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[bookmark: _Toc120023830]Introduction
· In chapter 6, several geometries were selected based on their “mathematical” simplicity including:
· Semi-infinite media
· Limited slap of fissionable material
· Spherical geometry of fissionable material
· In this chapter, we focus on a more realistic cylindrical geometry
· Fission is included
· Energy is first considered as a single group then taken to be two groups (fast and thermal)
· Toward the end of this chapter, several features will be included:
· Reflective boundary
· A single control rod
· Control rods bank
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[bookmark: _Toc120023831]The Time-Independent Diffusion Equation
· We start with steady state (in t), diffusion equation 
· with no source and 
· with fission coefficient 
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· Sensible design strategy is to modify reactor’s geometry, and materials composition to find optimal reactor behavior
· To find a mathematical solution to this PDE, one might go for “designing” proper coefficients 
· Let us assume that neutron production per fission, , can be controlled
· The value  is the value that makes the reactor exactly critical
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· The deviation of neutrons from , is the multiplication thus
· The multiplication factor is: 
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· The above equation is an eigen value/eigen function problem for which many solutions exist:

	

	


 
· Since this problem represent a physical system, the following physical condition apply:
· The flux cannot be negative within the volume of the reactor
· The flux must be finite (< ) 
[bookmark: _Toc120023832]Uniform Reactors
· Take the reactor cross section coefficients to be uniform: 
· Thus, the diffusion coefficient is constant
· The previous definitions of the infinite multiplication factor and the diffusion length:
· ,	 , 

· The diffusion equation can be expressed in the following form:
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· An insight can be gained by reformatting the spatially dependent factors in one side and the spatially independent factors in the other: 
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· Express the multiplication using the newly defined constant:
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· We have the PDE expressed as a Helmholtz equation, a named form of PDE, 
· The constant B is named as the geometric buckling, or buckling
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· Since this represents a physical system, the solution must also satisfy: 
· 

· The multiplication ratios represent the non-leakage coefficient as follows:
· 
· The non-leakage coefficient is written in terms of the diffusion length and buckling:
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· The last three equations are valid for any reactor’s shape. 
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· Let us have a uniform cylindrical reactor, with an extrapolated radius  and extrapolated height 
· The Laplacian operator in cylindrical coordinates can be written in terms of the radial (polar radial) and axial coordinates r and z:
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· The following physical condition applies:
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· Separation of variables (/psi and /chi):
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· Inserting it in the equation ‎7.7, and dividing the equation by the function :
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· In the above equation, the first term is function of the radius only, the second on the axial variable z only and the last term is a constant. 
· Thus, the first two terms must be also constants: ,  and or:
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· Now the PDE is written as two ODE, (i.e., of a single variable each):
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· The second equation, Eq ‎7.15,  has the known general solutions of sine and cosine:
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· A valid boundary condition is to have the flux zero at the boundary 
· Symmetry of the physical reactor in z exclude the sine function  thus 
· The boundary condition: 
· 
· Since the cosine is positive only within the first loop, only the first root is accepted (i.e., )
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· The ODE equation, Eq ‎7.14 has an analytic solution called Bessel functions of the first and the second types (both are order zero). 
	,     
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· Bessel function of the second type is not finite near zero () thus we set 
· Bessel function of the first type is positive only within the first loop.
· We can set the boundary condition to be zero at the first zero of the Bessel function (@ r=2.405)
· 
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· Both radial and axial constants are known and thus, it can be stated:
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· Now the general solution is known, up to a constant:
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· The unknown constant is still to be determined: 
[bookmark: _Toc120023834]Reactor Power

· We can link the unknown constant, , to the current flux of the reactor based on the average power!
· The flux is proportional to the fission rate
· The fission rate is directly proportional to the power through the average energy per fission:[image: ]
· The power at any point is the fission coefficient times the flux (fissions) at the point
· Integration gives the total number of fissions
· The gamma converts the total fissions to power:
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· Write the integration into cylindrical coordinates with limits:
·   is the integral of polar angle over a full revolution.
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· Separate the integration into two integrals:
· Define the volume of the cylinder: 
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· Let us do the following change of variables:
· , 
· 
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· The Bessel and cosine function look similar, but they are different!
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Neutron Leakage
· The diffusion length measures the distance that neutrons travel between birth and death
· If diffusion coefficient and cross sections used are averaged over only the thermal neutron energy spectrum, gives significant errors.
· The diffusion length is averaged over fast and thermal separately skipping the epithermal due to its small relative population (and time spent by neutrons as epithermal).
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· Define 
· The fast neutrons’ flux 
· The thermal neutrons’ flux 

· The fast neutrons are generated mainly from thermal neutrons undergoing fission: 
· Thermal neutrons being absorbed: 
· in units of: 
· Only count those absorbed in the fuel: 
· f: is the fraction of absorption by the fuel and not moderator or structures.
· the number of fast neutrons produced from thermal fission: 
· 1/k to account for variations of the neutrons in case of deviation from criticality
· In similar basis to equation 7.3
·    extends the number in case of fast fission neutrons 

· The diffusion equation for fast neutrons:
· The first term is the leakage term (boundary accounting)
· The second term is the removal cross section,  , 
· due to slowing down of fast into thermal
· In this fast flux, this is a sink (loss) term
· In the thermal flux, this will be a source (gain) term
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· The diffusion coefficient for fast neutrons is:
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· 


· The diffusion equation for thermal neutrons:
· The first term is the leakage term (boundary accounting)
· The second term is the absorption of the thermal neutrons: 
· The thermal neutrons are created by removal and slowing fast into thermal: 
· the resonance escape probability p to account for those lost to capture in the fuel resonance 

	
	‎7.33 




· The thermal diffusion coefficient is:
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· Divide the equations:
· Fast diffusion eqn by 
· thermal diffusion eqn by 
· Define two diffusion lengths:
· Fast diffusion length 
· These fast neutrons are “removed” after wondering around 
· They will be thermal neutrons by removal, not an execution!
· Thermal diffusion length 
· These thermal neutrons are “absorbed” after wondering around 
· They will be fast neutrons by absorption/fission, this is an execution!
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· Now, the fast and the thermal diffusion equations can be expressed in terms of diffusion lengths:
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·  Based on our previous similar derivations in section 7.1-7.3, we assumed:
· Zero flux at the boundary 
· The PDE can be written as simple ODE with buckling factors:
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· These equations of flux allow one to write them as constants (with diffusion lengths and buckling factors):
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· The above two equations can be combined, say by substituting 7.42 into 7.41
· As per chapter 4, four factors formula: 
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· As per, , the non-leakage probability is then given by:
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· Thermal diffusion length, , definition is adequate ()
 
· To estimate the fast diffusion length an approximate formula, known as the “Fermi age” is used:
· It is the most frequently employed approximation for .
· “Basically, the Fermi age is a measure of how far a neutron travels in graphite, similar to the "diffusion length". It is called "age" because the neutron lifetime is proportional to how long it takes to slow down in a moderator.[footnoteRef:1]” [1:  https://physics.stackexchange.com/questions/607964/what-is-fermi-age-what-does-it-represent ] 

· : scattering cross section
· : diffusion coefficient 
· The limits are: E1= 2.0 MeV to E2= 0.0253 eV
· : lethargy or 
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· a strong moderator results in a small diffusion length for fast neutrons
· we approximate the diffusion coefficient and scattering cross section as energy independent:
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· Based on this result we can deduce that removal coefficient cross section is approximately given by:
· 

· Recall that the number of collisions is:

· So, the removal cross section is scattering cross section  divided by number of collision needed to thermalize fast neutrons

