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[bookmark: _Toc121481956]Introduction
This final chapter addresses the longer-term changes that occur over the lifetime of a power reactor core. These are most directly tied to the evolution of the fuel composition and its by-products as a function of time. They fall into three categories: 
(1) the buildup and decay of radioactive products of fission, 
(2) fuel depletion, and 
(3) the buildup of actinides resulting from neutron capture in fissile and fertile materials. 
For the most part these phenomena take place on time scales that are substantially longer than those detailed thus far. Whereas fission products have half-lives from seconds to decades, many of the more important, such as xenon and samarium, have half-lives of several hours or more. The effects of fuel depletion are measured on yet longer time scales, typically weeks, months, or years. These times are much longer than those dealt with in earlier chapters. In reactor kinetics we dealt with prompt neutron lifetimes that are small fractions of a second and delayed neutron lifetimes o
[bookmark: _Toc121481957]Reactivity Control
As a power reactor operates the multiplication decreases with time as the fuel is depleted and fission products accumulate. To analyze these effects, we model a thermal reactor utilizing the four-factors formula, given by Eq. (4.24, ), multiplied by the nonleakage probability to account for the core’s finite size:
	
	‎10.1 


The effects of fuel burnup and fission product buildup appear primarily in the thermal cross sections, and therefore affect  and f. Utilizing Eqs. (4.48,  ) and (4.49, ) we may write these more explicitly to obtain

	
	‎10.2 


where we hereafter drop the subscript T that indicates thermal cross sections.
Fuel depletion causes the fission cross section to become time dependent, . Fuel depletion also causes the fuel absorption cross sections to become time dependent, but in addition fission products generated in the fuel add to the capture cross section. Thus, . While fuel burns and fission products accumulate, of course, the reactor must be kept critical, that is, with . To accomplish this the control rods or other neutron poisons must be present at the beginning of core life; these are then extracted to maintain criticality as power is produced. These poisons appear as a control capture cross section  added to the denominator of Eq. (10.2). Thus, as detailed in Chapter 9, to maintain criticality we must have:
	
	‎10.3 


 
[image: ]Near universal practice, however, is to calculate the multiplication with all of the removable control poisons withdrawn from the core:
	
	‎10.4 


The excess reactivity is then defined as
	
	‎10.5 


where  remains greater than one until the end of core life, at which time all of the movable control poison has been extracted.
Substantial amounts of excess reactivity at the time of reactor startup allow for extended core life before refueling must take place. As indicated in Chapter 9, however, large excess reactivities create challenges in the design of a reactor’s control system. Control rods are the most common means for compensating for excess reactivity. However, in large, neutronically loosely coupled cores great care must be taken to ensure that their presence does not distort the flux distribution to the extent that excessive power peaking results. In pressurized water reactors dissolving a soluble neutron absorber in the coolant and varying the concentration with time serves to compensate for excess reactivity. Burnable poisons embedded in the fuel or other core constituents offer an additional means of limiting excess reactivity as well as mitigating localized power peaking.
Both fission product buildup and fuel depletion contribute to the deterioration of reactivity, but on different time scales. Fission products tend to build to a saturation value and then remain at constant concentration as indicated in Section 1.7. The two fission products with the largest capture cross section are xenon-135 and samarium149, and these have half-lives measured in hours; they therefore come to equilibrium within days following startup or shut down. Fuel depletion evolves more slowly over time spans typically measured in weeks or months. Thus, to great extent we can uncouple the two phenomena and treat them separately. We treat fission products first, and then fuel depletion and the buildup of transuranic nuclei; we conclude with a brief treatment of burnable poisons.
Before proceeding we note that we may also analyze fast reactors with a form similar to Eq. (10.4):
	
	‎10.6 


Here the factors , p, and &  are removed, and the cross sections are averaged over all neutron energies, instead of only the thermal energy range. We have also replaced m with c so the equation is applicable to fast as well as thermal reactors. The effects of the fission product buildup, however, are much less significant in fast reactors since they have substantial capture cross sections only for thermal neutrons.
[bookmark: _Toc121481958]

