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[bookmark: _Toc118268833]Introduction
· In this chapter spatial aspects of neutron population will be expanded
· Previously, leakage has been modeled (as proportional to absorption) in limited way
· To understand the relationships between reactor size, shape, and criticality, and 
· To determine the spatial flux distributions within power reactors.
· Energy and time aspects will be suppressed:
· Neutrons’ flux and cross sections have been averaged over energy 
· The work will be done in stages:
· Derive the diffusion equation and 
· Different boundary conditions
· Non-multiplying media
· one-dimensional geometries   plane   spherical geometry
· Spherical systems that contain fissionable material, but which are subcritical
· an approach to criticality by increasing either the value of  or size of the reactor
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[bookmark: _Toc118268834]The Neutron Diffusion Equation
· Two steps:
· Neutrons’ balance equation
· Fick’s diffusion approximation
[bookmark: _Toc118268835]Spatial Neutron Balance

· Neutrons within a volume are balance between (1) boundary crossing, (2) source emission, (3) absorption and (4) generation by fission:
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	1Neutrons’ leakage: 
	Neutrons’ leakage: 
· this is accounted by vector current across the surfaces of the cube
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· This can be better written as partial derivative:
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· This can be better expressed as dot product between the gradient[footnoteRef:1] and the current: [1:  https://en.wikipedia.org/wiki/Gradient ] 







· The leakage term (boundary accounting) can be written as:





	Neutrons’ absorption:
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	Neutrons’ source:
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	Fission Neutrons:
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· The neutrons’ balance equation can be written as:
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· Before proceeding let us stress some basic properties of some quantities:
· The flux,  is a scalar function with no direction. It can be related to neutron density (in ) and neutron speed (in ) as in the following equation and its energy averaged counterpart:


· The neutrons’ current (or current density in some contexts) is a vector quantity which can be positive or negative.




· The current density, might be thought off as how much current per unit area as in basic E&M
[bookmark: _Toc118268836]Fick’s Diffusion Approximation
· Fick’s diffusion approximation (as in 1850), states that the gradient in concentration causes a proportional current flow in the opposite direction
· The basis for this “law” is statistical in nature and is due to random diffusion which “seems” to show as “deliberate” flow of particles from high concentration to low concentration 
· It also applies to chemical flow, heat flow, and other gradients causing flow of different types
· This law does not apply to charged particles or very strong absorber nor emitter
· In a simple application, the current in x-direction is proportional to the gradient in concentration. The proportionality is a constant. The negative sign indicates that the flow of current is opposite to the concentration (flow from high toward low concentration):


· A general application can be stated as the following:
· Note that the diffusion coefficient is spatially varying, and the gradient is expressed using the Del or nabla operator ():

 
· The following figures (Masterson 11.6), illustrates the expected behavior:
· (neutrons flow to equalize the concentration)
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· How to determine the diffusion coefficient D?
· It is related to how easy/difficult the neutrons flow in the material. This should be a function of the scattering coefficient
· D must be inversely proportional to the scattering cross section (opposing easy flow) and their density which are both captured in the macroscopic cross section: 
· Advanced analysis of the scattering process gives the following formula:

· Theta is the average scattering angle and it is a function of the nuclei size
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· Lewis treatment leaves it a bit general with the following 
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· Which also allow expressing the diffusion equation in terms of a Laplacian operator as follows:
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[bookmark: _Toc118268837]Non-multiplying Systems-Plane Geometry

· Using the neutrons balance equation and Fick’s diffusion expressed in terms of flux gradient The diffusion equation can be expressed in terms of Laplacian[footnoteRef:2] operator  [2:  https://en.wikipedia.org/wiki/Laplace_operator ] 





· Let us start with non multiplying system (no fission or ):
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· Where the diffusion length L is defined as: 

[bookmark: _Toc118268838]Source Free Example
· Let us have a simple example of no source in one dimensional medium which gives us the following equation
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· A typical solution to such PDE should be in the form: 
· Substituting this general solution into the differential equation gives:
· The constant C cannot be zero!


· The solution is a combination of the two values:


· Let us pick a semi-infinite medium , the solution must vanish at infinity and be of finite value at zero:




· So, an acceptable solution is the following:
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· The flux is exponentially decaying as per the diffusion length
· (recall the temporal decay formula!)
[bookmark: _Toc118268839]Uniform Source Example
· Let us take the case for uniform source (i.e. constant and not space varying) which makes the diffusion equation to be:


· We assume the solution to be made of two functions which are homogeneous (not related to source) and particular or related to the source: 



· Finding a general solution requires assuming a boundary conditions.
· Restrict the space to a slap of between -a and a or 2a thickness
· Assume the solution to vanish at the boundary or :
· The boundary conditions give:





· The general solution then:
	
	6.30

	Hyperbolic functions: sine and cosine[footnoteRef:3] [3:  https://en.wikipedia.org/wiki/Hyperbolic_functions ] 

	Formula
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[bookmark: _Toc118268840]Boundary Conditions. (Reading only)
· The equation we are trying to solve is a second order differential equation 
· 

· We had two cases for simple 1D cases:
· We used boundary conditions that specified the flux
· Two constants were needed to specify the solution
· The current density will be re-written considering “neutron transport theory” as follows:
· First re-compose current to be in two terms
· (the positive current going in the positive direction and negative (lost) current going in the opposite direction)



· The current density will be re-written considering “neutron transport theory” as follows:
· A detailed proof is given in the appendix of the book


[bookmark: _Toc118268841]Vacuum Boundaries
· We have a surface across which no neutrons are entering, vacuum sending no neutrons back and emitting nothing 
· The current density moving toward this vacuum boundary must be zero if it is right and 