· The smaller number of collisions needed the shorter the fast diffusion length.
[bookmark: _Toc120023837]Migration Length

· The two energy groups analysis done above (fast and thermal) is done but is not as simple as a one group analysis.
· We could keep the improvements of from this two groups treatment by keeping the two diffusion lengths and defining a new length, we call migration length M.
· Carry out the multiplication in 7.44
·  is a small factor for large reactors:
· This allows us to ignore the term:
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· Define the summation of the two diffusion length squares as the migration length squared 
 is a small factor which allow us to ignore the term:
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· Table 7.1 lists the values of  for the three most common moderators, and their representative power reactors using each of them
· The new analysis improves upon thermal diffusion length  using M.
· The largest correction is for that of light water reactors
· Hydrogen relatively large absorption causes it to have low L1 making L2 significant
· 
· 
· Hydrogen, also, relatively low scattering causes L2 be large 
· For fast reactors, fast diffusion L2 and migration lengths are essentially identical
· Example: a sodium-cooled fast reactor (SFR) is M = 19.2 cm 
· A gas-cooled fast reactor (GCFR), M = 25.5 cm.
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· The relationship between neutron leakage and power reactor design can be investigated:
·  We start by using, , to have:
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· If we take:  , the buckling becomes
· 
· We have:
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·  Thus, the primary determinant of neutron leakage is H/M, the characteristic dimension of the reactor, measured in migration lengths.
· From Table 8.2: H/M 40-55 for water cooled reactors
· as the volume and therefore H/M increases, the non-leakage probability becomes closer to one
· that is, the leakage probability decreases
[bookmark: _Toc120023839]Reflected Reactors
· Reflection, of light say, is to turn around photons from the reflector back to the source side. This process is not perfect but can be made very high fraction. 
· Even x-rays (electromagnetic radiation) cannot be “reflected” in the same way, and we do not have good x-ray optics, for example (there are no x-ray mirrors or lenses)
· Particles cannot be reflected in the same manner as light. However, if you scatter back some particles, neutrons in our case, the loss of neutrons is reduced.
· “Some fraction of the neutrons that escape the core will make a sufficient number of scattering collisions in the diffusing reflector material to turn them around such that they reenter the core—that is, they are reflected back into to it”
· A reflector thus reduces the fraction of neutrons leaking from the reactor. Figure 7.4 shows schematic diagrams of cores with axial and radial reflectors. 
· Reflectors have their largest impacts on smaller cores, where the leakage probability is significant. As we shall illustrate, a reflector’s importance diminishes as the size of a reactor—measured by  becomes larger.
· Masterson: Reflected reactors have three key advantages:
· 1) First, a reflected reactor does not have to be as large as an un-reflected reactor to generate the same amount of power.  (Less expensive to build, and even possibly to operate)
· 2) Secondly, the flux shape from the middle of the core to the edge is flatter. (More uniform fuel consumption and more uniform heat generation).
· 3) Finally, a reflected reactor requires less fuel to achieve a critical mass than its non-reflected counterpart. Modeling the reactor is more challenging. 
· Equation (7.9, ) for the neutron distribution within a uniform core remains valid for reflected reactors. Three cases results:
· both axial and radial reflectors are employed: 
· The separation of variables is not applicable, & more advanced mathematical methods are required.
· Only a radial reflector or only axial reflectors
· The separation of variables is still valid applicable, 
· The boundary conditions are different
· Axial reflector: the height H of the critical core to decrease
· Radial reflector: the core radius R to decrease
· If a reflector is added and the core dimensions are kept the same, 
· the multiplication will increase, 
· this must be compensated by decreasing , for example, by:
·  reducing the fuel enrichment 
· or adding a neutron absorber to the core. 
· We treat only the axial reflector here; the effects would be analogous for a radial reflector.
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Axial Reflector Example
· The reflecting material has no fissionable material thus PDE describing neutrons in the reflecting material has no source term:
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· The diffusion length now is , the migration length of the reflector material. 
· In cylindrical geometry the Laplacian differential operator  in Eq. (7.54) takes the cylindrical form:
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· We again separate radial and axial variables (psi, zeta)
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· Dividing the equation by the flux permits writing it as follows:
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· The same logic applies allowing us to propose two constants: to have:
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· The axial ODE now is given by:
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· It must have a combination of exponential solutions:
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· The exponential solutions can also be expressed in hyperbolic sine and cosine functions: 
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· The boundary condition demands zero flux at the external edge of the reflector
· We next add a reflector of height a to the top and bottom of the core. 
· Adding the reflector reduces the height of the critical reactor from  to a yet to be determined value of 
· The boundary condition at the top of the reflector is: 
· This boundary condition removes one of the arbitrary coefficients from Eq. (7.61). 
· If the boundary condition is applied, C2 coefficient becomes negative multiple of C1 
·  
· This gives the following solution, with one less arbitrary constant, 
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· The solution in the core once again takes the form of Eq. (7.16)[footnoteRef:2] with , because the solution still must be symmetric about the core midplane. However, the axial buckling, denoted here as , is yet to be determined since we no longer employ , the axial boundary condition for a bare reactor. Thus, in the core we have: [2:  The constant is assumed positive which gives: 
] 
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· The interface condition dictates continuity of flux across the core–reflector interface:
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· The current must also be continuous, ( is the reflector diffusion coefficient):
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· Inserting Eqs. (7.62), and (7.63) into Eqs. (7.64) and (7.65) we obtain the following two equations:

	
	‎7.66 
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· Taking the ratio of these equations then yields:
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· For thick reflectors (i.e., ones which are several diffusion lengths thick) the fraction of neutrons that escapes from the outer reflector surface becomes negligible. We may then approximate the reflector as infinite, taking . Because , Eq. (7.68) reduces to:
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· Note that once the radial dimension of the reactor and the reflector material properties have been specified, , given by Eq. (7.58, ), and  are specified. For simplicity we assume that D is fixed. 
· Then of the two remaining quantities,  and , we may fix one and determine the other.
[bookmark: _Toc120023841]Reflector Savings and Flux Flattening
· We proceed by applying the foregoing formulas to two situations . 
· In the first we specify, 
· This is equivalent to stating that the core composition is the same as it would be for a bare core of length .

· Replacing the buckling in Eq. (7.70) then gives
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· which may be shown to be less than . The reduction in the half core height of the critical reactor is defined as the axial reflector savings: . 
· For a thick reflector, it is approximately: . Figure 7.5 provides a comparison of the flux distributions for a bare and a reflected reactor in which the core composition is held constant, and the axial dimension reduced to maintain criticality. 
· The treatment of the radial reflector is analogous, with the complication that Bessel functions are involved. Applying the thick reflector approximation to the radial reflector savings defined by: , we would obtain  , again for a thick reflector.
· Masterson: “The reflector savings is a measure of how much the size of a reactor core can be reduced in each dimension if it is surrounded by a neutron reflecting material. The fraction of the neutrons that are reflected back into the core by the reflecting material is called the reflection coefficient or the albedo.”

[image: ]  [image: ]

· The second situation arises from specifying that the core height remains constant by taking . Solving Eq. (7.70) then yields a value . Consequently, replacing with the smaller value  in Eq. (7.13) reduces the overall buckling in Eq. (7.6). Since the denominator decreases with the addition of the reflector, the value of  must also be decreased—most likely by reducing the fuel enrichment in order for the multiplication to remain unchanged. Figure 7.6 compares the normalized flux distributions for bare and reflected reactors in which the height is held constant, and the composition changed to maintain criticality.

