
�=� ¼ 0:693�t1=2



, a time substantially longer than the prompt neu-
tron lifetime results.
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FIGURE 5.4 Reactivity vs reactor period for various prompt neutron
generation times.
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Ci is small. In contrast, the neutron population at first responds very
rapidly as a result of the small value of prompt neutron generation
time � in the denominator of Eq. (5.47). After a short time has
elapsed, however, the neutron response is slowed as a result of the
more slowly changing value of the last term in Eq. (5.48). We can
make use of this behavior to estimate the magnitudes of the prompt
jump in the two following situations.



Rod Drop



Suppose we have a source-free critical reactor operating at steady
state. According to Eq. (5.48) the precursor concentrations are related
to the neutron population by



Cio ¼ ð�i=�i�Þno: ð5:59Þ



Immediately following the rod insertion the precursor concentration
Cio will remain essentially unchanged for as long as �it	 1. Thus the
source-free form of Eq. (5.47) becomes



d



dt
nðtÞ ¼ � ð �j j þ �Þ



�
nðtÞ þ �



�
no; t	 1=�i; ð5:60Þ



where we have employed Eq. (5.31) and taken � ¼ � �j j to indicate a
negative reactivity. We use the integrating factor technique detailed
in Appendix A to obtain a solution. With an integrating factor of
exp½ð �j j þ �Þ=�� and an initial condition of nð0Þ ¼ no, we obtain after
some simplification



nðtÞ ¼ �



ð �j j þ �Þno þ
�j j



ð �j j þ �Þnoe�
1
�ð �j jþ�Þt: ð5:61Þ



Following decay of the second term, which is very rapid, we have for
times substantially greater than the prompt generation time, but less
than the half-lives of the delayed neutrons (i.e., �=ð �j j þ �Þ 	 t	 1=�i),
a neutron population of approximately



n1 ¼
�



ð �j j þ �Þno: ð5:62Þ



Thus the reactivity drop in dollars can be measured by taking the
ratio of the neutrons immediately before to immediately after the
control rod insertion:



�j j=� ¼ no



n1
� 1: ð5:63Þ
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steady state. The two curves in Fig. 5.2 show solutions to Eqs. (5.47)
and (5.48) for positive and negative reactivity insertions. At first
glance the curves appear similar to those in Fig. 5.1a. However, on
further inspection we observe that the curves in Fig. 5.2 are more
nuanced; this results from both prompt and delayed neutrons being
taken into account. First—in less than a second—a prompt jump
occurs in the neutron population. The jump is abrupt because it is
controlled by the prompt neutron lifetime, here taken as
� ¼ 50 � 10�6 s, which is typical for a water-cooled reactor. There
then follows the exponential growth or decay that appears similar
for Fig. 5.1a. The exponential behavior displayed in Fig. 5.2 occurs
quite slowly because the half-lives from the neutron-emitting fission
products are the primary determinant the neutron population’s
growth or decay following the prompt jump.



The asymptotic behavior may be represented as nðtÞ / expðt=TÞ,
where T is defined as the reactor period. The period is positive or
negative depending on whether the reactor is super- or subcritical; it
is the length of time required for the reactor power to increase or
decrease by a factor of e and is arguably the most important quantity
derivable from the kinetics equations.



Reactor Period



We determine the reactor period by returning to the kinetics equa-
tions and setting the source equal to zero. We then look for a solution
of the seven equations set in the form nðtÞ ¼ A expð!tÞ and
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FIGURE 5.2 Neutron populations following reactivity insertions of –0.10�.
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Above prompt critical the period is very small, and thus !1 is
very large. In this situation, we may take !1 � �i for all �i in
Eq. (5.53), reducing it to � ¼ �!1 þ �, or equivalently !1 ¼ ð�� �Þ=�.
Thus the reactor period is very short for � > �, for it is proportional to
the prompt neutron generation time and independent of the delayed
neutron half-lives:



T � �=ð�� �Þ: ð5:58Þ



Prompt Jump Approximation



The prompt jump that occurs following small step changes in reac-
tivity may be utilized in making experimental determinations of
reactor parameters using the rod drop and source jerk techniques.
This jump is observed in Fig. 5.5, where we have magnified the initial
part of the flux transients appearing in Fig. 5.2. Note that although
the neutron population jumps rapidly at first, it then undergoes
change much more slowly. The precursor concentration behaves
much more sluggishly than the neutron population, changing hardly
at all over the time it takes for the neutrons to undergo the initial
jump up or down. This behavior stems from the long precursor half-
lives compared to the prompt generation time; the precursor behavior
governed by Eq. (5.48) is sluggish even when responding to a rapid
change in neutron population since the decay constant multiplying
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FIGURE 5.5 Prompt jump in neutron populations following reactivity
insertions of – 0.10�.
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Source Jerk



The source jerk is performed on a subcritical reactor, � ¼ � �j j, con-
taining a neutron source So. Because the system is in a steady state,
Eq. (5.43) holds, and the initial condition for the experiment is
Cio ¼ ð�i=�i�Þno. Following sudden removal (i.e., jerking) of the
source, the neutron population undergoes a sharp negative jump.
We can again model the transient using Eq. (5.47) with the source
term set equal to zero, and CiðtÞ replaced with Cio for times t	 1=�i.
Equation (5.60) once again results, with a solution given by Eq. (5.61),
and Eqs. (5.62) and (5.63) remain valid in describing the relationship
between reactivity, delayed neutron fraction, and the decrease in
neutron population. Thus we see that either inserting a negative
reactivity � ¼ � �j j into a critical reactor (the rod drop experiment)
or removing the source from a subcritical system with reactivity
� ¼ � �j j (the source jerk experiment) results in a measurable drop in
the neutron population from no to n1.



Rod Oscillator



A third experimental procedure may be analyzed in terms of Eqs. (5.47)
and (5.48). However, in the rod oscillator experiment the equations
may not be solved so simply. Laplace transforms or related techniques
must be used to solve the equations in the presence of a sinusoidal
reactivity of the form �ðtÞ ¼ �o sinð!tÞ. Here we simply state the
result: If no is the initial neutron population, then after transients
have died out the neutron population will oscillate as



nðtÞ ¼ no 1þAð!Þ sinð!tÞ þ !�o=�½ �; ð5:64Þ



where Að!Þ is a function of the frequency. If sinð!tÞ is averaged over
time the sinusoidal term vanishes leaving �n ¼ noð1þ !�o=�Þ. Thus
plotting �n=no versus frequency determines �o=�, the ratio of reactiv-
ity to prompt neutron generation time.



5.6 Prologue to Reactor Dynamics



Thus far our treatment of the time-dependent behavior of chain reac-
tions has not accounted for thermal feedback effects. For this reason
such treatments are frequently referred to as zero-power kinetics. If the
energy created by fission, however, is large enough to cause the tem-
perature of the system to rise, the material densities will then change.
Because macroscopic cross sections are proportional to densities they
too will change. Aside from the material density changes, additional



Reactor Kinetics 133





Jihad AlSadah





Jihad AlSadah





Jihad AlSadah





Jihad AlSadah





Jihad AlSadah





Jihad AlSadah











image32.emf



Source Jerk



The source jerk is performed on a subcritical reactor, � ¼ � �j j, con-
taining a neutron source So. Because the system is in a steady state,
Eq. (5.43) holds, and the initial condition for the experiment is
Cio ¼ ð�i=�i�Þno. Following sudden removal (i.e., jerking) of the
source, the neutron population undergoes a sharp negative jump.
We can again model the transient using Eq. (5.47) with the source
term set equal to zero, and CiðtÞ replaced with Cio for times t	 1=�i.
Equation (5.60) once again results, with a solution given by Eq. (5.61),
and Eqs. (5.62) and (5.63) remain valid in describing the relationship
between reactivity, delayed neutron fraction, and the decrease in
neutron population. Thus we see that either inserting a negative
reactivity � ¼ � �j j into a critical reactor (the rod drop experiment)
or removing the source from a subcritical system with reactivity
� ¼ � �j j (the source jerk experiment) results in a measurable drop in
the neutron population from no to n1.



