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[bookmark: _Toc118268833]Introduction
· In this chapter spatial aspects of neutron population will be expanded
· Previously, leakage has been modeled (as proportional to absorption) in limited way
· To understand the relationships between reactor size, shape, and criticality, and 
· To determine the spatial flux distributions within power reactors.
· Energy and time aspects will be suppressed:
· Neutrons’ flux and cross sections have been averaged over energy 
· The work will be done in stages:
· Derive the diffusion equation and 
· Different boundary conditions
· Non-multiplying media
· one-dimensional geometries   plane   spherical geometry
· Spherical systems that contain fissionable material, but which are subcritical
· an approach to criticality by increasing either the value of  or size of the reactor

[image: ]

[bookmark: _Toc118268834]The Neutron Diffusion Equation
· Two steps:
· Neutrons’ balance equation
· Fick’s diffusion approximation
[bookmark: _Toc118268835]Spatial Neutron Balance

· Neutrons within a volume are balance between (1) boundary crossing, (2) source emission, (3) absorption and (4) generation by fission:
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	1Neutrons’ leakage: 
	Neutrons’ leakage: 
· this is accounted by vector current across the surfaces of the cube
[image: ]
· This can be better written as partial derivative:
[image: ]
[image: ]
· This can be better expressed as dot product between the gradient[footnoteRef:1] and the current: [1:  https://en.wikipedia.org/wiki/Gradient ] 







· The leakage term (boundary accounting) can be written as:





	Neutrons’ absorption:

	[image: ]

	Neutrons’ source:
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	Fission Neutrons:
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· The neutrons’ balance equation can be written as:
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· Before proceeding let us stress some basic properties of some quantities:
· The flux,  is a scalar function with no direction. It can be related to neutron density (in ) and neutron speed (in ) as in the following equation and its energy averaged counterpart:


· The neutrons’ current (or current density in some contexts) is a vector quantity which can be positive or negative.




· The current density, might be thought off as how much current per unit area as in basic E&M
[bookmark: _Toc118268836]Fick’s Diffusion Approximation
· Fick’s diffusion approximation (as in 1850), states that the gradient in concentration causes a proportional current flow in the opposite direction
· The basis for this “law” is statistical in nature and is due to random diffusion which “seems” to show as “deliberate” flow of particles from high concentration to low concentration 
· It also applies to chemical flow, heat flow, and other gradients causing flow of different types
· This law does not apply to charged particles or very strong absorber nor emitter
· In a simple application, the current in x-direction is proportional to the gradient in concentration. The proportionality is a constant. The negative sign indicates that the flow of current is opposite to the concentration (flow from high toward low concentration):


· A general application can be stated as the following:
· Note that the diffusion coefficient is spatially varying, and the gradient is expressed using the Del or nabla operator ():

 
· The following figures (Masterson 11.6), illustrates the expected behavior:
· (neutrons flow to equalize the concentration)
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· How to determine the diffusion coefficient D?
· It is related to how easy/difficult the neutrons flow in the material. This should be a function of the scattering coefficient
· D must be inversely proportional to the scattering cross section (opposing easy flow) and their density which are both captured in the macroscopic cross section: 
· Advanced analysis of the scattering process gives the following formula:

· Theta is the average scattering angle and it is a function of the nuclei size
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· Lewis treatment leaves it a bit general with the following 
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· Which also allow expressing the diffusion equation in terms of a Laplacian operator as follows:
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[bookmark: _Toc118268837]Non-multiplying Systems-Plane Geometry

· Using the neutrons balance equation and Fick’s diffusion expressed in terms of flux gradient The diffusion equation can be expressed in terms of Laplacian[footnoteRef:2] operator  [2:  https://en.wikipedia.org/wiki/Laplace_operator ] 





· Let us start with non multiplying system (no fission or ):
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· Where the diffusion length L is defined as: 

[bookmark: _Toc118268838]Source Free Example
· Let us have a simple example of no source in one dimensional medium which gives us the following equation
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· A typical solution to such PDE should be in the form: 
· Substituting this general solution into the differential equation gives:
· The constant C cannot be zero!


· The solution is a combination of the two values:


· Let us pick a semi-infinite medium , the solution must vanish at infinity and be of finite value at zero:




· So, an acceptable solution is the following:
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· The flux is exponentially decaying as per the diffusion length
· (recall the temporal decay formula!)
[bookmark: _Toc118268839]Uniform Source Example
· Let us take the case for uniform source (i.e. constant and not space varying) which makes the diffusion equation to be:


· We assume the solution to be made of two functions which are homogeneous (not related to source) and particular or related to the source: 



· Finding a general solution requires assuming a boundary conditions.
· Restrict the space to a slap of between -a and a or 2a thickness
· Assume the solution to vanish at the boundary or :
· The boundary conditions give:





· The general solution then:
	
	6.30

	Hyperbolic functions: sine and cosine[footnoteRef:3] [3:  https://en.wikipedia.org/wiki/Hyperbolic_functions ] 

	Formula
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[bookmark: _Toc118268840]Boundary Conditions. (Reading only)
· The equation we are trying to solve is a second order differential equation 
· 

· We had two cases for simple 1D cases:
· We used boundary conditions that specified the flux
· Two constants were needed to specify the solution
· The current density will be re-written considering “neutron transport theory” as follows:
· First re-compose current to be in two terms
· (the positive current going in the positive direction and negative (lost) current going in the opposite direction)



· The current density will be re-written considering “neutron transport theory” as follows:
· A detailed proof is given in the appendix of the book