· To recapitulate, adding a reflector to a reactor allows either  
· (1) the volume of the reactor 
· (2) or the value of  to be reduced, 
· (3) or some combination of the two. 
· Figure 7.6 also illustrates a third effect: Adding a reflector flattens the flux distribution, thus lowering the ratio of peak to average flux. 
· These effects, however, become less significant as the size of the reactor—measured in migration lengths—increases. 
· Clearly, the reflector savings amounts to a smaller fraction of the core dimension as its size becomes larger. Likewise, if the core dimensions are held constant, adding a reflector has a smaller effect on the multiplication of a large reactor than on a small one. Table 7.2 compares the maximum and minimum flux for two reflected reactors with height to migration length ratios of   and  to a bare reactor, with each of the three average fluxes normalized to one. The numbers clearly indicate the reflector’s diminishing effect on flux flattening as the size of the reactor increases.
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· Control poisons take three forms:
· control rods
· soluble poisons dissolved in liquid coolants
· burnable poisons permanently embedded in the fuel or other core components
· Control poisons/rods 
· control the value of k:
· to startup, 
· to shutdown
· to modify power level
· Compensating for (still through k):
· fuel depletion, 
· fission product buildup, 
· temperature changes, 
· Simplifications:
· uniform un-reflected reactor to which we add a control poison
· No effects on fission coefficient
· Negligible effects on diffusion coefficient
· Primary effect is an increase in the absorption cross section

· This absorption effect is assumed uniform across the core with no spatial variations 
· boron absorber that is added to the coolant PWR making it uniform
· Control rods effect is localized
· Burnable poisons typically are distributed to optimize the neutron distribution (non-uniform but out of scope)
[bookmark: _Toc120023843]Reactivity Worth
· We derive a general expression for the reactivity decrease resulting from the additional neutron absorption by the poison
· “The worth of the absorber”
· 
· We start by re-expressing PDE equation of ‎7.3  () in terms of the new reduced flux and multiplication: 
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· We multiply by non-poisoned flux  and integrate over the reactor volume, V:
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· we multiply Eq. of ‎7.3 by the poisoned flux  and perform the same volumetric integration to obtain:
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· Subtracting Eq. (7.74) from Eq. (7.73) then yields:
	


	

‎7.75 


 


· We prove that the first integral is zero by performing two calculations then subtracting them:
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· Subtract the two equations:
· The second term of LHS cancels
· This leaves integrand of the first integral
· Replace this integrand by the RHS of the subtraction
· Take the gradient as the common operator
· Use divergence theorem:  to replace volume integration (over the reactor body) to surface integration (over the reactor boundary surface):
· The flux at the surface is set as zero as in the usual boundary condition:
· Both fluxes, , must vanish on the extrapolated surface A of the reactor:
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· With the first eliminated as shown, Eq. (‎7.75) is expressed as:
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· Suppose the reactor is initially critical, then  and the reactivity following control insertion will be , , the last numbered equation can be written as:
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· We have made no approximations in obtaining this equation. Moreover, if the added absorption is uniform over the core, the cross sections may be pulled outside the integrals, yielding for the reactivity,
· Take the added absorption to be uniform over the core, thus you could pull 
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· If the control material is localized within some volume of the reactor, the distribution of the perturbed flux  must be treated explicitly. Provided the perturbation to the flux is small, however, we may write   and ignore the size of  relative to . The result is called the first-order perturbation approximation:
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Partially Inserted Control Rod
· Equation (7.82) serves as a basis for estimating the reactivity worth of a partially inserted control rod, 
· provided the reactivity associated with it is not large enough to significantly distort the flux distribution. 
· Consider a uniform cylindrical reactor and begin by rewriting the numerator of Eq. (7.82) explicitly in cylindrical coordinates:
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· We evaluate the numerator only over that volume occupied by the control rod. Let   in that volume, and    elsewhere. 
· Assume that the rod is located at a distance r from the center of the core and is inserted into the core a distance x from its top as indicated in Fig. 7.7. 
· We continue to assume that the flux is a function only of r and z, and not of the azimuthal angle . 
· If the cross-sectional area of the rod, say, , is small we can ignore the r variation of the flux over its diameter. That is treating , as constant for radial integration.
· The above expression approximately is:
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· For the uniform core with the flux described by Eq. (7.21, ), we obtain
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· Integration tables/programs:
· Integrate[Cos[x]^2, x]   x/2 + 1/4 Sin[2 x]
· 
· The expression, 7.85, simplifies when normalized to a fully inserted control rod (x = H) at the same radial location. Dividing  by  we obtain:
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· Figure 7.8 shows the control rod worth, that is, the negative reactivity created by the rod, normalized to the fully inserted rod. 
· Note that the worth changes most rapidly when the tip is near the midplane of the core, where the flux is largest. 
· Control rod worth also varies with the radial position of the core. For example, if we compare a rod situated at a radius r to one located along the core’s centerline, because , we obtain
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Control Rod Bank Insertion
· Normally, control rods are grouped into banks, which may be inserted or withdrawn in unison. 
· Rod banks have large enough effects on reactivity and on the flux distribution that the perturbation technique described above is no longer applicable. 
· To model the reactivity worth of a bank of control rods, we again consider a uniform cylindrical reactor, and specify a height to diameter ratio of one. To simplify the derivation, we take the origin of our r–z coordinates at the base of the reactor, as indicated in Fig. 7.9, and assume that the bank is inserted a distance x from the top of the reactor as indicated. Our starting point is therefore Eq. (7.4), but  and M are no longer constants; they are functions of z, taking different values in the rodded and unrodded volumes of the core. Since the core is uniform in the radial direction, however, we may again employ separation of variables as in Eq. (7.11). Inserting these separated variables into Eq. (7.5) yields
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· where we have replaced the diffusion with the migration length (). The first term on the left must be a constant, since the remaining two terms vary only in z. We set it equal to  given by Eq. (7.19), thus satisfying Eq. (7.14) and meeting the boundary condition that . Thus Eq. (7.88) reduces to:
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· To account for the absorption in the control rod bank we subtract   from the infinite medium multiplication in the axial region of the core occupied by the rod bank. Hence for that region,
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· where  is the reactivity worth of the bank when inserted the entire length of the core. 
· For simplicity we assume that the presence of the control rods has no appreciable effect on the migration length. Equation (7.89) takes two forms for unrodded and rodded volumes (u and r, respectively). With the rod bank inserted to a depth x from the top of the core:
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· Where:
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· The solutions must meet the boundary conditions:
· 
· 
· The interface condition between the rodded and unrodded regions at x:
· The current also must match at x:
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· where we have assumed that the diffusion coefficients in the rodded and unrodded core regions are the same. 
· Solutions meeting the boundary conditions at  and  may be shown to be:
· 
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· and
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· Application of the interface conditions, Eqs. (7.95) and (7.96), leads to two additional equations relating C and C’. 
· 

· 
· Taking their ratio of the two equations yields the transcendental equation
· 
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· or
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· Given the reactor’s material properties, along with the definitions of  and   , these transcendental equations can be solved numerically for k.
· The two limiting values of k reduce to be what is expected. For the rods out case, Eq. (7.97) is applicable over the entire core. Thus, we must have  , from which it follows that , so that Eq. (7.93) yields
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· Similarly, with the control rods fully inserted, Eq. (7.98) holds over the entire core, and we must have:   
· Only the first of the pair can meet this condition, and we obtain , from which Eqs. (7.93) and (7.94) yield . Next, we consider situations where the rod bank is partially inserted to a distance x. 
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· Figure 7.10 is a plot of the reactivity versus insertion length for two cores, both with height to diameter ratios of one, and both with rod bank worths of . The ratio of core dimension to migration length, , is central to understanding the reactivity curves and flux distributions. A core with a smaller value of  is referred to as neutronically tightly coupled, because disturbances, such as control rod bank insertions, travel across it in relatively few migration lengths, and therefore over relatively few neutron generations. In a loosely coupled core—one with a large  ratio—the converse is true: Many neutron generations are required to propagate a disturbance across the reactor. The net effect is that in the more tightly coupled core distribution of the neutron flux deviates less from that of a uniform core, and the pattern of control rod worth is closer to that of Eq. (7.86); this can be observed by comparing the   curve to Fig. 7.8, which assumes no disturbance to the flux distribution. In contrast, the  curve is quite skewed; the rod bank has little effect until it is inserted more than halfway into the core.