Rod Oscillator



A third experimental procedure may be analyzed in terms of Eqs. (5.47)
and (5.48). However, in the rod oscillator experiment the equations
may not be solved so simply. Laplace transforms or related techniques
must be used to solve the equations in the presence of a sinusoidal
reactivity of the form �ðtÞ ¼ �o sinð!tÞ. Here we simply state the
result: If no is the initial neutron population, then after transients
have died out the neutron population will oscillate as



nðtÞ ¼ no 1þAð!Þ sinð!tÞ þ !�o=�½ �; ð5:64Þ



where Að!Þ is a function of the frequency. If sinð!tÞ is averaged over
time the sinusoidal term vanishes leaving �n ¼ noð1þ !�o=�Þ. Thus
plotting �n=no versus frequency determines �o=�, the ratio of reactiv-
ity to prompt neutron generation time.



5.6 Prologue to Reactor Dynamics



Thus far our treatment of the time-dependent behavior of chain reac-
tions has not accounted for thermal feedback effects. For this reason
such treatments are frequently referred to as zero-power kinetics. If the
energy created by fission, however, is large enough to cause the tem-
perature of the system to rise, the material densities will then change.
Because macroscopic cross sections are proportional to densities they
too will change. Aside from the material density changes, additional
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Source Jerk



The source jerk is performed on a subcritical reactor, � ¼ � �j j, con-
taining a neutron source So. Because the system is in a steady state,
Eq. (5.43) holds, and the initial condition for the experiment is
Cio ¼ ð�i=�i�Þno. Following sudden removal (i.e., jerking) of the
source, the neutron population undergoes a sharp negative jump.
We can again model the transient using Eq. (5.47) with the source
term set equal to zero, and CiðtÞ replaced with Cio for times t	 1=�i.
Equation (5.60) once again results, with a solution given by Eq. (5.61),
and Eqs. (5.62) and (5.63) remain valid in describing the relationship
between reactivity, delayed neutron fraction, and the decrease in
neutron population. Thus we see that either inserting a negative
reactivity � ¼ � �j j into a critical reactor (the rod drop experiment)
or removing the source from a subcritical system with reactivity
� ¼ � �j j (the source jerk experiment) results in a measurable drop in
the neutron population from no to n1.



Rod Oscillator



A third experimental procedure may be analyzed in terms of Eqs. (5.47)
and (5.48). However, in the rod oscillator experiment the equations
may not be solved so simply. Laplace transforms or related techniques
must be used to solve the equations in the presence of a sinusoidal
reactivity of the form �ðtÞ ¼ �o sinð!tÞ. Here we simply state the
result: If no is the initial neutron population, then after transients
have died out the neutron population will oscillate as



nðtÞ ¼ no 1þAð!Þ sinð!tÞ þ !�o=�½ �; ð5:64Þ



where Að!Þ is a function of the frequency. If sinð!tÞ is averaged over
time the sinusoidal term vanishes leaving �n ¼ noð1þ !�o=�Þ. Thus
plotting �n=no versus frequency determines �o=�, the ratio of reactiv-
ity to prompt neutron generation time.



5.6 Prologue to Reactor Dynamics



Thus far our treatment of the time-dependent behavior of chain reac-
tions has not accounted for thermal feedback effects. For this reason
such treatments are frequently referred to as zero-power kinetics. If the
energy created by fission, however, is large enough to cause the tem-
perature of the system to rise, the material densities will then change.
Because macroscopic cross sections are proportional to densities they
too will change. Aside from the material density changes, additional
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feedback effects will result from the resonance cross sections, which
broaden and flatten with increasing temperature as a result of the
Doppler broadening discussed in Chapter 4. In thermal reactors the
spectrum will also harden as a result of the temperature dependence of
the Maxwell-Boltzmann distribution. Taken together these feedback
effects will alter the parameters in the kinetics equations. By far the
largest impact is on the reactivity. Consequently, reactor design must
assure that under all operating conditions the feedback is negative for
increases in temperature.