	Left vacuum side
	Volume of material 
	Right vacuum side

	










	
	





()





· So, with vacuum boundary the flux extends to about 2/3 of the MFP of the total Macroscopic cross section
· Thus, for a region with vacuum boundary, we could take the flux to be zero as follows:
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[bookmark: _Toc118268842]Reflected Boundaries
· If the net current J x is known at a boundary, it also may be used as a condition. Current conditions appear most frequently as a result of problem symmetry. Suppose, as in the uniform source problem described above, the solution is symmetric about x= 0, such that the net number of neutrons crossing the plane at x= 0 vanishes. Then we may solve the problem only for x > 0 using the boundary condition on the left as


[bookmark: _Toc118268843]Surface Sources and Albedos

[bookmark: _Toc118268844]Interface Conditions

[bookmark: _Toc118268845]Boundary Conditions in Other Geometries



[bookmark: _Toc118268846]Non-multiplying Systems-Spherical Geometry
[bookmark: _Toc118268847]Point Source Example
· Assume a point source of neutrons:

	Non-multiplying medium with a source
General coordinates

	
	6.14

	Replace the Laplacian operator to 1D spherical coordinates
	
	6.45

	Set the source to a point source of strength 
Rest of space is void from source:

	
	6.46

	Assumptions and simplifications:




1) Easy to see  because 

2) As r  0 the flux times the sphere total surface must be equal to the source strength:
a. The current as per diffusion approximation:

--- 










	













One can check this equation by integrating the flux over a spherical region containing the source point. The correct answer must be the source, as we define it. 
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[bookmark: _Toc118268848]Two Region Example
· Suppose a sphere of radius R with material properties D and contains a uniform source . The sphere is surrounded by a second source free medium with properties  and  a that extends to r = 1. Our objective is to determine the neutron flux.
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[bookmark: _Toc118268849]Diffusion Approximation Validity

[image: ]
[bookmark: _Toc118268850]Diffusion Length
[image: ], L is shorter than lambda due to scattering events
[bookmark: _Toc118268851]Un-collided Flux Revisited

· Assume a point source with a special material around it to attenuate the particles but do not scatter them:
· This is the picture we had from equation 2.9
· Exponential attenuation with 
· Geometric inverse square law 1/



What we had from the point source is replacement of r with diffusion coefficient and replacement of lambda with diffusion length. It drops like 1/r vs 1/r^2 , slower drop and slower attenuation
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[bookmark: _Toc118268852]Multiplying Systems
· We consider neutron diffusion in multiplying medium, fission cross section is not zero,
· Geometry is selected to be spherical
· More realistic than planer
· Cylindrical geometry, which matches the current technology, is defered to coming chapters
· PDE is used
· ODE can be used for spherical finite system
· PDE is a must for cylindrical finite system
[bookmark: _Toc118268853]Subcritical Assemblies
· Assume the system is multiplying:  
· Simplify by assume uniform system (i.e. not function of space) in both source and cross sections
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· We are still using the basic definitions:
· 
· 

· The derivation process is fundamentally the same as before, as we go through the following steps:


	Multiplying medium with a source,
 homogeneous media
General coordinates

	
	6.81

	Replace the Laplacian operator to 1D spherical coordinates
	

	6.82

	solution once more that is a superposition of general and particular solutions
	

	6.83

	1) The particular solution is a constant for a uniform source

2) vanishes in the first differentiation term of 6.82

3) it must generate the constant on the left side
 
	






	6.84

	· The general solution satisfies the PDE without source:

· To simplify the first term 


· We have a simplified source free PDE
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6.87

	Assume a solution form 




Assumptions and simplifications:


We have the general solution form that satisfy PDE (4 terms PDE)
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6.89









6.92

	(1) Boundary condition at zero
 , and the constant remain



(2) Boundary condition at some 
 , with some assumed boundary of the sphere
This allows us to solve for C1 and substitute back

	





	

	The following solution given the two boundary conditions:



It is valid for subcritical case:       
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	The following solution is valid for supercritical case:

 




Thus, we must have:

Boundary conditions:
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6.103




[bookmark: _Toc118268854]The Critical Reactor
· For a reactor to have non-zero time-independent solution (stable reactor)
· Sub-critical with a source
· Critical without a source


[image: ]
To make the sphere critical (or singular solution for 6.103 at )
[image: ]
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· Let us set up the problem with no source and critical:
· [image: ]
· [image: ]
· [image: ]

· We obtain the following solution:
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quantitatively, we define the three components of the neutron current.
Let Jxðx;y; zÞ be the net number of neutrons/cm2/s passing though the
y–z plane in the positive x direction at ðx; y; zÞ. Similarly, let Jyðx; y; zÞ
and Jzðx; y; zÞ be the net numbers of neutrons/cm2/s passing though the
x–z and x–y planes, respectively. For the cubical volume, the net
number of neutrons passing out of the cube through the front, right,
and top faces is then Jxðx þ 1=2dx;y; zÞdydz, Jyðx; y þ 1=2dy; zÞdxdz, and
Jzðx; y; zþ 1=2dzÞdxdy. Likewise, the net number of neutrons passing
out of the back, left, and bottom faces is �Jxðx � 1=2dx; y; zÞdydz,
�Jyðx; y � 1=2dy; zÞdxdz, and �Jzðx; y; z� 1=2dzÞdxdy. Thus the net
leakage per second from the cube is



neutrons leaking
out of dxdydz=s



� �
¼ Jxðx þ 1=2dx;y; zÞ � Jxðx � 1=2dx; y; zÞ½ �dydz



þ ½Jyðx;y þ 1=2dy; zÞ � Jyðx; y � 1=2dy; zÞ�dxdz



þ Jzðx; y; zþ 1=2dzÞ � Jzðx;y; z� 1=2dzÞ½ �dxdy:



ð6:2Þ



Since by definition the partial derivative is



lim
dx!0



Jxðx þ 1=2dx; y; zÞ � Jxðx � 1=2dx;y; zÞ½ �=dx � @



@x
Jxðx;y; zÞ; ð6:3Þ



and similarly in the y and z directions, we multiply and divide the
three terms on the right of Eq. (6.2) by dx, dy, and dz, respectively,
and then take the limits to obtain



neutrons leaking
out of dxdydz=s



� �
¼ @



@x
Jxðx;y; zÞ þ



@



@y
Jyðx; y; zÞ



�



þ @



@z
Jzðx; y; zÞ



�
dxdydz:



ð6:4Þ



The remaining terms are



neutrons absorbed
in dxdydz=s



� �
¼ �aðx;y; zÞ�ðx;y; zÞdxdydz; ð6:5Þ



source neutrons
emitted in dxdydz=s



� �
¼ s000ðx;y; zÞdxdydz; ð6:6Þ



and



fission neutrons
produced in dxdydz=s



� �
¼ ��fðx;y; zÞ�ðx;y; zÞdxdydz: ð6:7Þ
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Jzðx; y; zþ 1=2dzÞdxdy. Likewise, the net number of neutrons passing
out of the back, left, and bottom faces is �Jxðx � 1=2dx; y; zÞdydz,
�Jyðx; y � 1=2dy; zÞdxdz, and �Jzðx; y; z� 1=2dzÞdxdy. Thus the net
leakage per second from the cube is



neutrons leaking
out of dxdydz=s



� �
¼ Jxðx þ 1=2dx;y; zÞ � Jxðx � 1=2dx; y; zÞ½ �dydz



þ ½Jyðx;y þ 1=2dy; zÞ � Jyðx; y � 1=2dy; zÞ�dxdz



þ Jzðx; y; zþ 1=2dzÞ � Jzðx;y; z� 1=2dzÞ½ �dxdy:



ð6:2Þ



Since by definition the partial derivative is



lim
dx!0



Jxðx þ 1=2dx; y; zÞ � Jxðx � 1=2dx;y; zÞ½ �=dx � @



@x
Jxðx;y; zÞ; ð6:3Þ



and similarly in the y and z directions, we multiply and divide the
three terms on the right of Eq. (6.2) by dx, dy, and dz, respectively,
and then take the limits to obtain



neutrons leaking
out of dxdydz=s



� �
¼ @



@x
Jxðx;y; zÞ þ



@



@y
Jyðx; y; zÞ



�



þ @



@z
Jzðx; y; zÞ



�
dxdydz:



ð6:4Þ



The remaining terms are



neutrons absorbed
in dxdydz=s



� �
¼ �aðx;y; zÞ�ðx;y; zÞdxdydz; ð6:5Þ



source neutrons
emitted in dxdydz=s



� �
¼ s000ðx;y; zÞdxdydz; ð6:6Þ



and



fission neutrons
produced in dxdydz=s



� �
¼ ��fðx;y; zÞ�ðx;y; zÞdxdydz: ð6:7Þ
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47511.5  Fick’s Law of Diffusion



of a gas across a fluid membrane. Several years later, his law was eventually generalized to molecular particle flow, to 
the flow of dyes and solvents, and eventually to the flow of neutrons through a reactor core. His nephew (of the same 
name) was also the inventor of the modern contact lens. In this section, we would like to briefly explain Fick’s Law 
of diffusion and describe how it can be applied to electrically neutral particles such as neutrons. This will lead to a 
simple formula that can be used to determine the magnitude and the direction of the neutron current J. We will begin 
our discussion by referring to Figure 11.6, which shows a large number of neutrons whose density varies as a function 
of position along the x-axis. The neutron population in Figure 11.6 has a different molecular density ρ(x) at every point 



Fick’s Law of Diffusion



Jx = –D dφ/dx



Jy = –D dφ/dy



Jz = –D dφ/dz



J = –D grad φ= –D φ



FIGURE 11.5  Adolf Fick, who formulated the Law of Particle Diffusion—circa 1850. (Courtesy of Google Images.)
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Neutron flux and current as a function of position
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FIGURE 11.6  Relationship between the neutron current and the neutron flux.
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from one material to another, but for a given density of the material at a given temperature T and pressure P, it always 
has the same value. It is a characteristic of the internal structure of the material. In other words, it is related to the 
molecular structure through which the neutrons are flowing. The diffusion coefficient can be spatially dependent, but it 
will always have the units of length (cm). This observation implies that there must be a relationship between the size of 
the diffusion coefficient D and the rate at which the neutrons are being scattered as they move. In fact, there is a simple 
relationship between these processes that we would like to present to you now. Before we present this relationship, we 
would first like to provide a simple physical argument that explains how the flow of neutrons is related to a material’s 
internal molecular structure.



The diffusion coefficient D can be thought of as a measure of the physical resistance that a material presents to the 
flow of neutrons. A large diffusion coefficient implies that it is easy for a neutron to move through a material, and a 
small diffusion coefficient implies that it is hard. Materials that neutrons move through easily have two characteristics in 
common:



☉☉ First, they have fewer collisions between their atoms and the neutrons as they move.
☉☉ Second, they have a lower probability of scattering or absorbing the neutrons.