· [image: ]The effects on flux distribution are also pronounced. As Fig. 7.11a indicates, as the rod bank is inserted into the more tightly coupled core, with , the perturbed flux does not deviate greatly from the standard axial cosine distribution. For the more loosely coupled core, however, the flux is pushed toward the bottom of the core as the rods are inserted. This is illustrated for the ~ H/M = 50 case shown in Fig. 7.11b. Note that all the curves in Figs. 7.11a and 7.11b are normalized to the same average flux, thus illustrating that the flux peaking can become quite severe in the more loosely coupled core.

· A reactor’s power density (i.e., power per unit volume) is limited by thermal-hydraulic considerations. Thus, for a given class of reactors, higher powers imply larger volumes, and therefore larger values of , and more loosely coupled cores.

· Comparing Tables 4.1 and 7.1 we see that both achievable average power densities and migration lengths vary greatly between reactor designs. Generally, thermal reactors are more loosely coupled than fast reactors, and they may have values of substantially exceeding 50. Thus prevention of excessive power peaking from control rod movements, refueling patterning, and other phenomena becomes an increasing concern. In the following chapter we take up the coupling between neutronics and the removal of heat from power reactors that bears heavily on these issues.
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Let us take the diffusion length to be a particular value: say L=4.3cm 
(PWR, L.T=2.85cm, L.F=5.10, M=5.84)
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Define the optimization parameter 

Rewrite:





Eliminate D and fix volume V:
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	Partial Differential Equation
	Graphical Solution

	

solution = DSolveValue[y''[x] + A^2*y[x] == 0, y[x], x]
solutionTable1 = 
 Table[solution /. {C[1] -> 0, C[2] -> j}, {j, -2, 2}]
solutionTable2 = 
 Table[solution /. {C[1] -> j, C[2] -> 0}, {j, -2, 2}]
A = 3;
a = 1;
b = 2;
Row[{
  Plot[solutionTable1, {x, -a, b}, ImageSize -> Medium]
  ,
  Plot[solutionTable2, {x, -a, b},  ImageSize -> Medium]
  }]
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“Helmholtz Equation”

Clear[A, y, x];
solution = DSolveValue[y''[x] - A^2*y[x] == 0, y[x], x]
solutionTable1 = 
 Table[solution /. {C[1] -> 0, C[2] -> j}, {j, -2, 2}]
solutionTable2 = 
 Table[solution /. {C[1] -> j, C[2] -> 0}, {j, -2, 2}]
A = 3;
a = 1;
b = 2;
Row[{
  Plot[solutionTable1, {x, -a, b}, ImageSize -> Medium]
  ,
  Plot[solutionTable2, {x, -a, b},  ImageSize -> Medium]
  }]
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”

Clear[A, y, x];
solution = DSolveValue[y''[x] - A^2*y[x] == 0, y[x], x]
solutionTable1 = 
 Table[solution /. {C[1] -> 0, C[2] -> j}, {j, -2, 2}]
solutionTable2 = 
 Table[solution /. {C[1] -> j, C[2] -> 0}, {j, -2, 2}]
A = 3;
a = 1;
b = 2;
Row[{
  Plot[solutionTable1, {x, -a, b}, ImageSize -> Medium]
  ,
  Plot[solutionTable2, {x, -a, b},  ImageSize -> Medium]
  }]
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Series[Sin[x]/x, {x, 0, 10}]
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to vanish at the extrapolated radius ~R, but remain positive for all
smaller values of r, we must have Br



~R ¼ 2:405, or correspondingly



Br ¼ 2:405= ~R: ð7:19Þ



We next combine the foregoing results to obtain the buckling
and flux distribution for a cylindrical reactor. For the buckling we
insert Eqs. (7.17) and (7.19) into Eq. (7.13):



B2 ¼ ð2:405
�



~RÞ2 þ ð�
�



~HÞ2: ð7:20Þ



The flux distribution results from inserting Eqs. (7.16) and (7.18) into
Eq. (7.11), subject to the restrictions C1 ¼ 0 and C02 ¼ 0:



�ðr; zÞ ¼ CJ0ð2:405r= ~RÞ cosð�z= ~HÞ; ð7:21Þ



where C ¼ C01C2.



Reactor Power



One arbitrary constant, C, remains. It is proportional to the power
of the reactor. The amount of recoverable energy per fission varies
slightly between fissionable isotopes. A reasonable average is
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FIGURE 7.2 Ordinary and modified Bessel functions of order zero.
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� ¼ 3:1� 10�11 J/fission (i.e., watt-s/fission). Then because �f� is the
number of fissions/cm3/s the reactor power is just ��f� integrated
over the volume of the reactor:



P ¼ �
Z



�f�dV; ð7:22Þ



which in cylindrical geometry reduces to



P ¼ �2�



Z ~R



0



Z ~H=2



� ~H=2
�f�dzrdr: ð7:23Þ



Inserting Eq. (7.21) then yields



P ¼ ��f2�C



Z ~R



0
J0ð2:405r= ~RÞrdr



Z ~H=2



� ~H=2
cosð�z= ~HÞdz: ð7:24Þ



We may separate this expression into more convenient radial and
axial contributions by multiplying numerator and denominator by
the volume V ¼ �R2H:



P ¼ ��fVC
2
~R2



Z ~R



0
J0ð2:405r= ~RÞrdr



" #
1
~H



Z ~H=2



� ~H=2
cosð�z= ~HÞdz



" #
: ð7:25Þ



Changing variables � ¼ 2:405r= ~R and using the Bessel function
identities found in Appendix B allows us to eliminate the radial
integral:



2
~R2



Z ~R



0
J0ð2:405r= ~RÞrdr ¼ 2



2:4052



Z 2:405



0
J0ð�Þ�d� ¼



2



2:405
J1ð2:405Þ



ð7:26Þ



and, likewise, substituting & ¼ �z=H yields



1
~H



Z ~H=2



� ~H=2
cosð�z= ~HÞdz ¼ 1



�



Z �=2



��=2
cosð&Þd& ¼ 2



�
ð7:27Þ



for the axial component. Noting that J1ð2:405Þ ¼ 0:519, we combine
the three preceding equations to obtain
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into account our varying of the neutrons per fission as in Eq. (7.3) in
order to obtain a steady state neutron distribution even though the
reactor is not exactly critical. Finally, we multiply by ", the fast
fission factor, and obtain ð1=kÞ"�Tf�a�2 as the number of fast neu-
trons produced/cm3/s. The diffusion equation for fast neutrons is



�~r �D1
~r�1 þ �r�1 ¼



1



k
"�Tf�a�2: ð7:31Þ



The first term on the left is the fast leakage. It has the same form as
Eq. (7.1) except



D1 ¼ 1=3�tr1 ð7:32Þ



is the diffusion coefficient for fast neutrons. The second term �r�1



accounts for the neutrons removed from the fast group by slowing
down. In paragraphs that follow we will discuss the calculation of
D1 and the removal cross section �r.