Negative feedback impacts the curves in Fig 5.2, for example, in
the following way. When the neutron population becomes large
enough for a temperature rise to occur, the curve will flatten if
negative feedback is present, and then stabilize and possibly
decrease with time. In Fig. 5.6 we have redrawn the positive reac-
tivity curve of Fig 5.2 on a logarithmic scale, along with a curve for
the same reactivity insertion but for which the effects of negative
temperature feedback are included. Note that both curves initially
follow the same period as indicated by the straight-line behavior on
the logarithmic plot. But as the power becomes larger the curve
with feedback becomes concave downward and stabilizes at a con-
stant power. At this point the negative feedback has completely
compensated for the initial reactivity insertion. In Chapter 9 we
shall take up reactivity feedback in detail and examine its interac-
tion with reactor kinetics to determine the transient behavior of
power reactors.
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FIGURE 5.6 Effect of negative temperature feedback on neutron population
following a reactivity insertion of þ 0.10�.
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Problems



5.1. a. What is l1 of 0.0253 eV thermal neutrons in graphite
(�a ¼ 0:273 � 10�3 cm�1)?



b. What is l1 of 1 MeV fast neutrons in iron (�a ¼
0:738 � 10�3 cm�1)?
(Note that a 0.0253 eV neutron has a speed of 2200 m/s.)



5.2. A power reactor is fueled with slightly enriched uranium. At the
end of core life 30% of the power comes from the fissioning of
the built up plutonium-239. Calculate the effective value of � at
the beginning and at the end of core life; determine the percent
increase or decrease.



5.3. At t = 0 there are no neutrons in a reactor. A neutron source is
inserted into the reactor at t = 0 but then withdrawn at t = 1 min.
Sketch the neutron population for 0 � t � 2 min:



a. For a subcritical reactor.
b. For a critical reactor.



5.4. Suppose that a fissile material is discovered for which all of the
neutrons are prompt. The neutron population is then governed
by Eq. (5.22). Furthermore suppose that a reactor fueled with this
material has a prompt neutron lifetime of 0.002 s.
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a. If the reactor is initially critical, and there is no source
present, what period should the reactor be put on if it is to
triple its power in 10 s?



b. What is the reactivity � needed in part a?



5.5. Show that Eqs. (5.47) and (5.48) result from inserting the
definitions of � and � into Eqs. (5.40) and (5.41).



5.6. A thermal reactor fueled with uranium operates at 1.0 W. The
operator is to increase the power to 1.0 kW over a 2 hour span of
time.



a. What reactor period should she put the reactor on?
b. How many cents of reactivity must be present to achieve the



period in part a?



5.7. A thermal reactor fueled with uranium operates at 1.0 W. The
operators put in on a 15-minute period. How long will the
reactor take to reach a power of 1.0 MW?



5.8. Show that Eq. (5.53) follows from Eq. (5.51).



5.9. Find the periods for reactors fueled by uranium-235,
plutonium-239, and uranium-233 if



a. One cent of reactivity is added to the critical systems.
b. One cent of reactivity is withdrawn from the critical



systems.



5.10. The one delayed group approximation results from lumping all
six precursors into one, CðtÞ ¼



P6
i¼1 CiðtÞ, and replacing the �i



by the average value defined by Eq. (5.34). Equations (5.47) and
(5.48) then reduce to the one delayed group equations:



d



dt
nðtÞ ¼ SðtÞ þ ð�� �Þ



�
nðtÞ þ �CðtÞ



and



d



dt
CðtÞ ¼ �



�
nðtÞ � �CðtÞ:



With these equations, consider a critical reactor that is initially
operating with a neutron population of nð0Þ and for which
SðtÞ ¼ 0. At t = 0 a step reactivity change � is made. Using the
assumptions that



1



��
� � �j j � 1 and



�



��
� 1
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The nonleakage probability definition assists in writing Eq. (5.15)
in a more compact form. We first multiply it by the nonleakage
probability and use Eq. (5.17) to eliminate G from the equation:



PNL
d



dt
nðtÞ ¼ PNLSðtÞ þ PNLð��fÞ�vnðtÞ � �a �vnðtÞ: ð5:18Þ



Equations (5.11) and (5.5) allow the last two terms to be combined
and written in terms of k1 and l1:



PNL
d



dt
nðtÞ ¼ PNLSðtÞ þ ðPNLk1 � 1Þ



l1
nðtÞ: ð5:19Þ



Finally, we divide this expression by PNL and define the finite
medium multiplication and neutron lifetime as



k ¼ PNLk1 ð5:20Þ



and



l ¼ PNLl1: ð5:21Þ



Equation (5.19) then reduces to



d



dt
nðtÞ ¼ SðtÞ þ ðk� 1Þ



l
nðtÞ; ð5:22Þ



which is identical to Eq. (5.12) if the infinite medium subscripts are
removed. Both the multiplication and neutron lifetime are smaller
for the finite than for the infinite system, because of the neutrons lost
to leakage.