In other words, they have either a low material density or a low scattering cross section. From Chapter 4, we know that 
both of these effects are contained within the value of the macroscopic scattering cross section Σs, which is defined by 
the equation



	 S ss s= N 	 (11.30)



Thus, the size of the macroscopic scattering cross section determines the resistance to the neutron flow. If Σs is small, neu-
trons will flow through a material easily, and if Σs is large, they will not. To a first approximation, we can then conclude 
that the diffusion coefficient D is inversely proportional to the macroscopic scattering cross section:



	
D



s s



~ ~
1 1
S sN 	



(11.31)



where
N is the number of atoms per cubic centimeter
σs is the microscopic scattering cross section
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Neutron current



Jx = –D dφ/dx



FIGURE 11.8  The particle flow toward a trough in the neutron flux.
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homogenize the core over a large volume of space. In this case, the more fundamentally correct version of Fick’s Law, 
Equation 11.25, gives a more accurate picture of the spatial reaction rates. Notice that Equation 11.25 reduces to the 
standard form of Fick’s Law when the spatial dependence of D(x), D(y), and D(z) is removed. A region of space where 
the diffusion coefficient has an explicit spatial dependence is called a heterogeneous region, and a region of space where 
it does not is called a homogeneous one. In practice, most reactor fuel assemblies appear to be heterogeneous to thermal 
neutrons because their mean free paths are on the order of 1 cm or less. If the level of spatial heterogeneity exceeds the 
threshold where diffusion theory is valid, then neutron transport theory must be used to describe the behavior of the 
neutron population. In this case, the spatial distribution of the neutrons can be found by solving what is known as the 
neutron transport equation. In Chapter 22, we will explore the relationship between the neutron transport equation and 
the neutron diffusion equation. This will lead to what is known as the diffusion theory approximation.



11.6 � Neutron Diffusion Coefficient and Its Meaning



Now let us turn our attention to the distribution of neutrons shown in Figure 11.6 and ask ourselves the following ques-
tions: Why does the neutron current always flow from a region of high flux (or a high particle concentration) to a region of 
low flux (or a lower particle concentration)? What is the physical principle or “force” that drives this particular behavior? 
The answer is that there are simply more neutrons to collide with in regions of high neutron density than there are in 
regions of low neutron density. These random molecular collisions tend to exert more pressure on the neutrons when they 
are more densely packed together than when they are less densely packed together.



The net effect of this momentum transfer due to random collisions between the particles is to create a kind of particle 
flow, or a “current” from a “high-pressure” region of space to a “low-pressure” region of space (see Figure 11.7). In 
other words, the neutrons do not flow from point A to point B because they “think” that is what they are supposed to do! 
They are not programmed internally to think that way! They simply bounce around like mindless objects in many differ-
ent directions, and in the process of doing so, the statistical force imbalances between them push more than 50% of the 
neutrons to the low-density side. There are simply more neutrons scattered in one direction than there are scattered in the 
other. On the other hand, when the situation is reversed, and there is a trough in the shape of the neutron flux (see Figure 
11.8), then the neutrons will flow into the trough to try to equalize the number of collisions at each location along the 
x-axis. In other words, they will flow again from a region of “high” pressure, where there are a lot of neutrons, to a region 
of “low” pressure, where there are fewer of them. Only in this case, the low-pressure area is the “trough.”



The rate of particle flow into the trough depends on the value of the diffusion coefficient D. In Fick’s Law 
(Equation 11.21), the diffusion coefficient D is an empirical constant of proportionality that relates the magnitude and 
the direction of the neutron current J to the negative gradient of the neutron flux. The diffusion coefficient can also vary 
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Jx = –D dφ/dx



FIGURE 11.7  The particle flow away from a peak in the neutron flux.
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FIGURE 11.9  The scattering angles of a neutron bouncing off a heavy nucleus (uranium-238—(a)) and off a light nucleus (hydro-
gen—(b)). Notice that the heavy nucleus scatters the neutron more isotropically than the light nucleus does.
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FIGURE 11.10  Scattering cross section for Carbon-12 in the thermal energy range. (Courtesy of KAERE.)
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where x is the reaction type. Now in the case of water, one can normally write Σs ≈ Σt. In this case, we know to a fair 
degree of accuracy that λ ≈ 1/Σs. Substituting this expression into Equation 11.32 and rearranging terms, we find that



	



D
/ A



=
( ){ }



l
3 1 2 3–



	



(11.36)



In other words, the diffusion coefficient is directly proportional to the neutron mean free path λ. The longer the neutron mean 
free path, the larger the diffusion coefficient will be (e.g., the longer “reach” it has). Conversely, the smaller the mean free 
path, the smaller the diffusion coefficient will be. Virtually all nuclear materials exhibit this behavior when large numbers 
of uncharged particles are involved. Table 11.1 lists the values of the diffusion coefficients for a number of different nuclear 
materials. We will come back to this table again when we are in a position to solve the neutron diffusion equation. Finally, 
when A becomes large, the neutron mean free path is related to the diffusion coefficient D by the following relationship:



Relationship of the Mean Free Path λ and the Neutron Diffusion Coefficient D



	 l = 3D	 (11.37)



so if the diffusion coefficient for a material is 10 cm, then the mean free path of a neutron in that same material will be λ 
= 3 × 10 = 30 cm. One may ask where the number 3 comes from in this case. It is simply there because it represents the 
diffusion of particles in three-dimensional space. If we were to derive the same relationship for only one or two spatial 
dimensions, then the number 3 would be replaced by a 1 or a 2. Hence, the constant of proportionality between the mean 
free path λ and the diffusion coefficient D is simply a measure of the number of dimensions in the diffusing medium 
itself. Several proofs of this statement can be found in more advanced texts. Finally, when the atomic weight of the target 
nucleus becomes relatively small (say, A < 12), the neutron scattering becomes anisotropic, and we may write



	
l



Str
tr



=
1



	
(11.38)



where λtr is now called the transport mean free path. The transport cross section is then given by Σtr = Σs(1 – μ), where μ 
can be thought of as the average value of the cosine of the scattering angle. Slightly different definitions for the transport 
cross section can be found in the literature, and we will present a more rigorous definition of this parameter at the end 
of the chapter. In any event, regardless of how the transport cross section is defined, the mean free path of a neutron 
is inversely proportional to it in a scattering reaction.