The source of neutrons for thermal diffusion is the same as those
removed from the fast group, multiplied by the resonance escape
probability p to account for those lost to capture in the fuel resonance
capture cross sections: p�r�1/cm3/s; Thus the thermal diffusion
equation is



�~r �D2
~r�2 þ �a�2 ¼ p�r�1; ð7:33Þ



where the first term accounts for thermal neutron leakage, and the
second for thermal absorption, where



D2 ¼ 1=3�tr2 ð7:34Þ
and �a are, respectively, the thermal diffusion coefficient and absorp-
tion cross section.
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FIGURE 7.3 Four factor formula with leakage for a thermal reactor
neutron cycle.
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Leakage and Design



To examine the relationship between neutron leakage and power reac-
tor design, we begin by combining Eq. (7.49) with k ¼ PNLk1 to obtain



k ¼ 1



1þM2B2
k1: ð7:52Þ



Suppose we make this expression more explicit by assuming that the
reactor is a cylinder with a height to diameter ratio of one. Then with
~H ¼ 2 ~R the buckling given by Eq. (7.20) becomes B2 ¼ 33:0= ~H2, and
we may write



k ¼ 1



1þ 33:0ðM= ~HÞ2
k1: ð7:53Þ



Thus the primary determinant of neutron leakage is ~H=M, the char-
acteristic dimension of the reactor, measured in migration lengths.



Very roughly speaking the reactor design process may be char-
acterized as follows. Ordinarily, the power P that the reactor must be
capable of producing has been set before the design commences. The
designers first fix the structure of the core lattice, selecting the fuel,
moderator, coolant, and other materials, their volume ratios, and
their geometrical configuration (i.e., fuel radius, lattice pitch, etc.).



TABLE 7.1
Representative Diffusion Properties for Moderators and Thermal Reactors



Type Description



L1 ¼
ffiffiffi
	
p



(cm)
Fast Diffusion
Length



L2 (cm)
Thermal
Diffusion
Length



M (cm)
Migration
Length



H2O Light Water 5.10 2.85 5.84
PWR Pressurized-H2O



Reactor
7.36 1.96 7.62



BWR Boiling-H2O
reactor



7.16 1.97 7.43



D2O Heavy water 11.5 173 174
PHWR CANDU-D2O



reactor
11.6 15.6 19.4



C Graphite 19.5 59.0 62.0
HTGR Graphite-



moderated He-
cooled reactor



17.1 10.6 20.2



Source: Data courtesy of W. S. Yang, Argonne National Laboratory.
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mathematical methods are required. If only an axial or a radial
reflector—but not both—is present, the solution again results from
inserting Eqs. (7.16) and (7.18) into Eq. (7.11). However the boundary
conditions are different, causing the height H of the critical core to
decrease in the case of an axial reflector, and the core radius R to
decrease in the case of a radial reflector. Conversely, if a reflector is
added and the core dimensions are not reduced, the multiplication
will increase, and this must be compensated by decreasing k1, for
example, by reducing the fuel enrichment or adding a neutron absor-
ber to the core. We treat only the axial reflector here; the effects
would be analogous for a radial reflector.



Axial Reflector Example



Because no fissionable material is present in a reflector, Eq. (7.3)
reduces to



r2�� 1



M
_ 2



� ¼ 0; ð7:54Þ



where we have replaced the diffusion length with M
_



, the migration
length of the reflector material. In cylindrical geometry the r2 opera-
tor in Eq. (7.54) takes the same form as in Eq. (7.9). Hence



1



r



d



dr
r



d



dr
�þ d2



dz2
�� 1



M
_ 2



� ¼ 0: ð7:55Þ



We again separate variables



�ðr; zÞ ¼  ðrÞ
ðzÞ ð7:56Þ



(a) (b)



FIGURE 7.4 Reflected reactor cores. (a) Axial reflector, (b) radial reflector.
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Reflector Savings and Flux Flattening



We proceed by applying the foregoing formulas to two situations. In
the first we specify B0z ! Bz ¼ �= ~H. This is equivalent to stating that
the core composition is the same as it would be for a bare core of
length ~H. Replacing the buckling in Eq. (7.70) then gives



H0 ¼ 2 ~H



�
arctan �



~HD
_



�D



 !
; ð7:71Þ



which may be shown to be less than ~H. The reduction in the half core
height of the critical reactor is defined as the axial reflector savings:
�z ¼ 1=2ð ~H �H0Þ. For a thick reflector, it is approximately �z �M



_



D=D
_



.
Figure 7.5 provides a comparison of the flux distributions for a bare
and a reflected reactor in which the core composition is held constant
and the axial dimension reduced to maintain criticality. The treat-
ment of the radial reflector is analogous, with the complication that
Bessel functions are involved. Applying the thick reflector approxi-
mation to the radial reflector savings defined by �r ¼ ~R� R0, we
would obtain �r �M



_



D=D
_



, again for a thick reflector.
The second situation arises from specifying that the core height



remain constant by taking H0= ~H. Solving Eq. (7.70) then yields a
value B0z < �= ~H. Consequently, replacing Bz with the smaller value
B0z in Eq. (7.13) reduces the overall buckling in Eq. (7.6). Since the
denominator decreases with the addition of the reflector, the value of
k1must also be decreased—most likely by reducing the fuel enrich-
ment—in order for the multiplication to remain unchanged. Figure 7.6
compares the normalized flux distributions for bare and reflected



~
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N
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FIGURE 7.5 Axial flux distributions for bare (—) and reflected (– –) reactors
with the same core composition.
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568 Solutions to the Steady-State Neutron Diffusion Equation



FIGURE 13.11  (a) The flux shapes and the values of the geometrical buckling in a number of different bare homogeneous reactors 
without a reflector. (b) The fast and thermal neutron flux in the vicinity of a neutron reflector. In this case, the fast flux peaks in the 



core and the thermal flux peaks in the reflector.
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Ĺy



Ĺz
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reactors in which the height is held constant and the composition
changed to maintain criticality.



To recapitulate, adding a reflector to a reactor allows either the
volume of the reactor or the value of k1 to be reduced, or some
combination of the two. Figure 7.6 also illustrates a third effect: Add-
ing a reflector flattens the flux distribution, thus lowering the ratio of
peak to average flux. These effects, however, become less significant as
the size of the reactor—measured in migration lengths—increases.
Clearly, the reflector savings amounts to a smaller fraction of the
core dimension as its size becomes larger. Likewise, if the core dimen-
sions are held constant, adding a reflector has a smaller effect on the
multiplication of a large reactor than on a small one. Table 7.2 com-
pares the maximum and minimum flux for two reflected reactors with
height to migration length ratios of ~H=M ¼ 10 and ~H=M ¼ 50 to a bare
reactor, with each of the three average fluxes normalized to one. The
numbers clearly indicate the reflector’s diminishing effect on flux
flattening as the size of the reactor increases.
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FIGURE 7.6 Comparison of bare and axial reflected reactor flux distributions
with the same core height.