5.3 Multiplying Systems Behavior



Although Eq. (5.22) does not incorporate the effects of delayed
neutrons, it provides us with a simplified—but qualitatively
correct—description of multiplying systems. The definition of criti-
cality once again comes from the form of the equation in which the
external source term, SðtÞ, is set equal to zero:



d



dt
nðtÞ ¼ ðk� 1Þ



l
nðtÞ: ð5:23Þ



If there are neutrons in the system at t = 0, that is, if nð0Þ > 0, then in
the absence of an external source,
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a. If the reactor is initially critical, and there is no source
present, what period should the reactor be put on if it is to
triple its power in 10 s?



b. What is the reactivity � needed in part a?



5.5. Show that Eqs. (5.47) and (5.48) result from inserting the
definitions of � and � into Eqs. (5.40) and (5.41).



5.6. A thermal reactor fueled with uranium operates at 1.0 W. The
operator is to increase the power to 1.0 kW over a 2 hour span of
time.



a. What reactor period should she put the reactor on?
b. How many cents of reactivity must be present to achieve the



period in part a?



5.7. A thermal reactor fueled with uranium operates at 1.0 W. The
operators put in on a 15-minute period. How long will the
reactor take to reach a power of 1.0 MW?



5.8. Show that Eq. (5.53) follows from Eq. (5.51).



5.9. Find the periods for reactors fueled by uranium-235,
plutonium-239, and uranium-233 if



a. One cent of reactivity is added to the critical systems.
b. One cent of reactivity is withdrawn from the critical



systems.



5.10. The one delayed group approximation results from lumping all
six precursors into one, CðtÞ ¼



P6
i¼1 CiðtÞ, and replacing the �i



by the average value defined by Eq. (5.34). Equations (5.47) and
(5.48) then reduce to the one delayed group equations:



d



dt
nðtÞ ¼ SðtÞ þ ð�� �Þ



�
nðtÞ þ �CðtÞ



and



d



dt
CðtÞ ¼ �



�
nðtÞ � �CðtÞ:



With these equations, consider a critical reactor that is initially
operating with a neutron population of nð0Þ and for which
SðtÞ ¼ 0. At t = 0 a step reactivity change � is made. Using the
assumptions that



1



��
� � �j j � 1 and



�



��
� 1
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5.4 Delayed Neutron Kinetics



More than 99% of fission neutrons are produced instantaneously at
the time of fission. The remaining fraction, �, results from the decay
of the neutron-emitting fission products. These neutron precursors
are typically lumped into six groups with half-lives ranging from a
fraction of a second to nearly a minute. Table 5.1 displays the six
group half-lives and delayed fractions for the three most common
fissile isotopes. Note that � is just the sum of the delayed fractions for
each group:



� ¼
P6
i¼1



�i: ð5:31Þ



If we denote the half-life for the ith group by ti1=2 , then the average
half-life of the delayed neutrons is



t1=2¼
1



�



X6



i¼1



�iti1=2 : ð5:32Þ



Moreover, since half-lives and decay constants are related by



t
i1=2¼ 0:693=�i;



ð5:33Þ



the average decay constant can be defined by



1



�
¼ 1



�



X6



i¼1



�i
1



�i
: ð5:34Þ



TABLE 5.1
Delayed Neutron Properties



Approximate
Half-life (sec)



Delayed Neutron Fraction



U233 U235 Pu239



56 0.00023 0.00021 0.00007
23 0.00078 0.00142 0.00063
6.2 0.00064 0.00128 0.00044
2.3 0.00074 0.00257 0.00069
0.61 0.00014 0.00075 0.00018
0.23 0.00008 0.00027 0.00009



Total delayed fraction 0.00261 0.00650 0.00210
Total neutrons/fission 2.50 2.43 2.90
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a. If the reactor is initially critical, and there is no source
present, what period should the reactor be put on if it is to
triple its power in 10 s?



b. What is the reactivity � needed in part a?