Example Problem 11.1



The scattering cross section for a Carbon-12 nucleus in the thermal energy range (<1 eV) is shown in the following. If the 
atomic density of carbon in a graphite-moderated reactor is known to be about 8 × 1022 atoms per cubic centimeter, find 
the diffusion coefficient of graphite at 0.1 eV.



Solution  The diffusion coefficient D of graphite (a common reactor moderator) can be found from the following equation:



	



D
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=
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TABLE 11.1
Neutron Diffusion Coefficients for Several Important Nuclear Materials



Material Function



Thermal Diffusion 
Coefficient 



D (cm)



Thermal 
Scattering Cross 
Section Σs (cm−1)



Thermal 
Diffusion Length 



L D a= å/  (cm)



Scattering 
Mean Free Path 
λs = 1/Σs (cm)



Absorption 
Mean Free Path 
λa = 1/Σa (cm)



U-233 Fuel 0.303 1.10 0.14 1.61 0.03



U-235 Fuel 0.498 0.67 0.12 1.49 0.03



U-238 Fuel 0.833 0.40 2.45 2.34 7.69



H2O Moderator 0.160 3.45 2.85 0.46 50.76



D2O Moderator 0.870 0.45 169.5 2.00 10752



Graphite Moderator 0.840 0.38 58.8 0.18 962



Pu-239 Fuel 0.883 0.48 0.13 2.65 0.02
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Frequently, when vacuum boundaries are encountered, simply
adjusting the dimensions and using a zero flux boundary condition is
more straightforward. Thus for a problem with left and right vacuum
boundaries at xl and xr, we would take �ðxl � 2=3�Þ ¼ 0 and
�ðxr þ 2=3�Þ ¼ 0, respectively. For brevity, we shall frequently denote
such an extrapolated boundary simply by adding a tilde to the spatial
dimension. Thus �ð~xrÞ ¼ 0 and �ð~xlÞ ¼ 0. In situations where the
problem dimensions are large when measured in �, a common prac-
tice consists of ignoring the small correction for the extrapolation
distance and simply taking �ðxrÞ 
 0 and �ðxlÞ 
 0.



Reflected Boundaries



If the net current Jx is known at a boundary, it also may be used as a
condition. Current conditions appear most frequently as a result of pro-
blem symmetry. Suppose, as in the uniform source problem described
above, the solution is symmetric about x = 0, such that the net number of
neutrons crossing the plane at x = 0 vanishes. Then we may solve the
problem only for x> 0 using the boundary condition on the left as



Jxð0Þ ¼ �D
d



dx
�ðxÞ








x¼0



¼ 0; ð6:36Þ



or simply



d



dx
�ðxÞ








x¼0



¼ 0:



Surface Sources and Albedos



Partial currents are particularly useful in specifying boundary condi-
tions in situations where surfaces are bombarded by neutrons. To
illustrate, consider a source free solution, such as Eq. (6.23). For this



2
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λ
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xrxr
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FIGURE 6.2 Neutron flux extrapolation distance at a vacuum boundary.
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�ðrÞ ¼ sp



4�Dr
exp �r=Lð Þ: ð6:54Þ



Clearly all of the neutrons produced by the point source must be
absorbed in the infinite medium. Taking an incremental volume as
dV ¼ 4�r2dr, we may show that



Z
all space



�a�ðrÞdV ¼ sp: ð6:55Þ



Two Region Example



The second problem we consider has two regions and a distributed
source. It illustrates the treatment of the boundary condition at the
origin as well as interface conditions. Suppose a sphere of radius
R with material properties D and �a contains a uniform source s000o .
The sphere is surrounded by a second source free medium with
properties D



_



and �
_



a that extends to r =1. Our objective is to deter-
mine the neutron flux.



For this problem, we obtain the following two differential equa-
tions from Eq. (6.45):



� 1



r2



d



dr
r2 d



dr
�ðrÞ þ 1



L2
�ðrÞ ¼ 1



D
s000o ; 0 � r < R; ð6:56Þ



and



� 1



r2



d



dr
r2 d



dr
�ðrÞ þ 1



L
_2
�ðrÞ ¼ 0; R < r � 1: ð6:57Þ



Within the sphere we must superimpose general and particular solu-
tions for Eq. (6.56):



�ðrÞ ¼ �gðrÞ þ �pðrÞ; 0 � r < R: ð6:58Þ



For a uniform source the particular solution is a constant. Thus



�p ¼
L2



D
s000o ¼



s000o
�a



: ð6:59Þ



The general solution satisfies Eq. (6.46), and following the same
transformation of variables we obtain Eq. (6.51) for �gðrÞ. Thus insert-
ing �g and �p into Eq. (6.58) we have



�ðrÞ ¼ C1



r
exp r=Lð Þ þC2



r
exp � r=Lð Þ þ s000o



�a
; 0 � r < R: ð6:60Þ
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sometimes be equated to the moderator.) In any event, let us assume that the diffusing medium is effectively an infinite 
one—at least in the radial direction. As neutrons move through the medium, they collide with individual atoms in their 
path, and they move in complicated zigzag paths similar to those shown in Figure 11.19. Eventually, they hit an atomic 
nucleus and are absorbed rather than being scattered. The exact probability of this occurring is given by the ratio of the 
absorption cross section to the total cross section (see Chapter 4). Now let us see if we can calculate the rate at which 
they are absorbed.