TABLE 7.2
Flux Characteristics for axial Reflected and Bare Reactors



Reactor Maximum � Minimum � Average �



Reflected, ~H=M ¼ 10 1.373 0.323 1.00
Reflected, ~H=M ¼ 50 1.515 0.091 1.00
Bare 1.571 0.000 1.00
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FIGURE 7.6 Comparison of bare and axial reflected reactor flux distributions
with the same core height.
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This expression simplifies when normalized to a fully inserted con-
trol rod (x = ~H) at the same radial location. Dividing 
r;x by 
r;H we
obtain




r;x ¼



R ~H=2
~H=2�x



cos2ð�z= ~HÞdzR ~H=2



� ~H=2
cos2ð�z= ~HÞdz




r;H ¼
x
~H
� 1



2�
sinð2�x= ~HÞ



� 	

r;H: ð7:86Þ



Figure 7.8 shows the control rod worth, that is, the negative
reactivity created by the rod, normalized to the fully inserted rod.
Note that the worth changes most rapidly when the tip is near the
midplane of the core, where the flux is largest. Control rod worth also
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FIGURE 7.7 Control rod inserted to a depth x at a distance r from a core
centerline.
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FIGURE 7.8 Normalized control rod worth vs insertion depth.
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FIGURE 7.7 Control rod inserted to a depth x at a distance r from a core
centerline.
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FIGURE 7.8 Normalized control rod worth vs insertion depth.
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varies with the radial position of the core. For example, if we compare
a rod situated at a radius r to one located along the core’s centerline,
because J0ð0Þ ¼ 1, we obtain




r;x ¼ J2
0ð2:405r= ~RÞ
0;x: ð7:87Þ



Control Rod Bank Insertion



Normally, control rods are grouped into banks, which may be inserted
or withdrawn in unison. As such, rod banks have large enough effects
on reactivity and on the flux distribution that the perturbation tech-
nique described above is no longer applicable. To model the reactivity
worth of a bank of control rods, we again consider a uniform cylin-
drical reactor, and specify a height to diameter ratio of one. To simplify
the derivation we take the origin of our r–z coordinates at the base of
the reactor, as indicated in Fig. 7.9, and assume that the bank is
inserted a distance x from the top of the reactor as indicated. Our
starting point is therefore Eq. (7.4), but k1 and M are no longer con-
stants; they are functions of z, taking different values in the rodded and
unrodded volumes of the core. Since the core is uniform in the radial
direction, however, we may again employ separation of variables as in
Eq. (7.11). Inserting these separated variables into Eq. (7.5) yields
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FIGURE 7.9 Cylindrical reactor with a control rod bank inserted to depth x.
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Figure 7.10 is a plot of the reactivity versus insertion length
for two cores, both with height to diameter ratios of one, and both
with rod bank worths of 
b ¼ 0:02. The ratio of core dimension to
migration length, ~H/M, is central to understanding the reactivity
curves and flux distributions. A core with a smaller value of ~H/M
is referred to as neutronically tightly coupled, because distur-
bances, such as control rod bank insertions, travel across it in
relatively few migration lengths, and therefore over relatively few
neutron generations. In a loosely coupled core—one with a large
~H/M ratio—the converse is true: Many neutron generations are
required to propagate a disturbance across the reactor. The net
effect is that in the more tightly coupled core distribution of the
neutron flux deviates less from that of a uniform core, and the
pattern of control rod worth is closer to that of Eq. (7.86); this can
be observed by comparing the ~H/M = 10 curve to Fig. 7.8, which
assumes no disturbance to the flux distribution. In contrast, the
~H/M = 50 curve is quite skewed; the rod bank has little effect
until it is inserted more than halfway into the core.



The effects on flux distribution are also pronounced. As
Fig. 7.11a indicates, as the rod bank is inserted into the more
tightly coupled core, with ~H/M = 10, the perturbed flux does not
deviate greatly from the standard axial cosine distribution. For the
more loosely coupled core, however, the flux is pushed toward the
bottom of the core as the rods are inserted. This is illustrated for
the ~H/M = 50 case shown in Fig. 7.11b. Note that all the curves in
Figs. 7.11a and 7.11b are normalized to the same average flux, thus
illustrating that the flux peaking can become quite severe in the
more loosely coupled core.
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FIGURE 7.10 Normalized control rod bank worth vs insertion depth for
core of heights ~H/M = 10 and ~H/M = 50 H.
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A reactor’s power density (i.e., power per unit volume) is limited
by thermal-hydraulic considerations. Thus for a given class of reac-
tors, higher powers imply larger volumes, and therefore larger values
of ~H/M, and more loosely coupled cores.



Comparing Tables 4.1 and 7.1 we see that both achievable aver-
age power densities and migration lengths vary greatly between reac-
tor designs. Generally, thermal reactors are more loosely coupled
than fast reactors, and they may have values of ~H/M substantially
exceeding 50. Thus prevention of excessive power peaking from con-
trol rod movements, refueling patterning, and other phenomena
becomes an increasing concern. In the following chapter we take up
the coupling between neutronics and the removal of heat from power
reactors that bears heavily on these issues.
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Problems



7.1. The material composition for the core of a large reactor yields
k1 ¼ 1:02 and M = 25 cm.



a. Calculate the critical volume for a bare cylinder with a height
to diameter ratio of one.



b. Calculate the critical volume of a bare sphere.



Which of the two volumes did you expect to be larger? Why?



7.2. Determine the height to diameter ratio of a bare cylindrical
reactor that will lead to the smallest critical mass.



7.3. Critical assemblies for studying the properties of fast reactors are
sometimes built in halves as shown in the figure. The two halves
are maintained in subcritical states by separating them with a
sufficient distance that neutronic coupling between the two is
negligible; they are then brought together to form a critical
assembly. Suppose the core composition under investigation has
an infinite medium multiplication of 1.36 and a migration length
of 18.0 cm. The assembly is configured with a height to diameter
ratio of one (H = D). Neglecting extrapolation distances,
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a. Determine the dimensions required to make the assembly
exactly critical when the two halves are brought into contact.



b. Determine the value of k for each of the halves when they are
isolated from each other.



7.4. A sodium-cooled fast reactor is to be built with the composition
given in problem 4.3 with a height to diameter ratio of 0.8. If the
reactor, which is bare, is to have a value of k = 1.005 when no
control rods are inserted, what should the value of the reactor’s
diameter be?



7.5. A cylindrical tank is constructed for storage of liquids
containing fissionable material. The tank has a diameter of
0.90 m, and it is surrounded by a nonreflecting neutron
absorber. Material with k1 ¼ 1:16 and M = 7.0 cm is poured
into the tank. Neglecting extrapolation lengths,



a. To what height can the tank be filled before it becomes critical?
b. Estimate the maximum value of k1 permissible (M remaining



unchanged) if it must be guaranteed that criticality will not be
reached no matter to what height the tank is filled.



c. It is decided to reduce the diameter of the tank so that the
material in part a can never reach criticality. Estimate the
reduced diameter.



7.6. Consider a critical reactor that is a cube with extrapolated side
length a.



a. With the origin at the center, apply separation of variables in
three-dimensional Cartesian geometry to show that the flux
distribution is



�ðx;y; zÞ ¼ C cosð�x=aÞ cosð�y=aÞ cosð�z=aÞ:



b. Find C in terms of the reactor power, volume, and ��f .
c. Determine the reactor’s buckling.
d. Suppose that a = 2.0 m and M = 20 cm. Determine the value



of k1 required to obtain criticality (i.e., k = 1.0).



7.7.*A cylindrical fast reactor has a volume of 1.4 m3 and a migration
length of 20 cm. For height to diameter ratios between 0.5 and
2.0 make plots on the same graph of the following:



a. The nonleakage probability PNL.
b. The value of k1 required for the reactor to be critical.



7.8. A critical bare cylindrical reactor has a height to diameter ratio
of one and a migration length of 7.5 cm. The core volume is
15 m3. To simplify analysis, an engineer replaced the cylinder
with a sphere of the same volume.
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.