[bookmark: _Toc118268841]Vacuum Boundaries
· We have a surface across which no neutrons are entering, vacuum sending no neutrons back and emitting nothing 
· The current density moving toward this vacuum boundary must be zero if it is right and 

	Left vacuum side
	Volume of material 
	Right vacuum side

	










	
	





()





· So, with vacuum boundary the flux extends to about 2/3 of the MFP of the total Macroscopic cross section
· Thus, for a region with vacuum boundary, we could take the flux to be zero as follows:



[image: ]
[bookmark: _Toc118268842]Reflected Boundaries
· If the net current J x is known at a boundary, it also may be used as a condition. Current conditions appear most frequently as a result of problem symmetry. Suppose, as in the uniform source problem described above, the solution is symmetric about x= 0, such that the net number of neutrons crossing the plane at x= 0 vanishes. Then we may solve the problem only for x > 0 using the boundary condition on the left as


[bookmark: _Toc118268843]Surface Sources and Albedos

[bookmark: _Toc118268844]Interface Conditions

[bookmark: _Toc118268845]Boundary Conditions in Other Geometries



[bookmark: _Toc118268846]Non-multiplying Systems-Spherical Geometry
[bookmark: _Toc118268847]Point Source Example
· Assume a point source of neutrons:

	Non-multiplying medium with a source
General coordinates

	
	6.14

	Replace the Laplacian operator to 1D spherical coordinates
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	Set the source to a point source of strength 
Rest of space is void from source:
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	Assumptions and simplifications:




1) Easy to see  because 

2) As r  0 the flux times the sphere total surface must be equal to the source strength:
a. The current as per diffusion approximation:

--- 










	













One can check this equation by integrating the flux over a spherical region containing the source point. The correct answer must be the source, as we define it. 
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[bookmark: _Toc118268848]Two Region Example
· Suppose a sphere of radius R with material properties D and contains a uniform source . The sphere is surrounded by a second source free medium with properties  and  a that extends to r = 1. Our objective is to determine the neutron flux.
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[bookmark: _Toc118268849]Diffusion Approximation Validity

[image: ]
[bookmark: _Toc118268850]Diffusion Length
[image: ], L is shorter than lambda due to scattering events
[bookmark: _Toc118268851]Un-collided Flux Revisited

· Assume a point source with a special material around it to attenuate the particles but do not scatter them:
· This is the picture we had from equation 2.9
· Exponential attenuation with 
· Geometric inverse square law 1/



What we had from the point source is replacement of r with diffusion coefficient and replacement of lambda with diffusion length. It drops like 1/r vs 1/r^2 , slower drop and slower attenuation

[image: ] [image: ]


[bookmark: _Toc118268852]Multiplying Systems
· We consider neutron diffusion in multiplying medium, fission cross section is not zero,
· Geometry is selected to be spherical
· More realistic than planer
· Cylindrical geometry, which matches the current technology, is defered to coming chapters
· PDE is used
· ODE can be used for spherical finite system
· PDE is a must for cylindrical finite system
[bookmark: _Toc118268853]Subcritical Assemblies
· Assume the system is multiplying:  
· Simplify by assume uniform system (i.e. not function of space) in both source and cross sections
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· We are still using the basic definitions:
· 
· 

· The derivation process is fundamentally the same as before, as we go through the following steps:


	Multiplying medium with a source,
 homogeneous media
General coordinates
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	Replace the Laplacian operator to 1D spherical coordinates
	

	6.82

	solution once more that is a superposition of general and particular solutions
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	1) The particular solution is a constant for a uniform source

2) vanishes in the first differentiation term of 6.82

3) it must generate the constant on the left side
 
	






	6.84

	· The general solution satisfies the PDE without source:

· To simplify the first term 


· We have a simplified source free PDE
	





	6.85
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6.87

	Assume a solution form 




Assumptions and simplifications:


We have the general solution form that satisfy PDE (4 terms PDE)
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	(1) Boundary condition at zero
 , and the constant remain



(2) Boundary condition at some 
 , with some assumed boundary of the sphere
This allows us to solve for C1 and substitute back

	





	

	The following solution given the two boundary conditions:



It is valid for subcritical case:       
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	The following solution is valid for supercritical case:

 




Thus, we must have:

Boundary conditions:

[image: ][image: ] [image: ]
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[bookmark: _Toc118268854]The Critical Reactor
· For a reactor to have non-zero time-independent solution (stable reactor)
· Sub-critical with a source
· Critical without a source


[image: ]
To make the sphere critical (or singular solution for 6.103 at )
[image: ]
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· Let us set up the problem with no source and critical:
· [image: ]
· [image: ]
· [image: ]

· We obtain the following solution:
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TABLE 11.1
Neutron Diffusion Coefficients for Several Important Nuclear Materials

Thermal Diffusion Thermal Thermal Scattering Absorption
Coefficient Scattering Cross Diffusion Length  Mean Free Path  Mean Free Path

Material Function D (cm) Section X, (cm™) L= \/B /3, (cm) A= 1/Z (cm) A, =1/Z, (cm)
U-233 Fuel 0.303 1.10 0.14 1.61 0.03
U-235 Fuel 0.498 0.67 0.12 1.49 0.03
U-238 Fuel 0.833 0.40 2.45 2.34 7.69

H,0 Moderator 0.160 3.45 2.85 0.46 50.76

D,0 Moderator 0.870 0.45 169.5 2.00 10752
Graphite Moderator 0.840 0.38 58.8 0.18 962

Pu-239 Fuel 0.883 0.48 0.13 2.65 0.02
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FIGURE 6.3 Polar distributions of neutrons. (a) Neutron beam,
(b) neutrons diffusing to the right, (c) isotropic neutron distribution.
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