Example Problem 11.7



Suppose that the diffusion equation tells us that the thermal neutron flux at a particular location in a reactor core is 
1 × 1014 neutrons/cm2/s. What is the average density (in neutrons per cubic centimeter) of the thermal neutrons at the 
same location in the core?



Solution  The neutron flux ϕ is related to the neutron density n by the equation ϕ = nv. Since the average velocity of a 
thermal neutron v is 2.2 × 103 m/s = 2.2 × 105 cm/s, the value of the neutron density n at the same location is n(x, y, z) = 
ϕ(x, y, z)/v = 1 × 1014/2.2 × 105 = 4.55 × 108 neutrons/cm3. [Ans.]



11.27 � Finding the Diffusion Distance from a Point Source



Consider a point source of strength S that is emitting S neutrons per second into a diffusive medium in which both the 
scattering and absorption occur (see Figure 11.26). We know from our discussion in Chapter 2 that the number of neu-
trons dn that are absorbed per second within a spherical shell having a volume dV located a distance r from the point 
source and having a thickness dr is



	 dn r dVa= ( )S f 	 (11.97)



dV = 4πr2 dr



x



y



z



r
dr



φ(r) = S/(4πD) –e–r/L/r



S



FIGURE 11.26  A picture illustrating how the diffusion distance can be derived for a point source S.
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where ϕ is the neutron flux and dV = 4πr2dr is the volume of the spherical shell surrounding the point source at a distance r. 
However, we also know from our companion book that the neutron flux in the vicinity of the point source (see Figure 11.27) 
is attenuated as



	
f



p
r



S e
r



r L



( ) = ×
-



4 D



/



	
(11.98)



where
D is the diffusion coefficient
L is the diffusion length



The neutron attenuation rate is therefore



	 dn r dV r dra a= ( ) = ( )S f p S f4 2r 	 (11.99)



Since ϕ(r) is given by ϕ(r) = S/(4πD) ⋅ e−r/L/r, we can also rewrite Equation 11.99 as



	
dn



D
re dr



S
L



re dra r L r L= =- -SS / /
2 	



(11.100)



Since the point source emits S neutrons per second, the probability P(r)dr that a neutron is absorbed between r and r + 
dr is dn/S or



	
P r dr



L
re drr L( ) = -1



2
/



	
(11.101)



We can then use Equation 11.101 to estimate the average distance <r> that a neutron will travel before it is absorbed. The 
average distance is simply given by



	



<r> rP r dr L L= ( ) = =
¥



ò
0



6 2 45.



	



(11.102)



r



φ(r) = S/(4πD)×e–r/L/r
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P(r) = (1/L2)re–r/L
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FIGURE 11.27  The spatial dependence of the neutron flux ϕ(r) and the neutron absorption probability P(r) in a diffusive medium 
involving a neutron point source of strength S.
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and



�ðrÞ ¼ ð1�CÞ s
000
o



�a



R



r
exp �ðr� RÞ=L



_
h i



; R < r � 1; ð6:68Þ



where



C ¼ 1þD



D
_



ðR=LÞ coth ðR=LÞ � 1



ðR=L
_



Þ þ 1



" #�1



: ð6:69Þ



6.6 Diffusion Approximation Validity



The question naturally arises as to the circumstances under which the
diffusion equation, Eq. (6.12) provides a reasonable approximation.
Figure 6.3 shows polar plots of the directions of neutron travel for
three points in space. In each, the length of the arrows indicates the
number of neutrons traveling in that direction. The plot of Fig. 6.3a
indicates a beam of neutrons all traveling within a very narrow cone of
directions. This is the situation we stipulated for the uncollided flux in
Chapter 2 in order to define the cross section. The use of Eq. (6.12) in
such situations would be inappropriate, leading to gross errors in the
prediction of the spatial distribution of neutrons.



Diffusion theory is valid for the situations shown in Figs. 6.3b
and 6.3c. In Fig. 6.3b neutrons travel in all directions. More are
traveling to the right than to the left, but the distribution is not
highly peaked. Use of the diffusion approximation in this situation
is appropriate, for it will reasonably represent the flux, which
decreases as we move from left to right, because the net diffusion of
neutrons is in that direction.



Figure 6.3c represents an isotropic distribution of neutrons, such
as would occur if there were no spatial variation in the neutron flux
at all. In this case the use of the diffusion equation remains valid, but



(a) (b) (c)



FIGURE 6.3 Polar distributions of neutrons. (a) Neutron beam,
(b) neutrons diffusing to the right, (c) isotropic neutron distribution.
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6.6 Diffusion Approximation Validity



The question naturally arises as to the circumstances under which the
diffusion equation, Eq. (6.12) provides a reasonable approximation.
Figure 6.3 shows polar plots of the directions of neutron travel for
three points in space. In each, the length of the arrows indicates the
number of neutrons traveling in that direction. The plot of Fig. 6.3a
indicates a beam of neutrons all traveling within a very narrow cone of
directions. This is the situation we stipulated for the uncollided flux in
Chapter 2 in order to define the cross section. The use of Eq. (6.12) in
such situations would be inappropriate, leading to gross errors in the
prediction of the spatial distribution of neutrons.



Diffusion theory is valid for the situations shown in Figs. 6.3b
and 6.3c. In Fig. 6.3b neutrons travel in all directions. More are
traveling to the right than to the left, but the distribution is not
highly peaked. Use of the diffusion approximation in this situation
is appropriate, for it will reasonably represent the flux, which
decreases as we move from left to right, because the net diffusion of
neutrons is in that direction.