7.9. Show that C1 = 0 in Eq. (7.16) from the boundary conditions
�ð� ~H=2Þ ¼ 0 without employing the symmetry condition
�ðzÞ ¼ �ð�zÞ.



7.10. Express C0001 and C0002 in Eqs. (7.61) in terms of C001 and C002 in
Eq. (7.60).



7.11. Apply the boundary condition 
ð ~H0=2þ aÞ ¼ 0 to determine C0002
in terms of C0001 in Eq. (7.61). Then determine C0 in Eq. (7.62) in
terms of C0001 and C0002 .



7.12. Consider the situation when the spherical system discussed in
Section 6.7 is critical. Determine the ratio of maximum to
average flux in the sphere.



7.13. A spherical reactor of radius R is surrounded by a reflector
that extends to r ¼ 1. L and D are the same for core
and reflector. Find the criticality equation relating k1, R, L,
and D.



7.14. A spherical reactor is constructed with an internal reflector
with parameters and D and �r



a and extending 0 � r � R. The
annular core, with parameters D, �a, and k1 (>1), extends
R � r � 2R.



a. Find the criticality condition (neglecting the extrapolation
distance).



b. Sketch the flux distribution for 0 � r � 2R.



7.15. Show from Eq. (7.71) that the reflector savings is approximated
by �z �M



_



D=D
_



for a thick reflector.



7.16. An infinite slab reactor (extending to infinity in the y and z
directions) has a thickness of 2a with vacuum on either side.
The properties for material 1 occupying 0 � x � a are k1



1 ¼ k1,
D1 ¼ D, and �1



a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.



7.17. Apply the interface conditions at the tip of the control rod bank
to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.



7.9. Show that C1 = 0 in Eq. (7.16) from the boundary conditions
�ð� ~H=2Þ ¼ 0 without employing the symmetry condition
�ðzÞ ¼ �ð�zÞ.



7.10. Express C0001 and C0002 in Eqs. (7.61) in terms of C001 and C002 in
Eq. (7.60).



7.11. Apply the boundary condition 
ð ~H0=2þ aÞ ¼ 0 to determine C0002
in terms of C0001 in Eq. (7.61). Then determine C0 in Eq. (7.62) in
terms of C0001 and C0002 .



7.12. Consider the situation when the spherical system discussed in
Section 6.7 is critical. Determine the ratio of maximum to
average flux in the sphere.



7.13. A spherical reactor of radius R is surrounded by a reflector
that extends to r ¼ 1. L and D are the same for core
and reflector. Find the criticality equation relating k1, R, L,
and D.



7.14. A spherical reactor is constructed with an internal reflector
with parameters and D and �r



a and extending 0 � r � R. The
annular core, with parameters D, �a, and k1 (>1), extends
R � r � 2R.



a. Find the criticality condition (neglecting the extrapolation
distance).



b. Sketch the flux distribution for 0 � r � 2R.



7.15. Show from Eq. (7.71) that the reflector savings is approximated
by �z �M



_



D=D
_



for a thick reflector.



7.16. An infinite slab reactor (extending to infinity in the y and z
directions) has a thickness of 2a with vacuum on either side.
The properties for material 1 occupying 0 � x � a are k1



1 ¼ k1,
D1 ¼ D, and �1



a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.



7.17. Apply the interface conditions at the tip of the control rod bank
to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.
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for a thick reflector.
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a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.
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to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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a. What is the sign and magnitude of the error in the
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b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.
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7.16. An infinite slab reactor (extending to infinity in the y and z
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a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.
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to show that Eqs. (7.97) and (7.98) yield the criticality condition
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.
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a. Find the criticality condition (neglecting the extrapolation
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for a thick reflector.



7.16. An infinite slab reactor (extending to infinity in the y and z
directions) has a thickness of 2a with vacuum on either side.
The properties for material 1 occupying 0 � x � a are k1



1 ¼ k1,
D1 ¼ D, and �1



a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.



7.17. Apply the interface conditions at the tip of the control rod bank
to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.



7.9. Show that C1 = 0 in Eq. (7.16) from the boundary conditions
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7.10. Express C0001 and C0002 in Eqs. (7.61) in terms of C001 and C002 in
Eq. (7.60).



7.11. Apply the boundary condition 
ð ~H0=2þ aÞ ¼ 0 to determine C0002
in terms of C0001 in Eq. (7.61). Then determine C0 in Eq. (7.62) in
terms of C0001 and C0002 .



7.12. Consider the situation when the spherical system discussed in
Section 6.7 is critical. Determine the ratio of maximum to
average flux in the sphere.



7.13. A spherical reactor of radius R is surrounded by a reflector
that extends to r ¼ 1. L and D are the same for core
and reflector. Find the criticality equation relating k1, R, L,
and D.



7.14. A spherical reactor is constructed with an internal reflector
with parameters and D and �r



a and extending 0 � r � R. The
annular core, with parameters D, �a, and k1 (>1), extends
R � r � 2R.



a. Find the criticality condition (neglecting the extrapolation
distance).



b. Sketch the flux distribution for 0 � r � 2R.



7.15. Show from Eq. (7.71) that the reflector savings is approximated
by �z �M



_



D=D
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for a thick reflector.



7.16. An infinite slab reactor (extending to infinity in the y and z
directions) has a thickness of 2a with vacuum on either side.
The properties for material 1 occupying 0 � x � a are k1



1 ¼ k1,
D1 ¼ D, and �1



a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.



7.17. Apply the interface conditions at the tip of the control rod bank
to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.



7.9. Show that C1 = 0 in Eq. (7.16) from the boundary conditions
�ð� ~H=2Þ ¼ 0 without employing the symmetry condition
�ðzÞ ¼ �ð�zÞ.



7.10. Express C0001 and C0002 in Eqs. (7.61) in terms of C001 and C002 in
Eq. (7.60).



7.11. Apply the boundary condition 
ð ~H0=2þ aÞ ¼ 0 to determine C0002
in terms of C0001 in Eq. (7.61). Then determine C0 in Eq. (7.62) in
terms of C0001 and C0002 .



7.12. Consider the situation when the spherical system discussed in
Section 6.7 is critical. Determine the ratio of maximum to
average flux in the sphere.



7.13. A spherical reactor of radius R is surrounded by a reflector
that extends to r ¼ 1. L and D are the same for core
and reflector. Find the criticality equation relating k1, R, L,
and D.



7.14. A spherical reactor is constructed with an internal reflector
with parameters and D and �r



a and extending 0 � r � R. The
annular core, with parameters D, �a, and k1 (>1), extends
R � r � 2R.



a. Find the criticality condition (neglecting the extrapolation
distance).



b. Sketch the flux distribution for 0 � r � 2R.



7.15. Show from Eq. (7.71) that the reflector savings is approximated
by �z �M



_



D=D
_



for a thick reflector.



7.16. An infinite slab reactor (extending to infinity in the y and z
directions) has a thickness of 2a with vacuum on either side.
The properties for material 1 occupying 0 � x � a are k1



1 ¼ k1,
D1 ¼ D, and �1



a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.



7.17. Apply the interface conditions at the tip of the control rod bank
to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.



7.9. Show that C1 = 0 in Eq. (7.16) from the boundary conditions
�ð� ~H=2Þ ¼ 0 without employing the symmetry condition
�ðzÞ ¼ �ð�zÞ.