5.5. Show that Eqs. (5.47) and (5.48) result from inserting the
definitions of � and � into Eqs. (5.40) and (5.41).



5.6. A thermal reactor fueled with uranium operates at 1.0 W. The
operator is to increase the power to 1.0 kW over a 2 hour span of
time.



a. What reactor period should she put the reactor on?
b. How many cents of reactivity must be present to achieve the



period in part a?



5.7. A thermal reactor fueled with uranium operates at 1.0 W. The
operators put in on a 15-minute period. How long will the
reactor take to reach a power of 1.0 MW?



5.8. Show that Eq. (5.53) follows from Eq. (5.51).



5.9. Find the periods for reactors fueled by uranium-235,
plutonium-239, and uranium-233 if



a. One cent of reactivity is added to the critical systems.
b. One cent of reactivity is withdrawn from the critical



systems.



5.10. The one delayed group approximation results from lumping all
six precursors into one, CðtÞ ¼



P6
i¼1 CiðtÞ, and replacing the �i



by the average value defined by Eq. (5.34). Equations (5.47) and
(5.48) then reduce to the one delayed group equations:



d



dt
nðtÞ ¼ SðtÞ þ ð�� �Þ



�
nðtÞ þ �CðtÞ



and



d



dt
CðtÞ ¼ �



�
nðtÞ � �CðtÞ:



With these equations, consider a critical reactor that is initially
operating with a neutron population of nð0Þ and for which
SðtÞ ¼ 0. At t = 0 a step reactivity change � is made. Using the
assumptions that



1



��
� � �j j � 1 and
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��
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a. Show that



nðtÞ ¼ nð0Þ �



�� � exp
�� �



�
t



� �
þ �



� � � exp
��



� � � t



� �� �
:



b. Show that for long times the solution is independent of �
when � > � and independent of � when 0 < � < �.



c. Taking � ¼ 0:007, � ¼ 5 � 10�5 s, and � ¼ 0:08 s�1, make a
graph of the reactivity in dollars vs the reactor period for
reactivities between �2 dollars and þ2 dollars. Indicate the
region or regions on the graph where you expect the results
from part a to be poor.



5.11. Using the kinetics equations with one delayed group from
problem 5.10,



a. Find the reactor period when � ¼ �, simplifying your answer
by assuming ��=� 	 1.



b. Calculate the reactor period for � ¼ 0:007, � ¼ 5 � 10�5 s,
and � ¼ 0:08 s�1.



5.12. By differentiating the kinetics equations with one group of
delayed neutrons (given in problem 5.10) and then letting �! 0,



a. Show that CðtÞ can be eliminated to obtain



d



dt
nðtÞ ¼ �



� � � �þ 1



�



d�



dt



� �
nðtÞ;



which is referred to as the zero lifetime or prompt jump
approximation.



b. For a step change in reactivity of �j j 	 �, find the zero
lifetime approximation to the reactor period.



5.13. A critical reactor operates at a power level of 80 W. Dropping a
control rod into the core causes the flux to undergo a sudden
decrease to 60 W. How many dollars is the control rod worth?



5.14. Estimate the period of the reactor from the curve without
feedback in Fig. 5.6. Suppose you wanted to put the reactor on
a period of one minute. What reactivity would you insert?



5.15. Solve the kinetics equations numerically with one group of
delayed neutrons, given in problem 5.10, using the data
� ¼ 0:007, � ¼ 5 � 10�5 s, and � ¼ 0:08 s�1,



a. For a step insertion of þ0.25 dollars between 0 and 5 s.
b. For a step insertion of �0.25 dollars between 0 and 5 s.
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Ci is small. In contrast, the neutron population at first responds very
rapidly as a result of the small value of prompt neutron generation
time � in the denominator of Eq. (5.47). After a short time has
elapsed, however, the neutron response is slowed as a result of the
more slowly changing value of the last term in Eq. (5.48). We can
make use of this behavior to estimate the magnitudes of the prompt
jump in the two following situations.