Figure 6.3c represents an isotropic distribution of neutrons, such
as would occur if there were no spatial variation in the neutron flux
at all. In this case the use of the diffusion equation remains valid, but



(a) (b) (c)



FIGURE 6.3 Polar distributions of neutrons. (a) Neutron beam,
(b) neutrons diffusing to the right, (c) isotropic neutron distribution.



Spatial Diffusion of Neutrons 153



Font: TrumpMediaeval Size:11/12.5pt Margins:Top:4pc6 Gutter:7pc4 T.Area:29pc�47pc6 1 Color Lines: 46 Fresh Recto











image22.emf



assume isotropic scattering. Then in Eq. (6.13) the diffusion coeffi-
cient is just D ¼ 1=ð3�tÞ ¼ �=3. Next, we define the ratio of scatter-
ing to total cross section as



c ¼ �s=�t: ð6:74Þ



Because �t ¼ �s þ �a, it follows that the absorption cross section
may be expressed as �a ¼ ð1� cÞ�t¼ð1� cÞ=�. Finally, substituting
these expressions for D and �a into the definition of the diffusion
length given by Eq. (6.15) we obtain



L ¼ �
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi



3ð1� cÞ
p



: ð6:75Þ



Thus, for example, a material for which c = 0.99 would yield L 
 6�.
The relationship between mean free path and diffusion length is



shown heuristically in Fig. 6.4. The dashed lines between scattering
collisions average to a value of �, while the length of the solid line
is L. In general if c is less than about 0.7, the diffusion approximation
predicated on Fick’s approximation, given by Eq. (6.11), loses validity,
and more advanced methods of neutron transport must be used.



Uncollided Flux Revisited



Further insight to the range of validity of the diffusion equation may
be gained by comparing the uncollided flux from a point source to the
total (i.e., uncollidedþ collided) flux attributable to the source. Recall
from Eq. (2.9) that the uncollided flux from a point source is



�uðrÞ ¼
sp



4�r2
exp �r=�ð Þ: ð6:76Þ



Comparing this expression to Eq. (6.54) reveals the following. Regard-
less of cross section the uncollided flux drops off as 1/r2 while the
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assume isotropic scattering. Then in Eq. (6.13) the diffusion coeffi-
cient is just D ¼ 1=ð3�tÞ ¼ �=3. Next, we define the ratio of scatter-
ing to total cross section as
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� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi



3ð1� cÞ
p



: ð6:75Þ



Thus, for example, a material for which c = 0.99 would yield L 
 6�.
The relationship between mean free path and diffusion length is



shown heuristically in Fig. 6.4. The dashed lines between scattering
collisions average to a value of �, while the length of the solid line
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total flux—uncollided plus collided—drops off only as 1/r. Likewise,
the mean free path appears in the exponential of the uncollided flux
while the diffusion length—which is larger—appears in the exponen-
tial of the total flux. Thus the total flux will decay more slowly with
distance.



A second point for comparison between uncollided and diffusing
neutrons is the rms distances to first collision and to absorption,
respectively. To obtain the rms distance traveled by uncollided neu-
trons we again consider a point source at the origin, but now we
employ the first collision rate, �t�u, instead of the absorption rate:



r2
u ¼



Z
r2�t�uðrÞdVZ
�t�uðrÞdV



: ð6:77Þ



Taking the uncollided flux from Eq. (6.76) and inserting it into defini-
tion for r2



u yields



r2
u ¼



Z 1
0



r2�t
Sp



4�r2
exp �r=�ð Þ4�r2drZ 1



0
�t



Sp



4�r2
exp �r=�ð Þ4�r2dr



¼



Z 1
0



r2 expð�r=�ÞdrZ 1
0



expð�r=�Þdr



; ð6:78Þ



or evaluating the integrals:



r2
u ¼ 2�2: ð6:79Þ



Or correspondingly, � ¼ ð1= ffiffi2p Þ ffiffiffiffiffi
r2
u



q
¼ 0:707



ffiffiffiffiffi
r2
u



q
, meaning that the



mean free path is proportional to the rms distance traveled by a
neutron before making its first collision. The ratio of the two mean
square distances is



r2



r2
u



¼ 3L2



�2
¼ 1



1� c
: ð6:80Þ



As the distance from the source increases, the importance of the
uncollided source rapidly diminishes provided that c, the ratio of
scattering to total cross section, is sufficiently close to one. If it is
not, then on average the neutrons will not make enough scattering
collisions before absorption for the diffusion equation to be valid.



Examining angular distributions of neutrons further illuminates
the distinction between uncollided and diffusing neutrons. The
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Hence,



 ðrÞ ¼ C1 sinðL�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1



p
rÞ þC2 cosðL�1



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1



p
rÞ: ð6:100Þ



Analogous to the k1 < 1 case, we insert this expression into Eq. (6.86)
and combine the result with Eqs. (6.83) and (6.84) to obtain the flux
distribution:



�ðrÞ ¼ C1



r
sinðL�1



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1



p
rÞ þC2



r
cosðL�1



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1



p
rÞ � s000o
ðk1 � 1Þ�a



:



ð6:101Þ



We determine the constants by applying the same boundary
conditions as in the k1 < 1 case: The condition at the origin is that
�ð0Þ must be finite. The first term is finite since lim



r!0
r�1 sinðBrÞ ¼ B.



Because cosð0Þ ¼ 1, however, the second term becomes infinite
unless we set C2 ¼ 0. Consequently,



�ðrÞ ¼ C1



r
sinðL�1



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1



p
rÞ � s000o
ðk1 � 1Þ�a



: ð6:102Þ



We determine C1 by requiring this equation to meet the boundary
condition �ð ~RÞ ¼ 0, yielding



�ðrÞ ¼ s000o
ðk1 � 1Þ�a



~R



r
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k1 � 1



p
r
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sin L�1
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p
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� 
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2
4



3
5: ð6:103Þ



Figure 6.5 shows the spatial distribution of�ðrÞ for increasing values
of k1, first using Eq. (6.95) for k1 < 1 and then Eq. (6.103) for k1 > 1.