7.10. Express C0001 and C0002 in Eqs. (7.61) in terms of C001 and C002 in
Eq. (7.60).



7.11. Apply the boundary condition 
ð ~H0=2þ aÞ ¼ 0 to determine C0002
in terms of C0001 in Eq. (7.61). Then determine C0 in Eq. (7.62) in
terms of C0001 and C0002 .



7.12. Consider the situation when the spherical system discussed in
Section 6.7 is critical. Determine the ratio of maximum to
average flux in the sphere.



7.13. A spherical reactor of radius R is surrounded by a reflector
that extends to r ¼ 1. L and D are the same for core
and reflector. Find the criticality equation relating k1, R, L,
and D.



7.14. A spherical reactor is constructed with an internal reflector
with parameters and D and �r



a and extending 0 � r � R. The
annular core, with parameters D, �a, and k1 (>1), extends
R � r � 2R.



a. Find the criticality condition (neglecting the extrapolation
distance).



b. Sketch the flux distribution for 0 � r � 2R.



7.15. Show from Eq. (7.71) that the reflector savings is approximated
by �z �M



_



D=D
_



for a thick reflector.



7.16. An infinite slab reactor (extending to infinity in the y and z
directions) has a thickness of 2a with vacuum on either side.
The properties for material 1 occupying 0 � x � a are k1



1 ¼ k1,
D1 ¼ D, and �1



a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.



7.17. Apply the interface conditions at the tip of the control rod bank
to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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a. What is the sign and magnitude of the error in the
multiplication caused by this simplification?



b. If the reactor has a larger volume of 30 m3, will the error be
larger or smaller than in part a? Justify your result.



7.9. Show that C1 = 0 in Eq. (7.16) from the boundary conditions
�ð� ~H=2Þ ¼ 0 without employing the symmetry condition
�ðzÞ ¼ �ð�zÞ.



7.10. Express C0001 and C0002 in Eqs. (7.61) in terms of C001 and C002 in
Eq. (7.60).



7.11. Apply the boundary condition 
ð ~H0=2þ aÞ ¼ 0 to determine C0002
in terms of C0001 in Eq. (7.61). Then determine C0 in Eq. (7.62) in
terms of C0001 and C0002 .



7.12. Consider the situation when the spherical system discussed in
Section 6.7 is critical. Determine the ratio of maximum to
average flux in the sphere.



7.13. A spherical reactor of radius R is surrounded by a reflector
that extends to r ¼ 1. L and D are the same for core
and reflector. Find the criticality equation relating k1, R, L,
and D.



7.14. A spherical reactor is constructed with an internal reflector
with parameters and D and �r



a and extending 0 � r � R. The
annular core, with parameters D, �a, and k1 (>1), extends
R � r � 2R.



a. Find the criticality condition (neglecting the extrapolation
distance).



b. Sketch the flux distribution for 0 � r � 2R.



7.15. Show from Eq. (7.71) that the reflector savings is approximated
by �z �M



_



D=D
_



for a thick reflector.



7.16. An infinite slab reactor (extending to infinity in the y and z
directions) has a thickness of 2a with vacuum on either side.
The properties for material 1 occupying 0 � x � a are k1



1 ¼ k1,
D1 ¼ D, and �1



a ¼ �a and those for material 2 occupying
a � x � 2a are k2



1 ¼ 0, D2 ¼ D, and �2
a ¼ 0. Neglecting



extrapolation distances,



a. Find a criticality equation relating a, k1, D, and �a.
b. Sketch the flux between 0 and 2a.



7.17. Apply the interface conditions at the tip of the control rod bank
to show that Eqs. (7.97) and (7.98) yield the criticality condition
given by Eqs. (7.99) and (7.100).
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7.18. Beginning with Eq. (7.98) prove that with the control rod
bank fully inserted.



a. �2
r � �2r ¼ B2



z



b. kr ¼ ð1� 
bÞku
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mathematical methods are required. If only an axial or a radial
reflector—but not both—is present, the solution again results from
inserting Eqs. (7.16) and (7.18) into Eq. (7.11). However the boundary
conditions are different, causing the height H of the critical core to
decrease in the case of an axial reflector, and the core radius R to
decrease in the case of a radial reflector. Conversely, if a reflector is
added and the core dimensions are not reduced, the multiplication
will increase, and this must be compensated by decreasing k1, for
example, by reducing the fuel enrichment or adding a neutron absor-
ber to the core. We treat only the axial reflector here; the effects
would be analogous for a radial reflector.



Axial Reflector Example



Because no fissionable material is present in a reflector, Eq. (7.3)
reduces to



r2�� 1



M
_ 2



� ¼ 0; ð7:54Þ



where we have replaced the diffusion length with M
_



, the migration
length of the reflector material. In cylindrical geometry the r2 opera-
tor in Eq. (7.54) takes the same form as in Eq. (7.9). Hence



1



r



d



dr
r



d



dr
�þ d2



dz2
�� 1



M
_ 2



� ¼ 0: ð7:55Þ



We again separate variables



�ðr; zÞ ¼  ðrÞ
ðzÞ ð7:56Þ



(a) (b)



FIGURE 7.4 Reflected reactor cores. (a) Axial reflector, (b) radial reflector.
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varies with the radial position of the core. For example, if we compare
a rod situated at a radius r to one located along the core’s centerline,
because J0ð0Þ ¼ 1, we obtain




r;x ¼ J2
0ð2:405r= ~RÞ
0;x: ð7:87Þ



Control Rod Bank Insertion



Normally, control rods are grouped into banks, which may be inserted
or withdrawn in unison. As such, rod banks have large enough effects
on reactivity and on the flux distribution that the perturbation tech-
nique described above is no longer applicable. To model the reactivity
worth of a bank of control rods, we again consider a uniform cylin-
drical reactor, and specify a height to diameter ratio of one. To simplify
the derivation we take the origin of our r–z coordinates at the base of
the reactor, as indicated in Fig. 7.9, and assume that the bank is
inserted a distance x from the top of the reactor as indicated. Our
starting point is therefore Eq. (7.4), but k1 and M are no longer con-
stants; they are functions of z, taking different values in the rodded and
unrodded volumes of the core. Since the core is uniform in the radial
direction, however, we may again employ separation of variables as in
Eq. (7.11). Inserting these separated variables into Eq. (7.5) yields



1



 r



d



dr
r



d



dr
 þ 1



�



d2



dz2
�þ k1=k� 1



M2
¼ 0; ð7:88Þ



where we have replaced the diffusion with the migration length. The
first term on the left must be a constant, since the remaining two
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FIGURE 7.9 Cylindrical reactor with a control rod bank inserted to depth x.
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Finite Cylindrical Core



For a uniform cylindrical reactor with an extrapolated radius ~R and
extrapolated height ~H, as shown in Fig. 7.1, Eq. (7.7) is a partial
differential equation. It may be expressed in terms of the radial and
axial coordinates r and z. With the r–z geometry form of the r2



operator given in Appendix A, we have



1



r



@



@r
r



d



dr
�þ @2



@z2
�þ B2� ¼ 0; ð7:9Þ



subject to the conditions



0 < �ðr; zÞ <1; 0 � r � ~R; � ~H=2 � z � ~H=2: ð7:10Þ



We look for a solution by separating variables, that is, by separ-
ating �ðr; zÞ into a product of functions of r and of z:



�ðr; zÞ ¼  ðrÞ�ðzÞ: ð7:11Þ



Inserting this expression into Eq. (7.9) and dividing by  �, we obtain



1



 r



d



dr
r



d



dr
 þ 1



�



d2



dz2
�þ B2 ¼ 0: ð7:12Þ
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FIGURE 7.1 Cylindrical reactor core.
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