Rod Drop



Suppose we have a source-free critical reactor operating at steady
state. According to Eq. (5.48) the precursor concentrations are related
to the neutron population by



Cio ¼ ð�i=�i�Þno: ð5:59Þ



Immediately following the rod insertion the precursor concentration
Cio will remain essentially unchanged for as long as �it	 1. Thus the
source-free form of Eq. (5.47) becomes



d



dt
nðtÞ ¼ � ð �j j þ �Þ



�
nðtÞ þ �



�
no; t	 1=�i; ð5:60Þ



where we have employed Eq. (5.31) and taken � ¼ � �j j to indicate a
negative reactivity. We use the integrating factor technique detailed
in Appendix A to obtain a solution. With an integrating factor of
exp½ð �j j þ �Þ=�� and an initial condition of nð0Þ ¼ no, we obtain after
some simplification



nðtÞ ¼ �



ð �j j þ �Þno þ
�j j



ð �j j þ �Þnoe�
1
�ð �j jþ�Þt: ð5:61Þ



Following decay of the second term, which is very rapid, we have for
times substantially greater than the prompt generation time, but less
than the half-lives of the delayed neutrons (i.e., �=ð �j j þ �Þ 	 t	 1=�i),
a neutron population of approximately



n1 ¼
�



ð �j j þ �Þno: ð5:62Þ



Thus the reactivity drop in dollars can be measured by taking the
ratio of the neutrons immediately before to immediately after the
control rod insertion:



�j j=� ¼ no



n1
� 1: ð5:63Þ
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nðtÞ ¼ nð0Þ exp
ðk� 1Þ



l
t



� �
: ð5:24Þ



The system is said to be critical if there is a time-independent
chain reaction in the absence of sources. Clearly, the system is
critical when k, the multiplication, is equal to one. Analogous to
the infinite medium, we now have



k
>1 supercritical
¼1 critical
<1 subcritical:



8<
: ð5:25Þ



Figure 5.1a shows the behavior of multiplying systems in the absence
of sources.



Considering the case where a time-independent source is present
in the system, we must solve Eq. (5.22) with SðtÞ ! So. Applying the
integrating factor technique explained in Appendix A, with an initial
condition nð0Þ ¼ 0, we obtain



nðtÞ ¼ lSo



ðk� 1Þ exp
ðk� 1Þ



l
t



� �
� 1



� �
: ð5:26Þ



Figure 5.1b indicates the behavior of multiplying systems with a
time-independent source present. For a supercritical system, k > 1,
the neutron population rises at an increasing rate, becoming expo-
nential at long times. The behavior of the subcritical system, k < 1,
becomes more transparent if we first manipulate the minus signs to
rewrite Eq. (5.26) in the form
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FIGURE 5.1 Neutron populations in subcritical, critical, and supercritical
systems. (a) n(0) = 1, no source present, (b) n(0) = 0, source present.
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720 Burnup, Depletion, and Temperature Feedback



In fact, for a typical thermal neutron, the total absorption cross section (fission plus capture) for U-238 is about 210 
times smaller than it is for U-235. So in a thermal water reactor, Uranium-238 burns about 200 times more slowly than 
Uranium-235 does. Figure 17.1 shows the concentration of U-235 as a function of time in a thermal water reactor for 
several different values of the thermal neutron flux, and Figure 17.2 shows the change in the concentration of U-238 with 
time for the same values of the thermal neutron flux. It should be apparent that more than half of the Uranium-235 can be 
burned away in a single year, while in the case of Uranium-238, barely 1% of the initial inventory is burned in that time. 
Yet, it is this very small percentage of Uranium-235 in the fuel rods that completely dominates the isotopic composition 
of the core.
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FIGURE 17.1  The amount of U-235 remaining in the fuel as a function of time for different values of the thermal neutron flux.



1 2 3 4 5 6 7 8 9 100
Months of full power operation



11 12
99.00



99.25



99.50



99.75



100.00



Pe
rc



en
ta



ge
 o



f U
-2



38
 re



m
ai



ni
ng



 



φ = 1 × 1014



φ = 6 × 1013



φ = 3 × 1013



φ = 1 × 1013



FIGURE 17.2  The amount of U-238 remaining in the fuel as a function of time for different values of the thermal neutron flux.