The Critical Reactor



Figure 6.5 indicates that the flux level increases with the value of k1.
With increasing k1, the argument of the sine in the denominator of
Eq. (6.103) becomes larger, until



L�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1



p
~R ¼ �; ð6:104Þ



at which point the flux level becomes infinite, since sinð�Þ ¼ 0. At
this point the sphere has become critical. As we saw in the preceding
chapter subcritical reactors have time-independent solutions in the
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of k1, first using Eq. (6.95) for k1 < 1 and then Eq. (6.103) for k1 > 1.
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With increasing k1, the argument of the sine in the denominator of
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at which point the flux level becomes infinite, since sinð�Þ ¼ 0. At
this point the sphere has become critical. As we saw in the preceding
chapter subcritical reactors have time-independent solutions in the
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presence of a source, but critical reactors do not. Thus we should
expect the solution given by Eq. (6.103) to become singular for a
critical system.



Recall that for a finite reactor the criticality condition on the
multiplication is just k ¼ PNL k1 ¼ 1, where PNL is the nonleakage
probability. Squaring Eq. (6.104) and rearranging terms, we may write



1 ¼ k1



1þ �L= ~R
� 	2



: ð6:105Þ



Thus for the critical sphere, the nonleakage probability is



PNL ¼
1



1þ �L= ~R
� 	2



; ð6:106Þ



or, using the notation introduced in Chapter 5, � ¼ �L= ~R
� 	2



.
As expected the nonleakage probability increases with ~R=L,
the extrapolated radius of the reactor measured in diffusion lengths.



Just as a subcritical reactor has a time-independent solution if
and only if there is a source present, a critical reactor has a solution
only if no source is present. For the sphere, this is equivalent to
specifying that the general solution, Eq. (6.85), must be satisfied; it
must also meet the same conditions: finite �ð0Þ and �ð ~RÞ ¼ 0; it must
also guarantee that �ðrÞ > 0 for 0 � r < ~R. In fact, if we just set s000o ¼ 0
in Eq. (6.102), we obtain



�ðrÞ ¼ C1
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sinðL�1



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1
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rÞ: ð6:107Þ
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Hence,
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distribution:
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conditions as in the k1 < 1 case: The condition at the origin is that
�ð0Þ must be finite. The first term is finite since lim
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Figure 6.5 shows the spatial distribution of�ðrÞ for increasing values
of k1, first using Eq. (6.95) for k1 < 1 and then Eq. (6.103) for k1 > 1.



The Critical Reactor



Figure 6.5 indicates that the flux level increases with the value of k1.
With increasing k1, the argument of the sine in the denominator of
Eq. (6.103) becomes larger, until



L�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1
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at which point the flux level becomes infinite, since sinð�Þ ¼ 0. At
this point the sphere has become critical. As we saw in the preceding
chapter subcritical reactors have time-independent solutions in the
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presence of a source, but critical reactors do not. Thus we should
expect the solution given by Eq. (6.103) to become singular for a
critical system.



Recall that for a finite reactor the criticality condition on the
multiplication is just k ¼ PNL k1 ¼ 1, where PNL is the nonleakage
probability. Squaring Eq. (6.104) and rearranging terms, we may write
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� 	2



: ð6:105Þ



Thus for the critical sphere, the nonleakage probability is



PNL ¼
1



1þ �L= ~R
� 	2



; ð6:106Þ



or, using the notation introduced in Chapter 5, � ¼ �L= ~R
� 	2



.
As expected the nonleakage probability increases with ~R=L,
the extrapolated radius of the reactor measured in diffusion lengths.



Just as a subcritical reactor has a time-independent solution if
and only if there is a source present, a critical reactor has a solution
only if no source is present. For the sphere, this is equivalent to
specifying that the general solution, Eq. (6.85), must be satisfied; it
must also meet the same conditions: finite �ð0Þ and �ð ~RÞ ¼ 0; it must
also guarantee that �ðrÞ > 0 for 0 � r < ~R. In fact, if we just set s000o ¼ 0
in Eq. (6.102), we obtain



�ðrÞ ¼ C1



r
sinðL�1



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � 1



p
rÞ: ð6:107Þ



0.5 1
0



20



40



60



10.001 r/R



φ (
r )



In
cr



ea
si



ng
 k



 ∞



~
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We conclude the chapter with an approach to criticality by increasing
either the value of k1 or the size of the reactor, obtaining a criticality
equation at the chapter’s end. We thus set the stage for Chapter 7 where
we take up the important issues related to the spatial distributions of
flux and power in the finite cylindrical cores of power reactors.



6.2 The Neutron Diffusion Equation



To derive the neutron diffusion equation, we first set forth the neu-
tron balance condition for an incremental volume. We then employ
Fick’s law to arrive at the diffusion equation.



Spatial Neutron Balance



To begin, consider the neutron balance within an infinitesimal
volume element dV ¼ dxdydz centered at the point r



* ¼ ðx; y; zÞ as
shown in Fig. 6.1. Under steady state conditions neutron conserva-
tion requires that



neutrons leaking
out of dxdydz=s



� �
þ neutrons absorbed



in dxdydz=s



� �



¼ source neutrons
emitted in dxdydz=s



� �
þ fission neutrons



produced in dxdydz=s



� �
:



ð6:1Þ



The leakage is the sum of the net number of neutrons passing out
through the six surfaces of the cubical volume. To express the leakage
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FIGURE 6.1 Control volume for neutron balance equation.
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