Fission Product Buildup and Decay
As Chapter 1 details, fission reactions on average produce two radioactive fission fragments, each undergoing one or more subsequent radioactive decays. Many of the resulting fission products have measurable thermal absorption cross sections. Thus, their buildup creates neutron poisons. The poisons’ significance depends both on (1) the fission product production and (2) decay rates. For as we saw in Chapter 1 equilibrium is eventually reached if a radioisotope is produced at a constant rate, for after several half-lives the rate of decay will equal the rate of production. In tracking fission products in an operating reactor, however, we must also consider the rate of destruction that results from neutron absorption.
Suppose we let be the concentration of a particular fission product isotope at a time  following reactor startup and specify the fission rate as . If some fraction  of the fissions results in the production of the fission product, then the rate of production will be . The fission product will decay away at a rate , where  is the isotope’s decay rate. In addition, if the isotope has a thermal neutron absorption cross section of , it will undergo destruction at a rate of . Thus, its inventory will grow at a net rate of:
	
	‎10.7 


 
[image: ]Note that both of the loss terms are proportional to . Thus, we may write this equation in the compacted form:
	
	‎10.8 


Where
	
	‎10.9 


and refer to the related quantity  as the effective half-life.
Since Eq. (10.8) has the same form as Eq. (1.39, ), we employ the same integrating factor technique to obtain 
	
	‎10.10 


The concentration of each fission product depends strongly on the time  that the reactor has been operating, relative to the values of  and . If then the concentration will increase linearly with time: . However, at longer times, when , the concentration will reach a saturation value of , and increase no further. 
Note that a reactor’s inventory of those isotopes that have reached saturation is proportional to  and therefore to the power at which the reactor is operating, whereas the inventory of those for which  is proportional to  and therefore to the total energy that has been produced by the reactor. Thus iodine-131 quickly reaches its saturation value since it has a half-life of 8.0 days; its inventory thereafter will be proportional to the reactor power. In contrast, cesium-137, with a half-life of 30.2 years, increases linearly with time over the few years that fuel is in the reactor, and its inventory is proportional to the total energy that has been produced from the fuel.
· Short life ()	  		example: I-131
· Long life ()	  	example: Cs-137
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Xenon Poisoning
The most substantial fission product effects on reactor operation come from the exceedingly large absorption cross section of the isotope xenon-135 (), which measures . Xenon is produced both directly and from the decay of other fission products, most importantly iodine-135. The sequence of beta decays leading to xenon may be summarized as:
	
	‎10.11 


where we have included the half-lives. In dealing with time spans measured in hours, we may assume the tellurium-135 decay is instantaneous and combine the yields of tellurium and iodine isotopes into ; Table 10.1 gives values of  and  . Likewise, we may neglect the decay of cesium since its half-life is more than a million years.
With these simplifications, we need just two rate equations. Let I and X denote the concentrations of the iodine and xenon isotopes. We then have:
	
	‎10.12 


and
	
	‎10.13 


No neutron absorption term, , appears in the first equation since even at high flux levels iodine absorption is insignificant compared to its decay.
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Following reactor start-up both iodine and xenon concentrations build from zero to equilibrium values over a period of several half lives. Since the half-lives are in hours, after a few days equilibrium is achieved. The equilibrium concentrations result from setting the derivatives on the left of Eqs. (10.12) and (10.13) to zero:
	 
	‎10.14 


and
	
	‎10.15 


Note that for very high flux levels, where , neutron absorption dominates over radioactive decay, and the maximum xenon concentration possible is .
Next consider what happens following reactor shutdown. Let  and  be the concentrations of iodine and xenon at the time of shutdown. If the reactor is put on a large negative period, to first approximation we may assume that the shutdown is instantaneous compared to the time spans of hours over which the iodine and xenon concentrations evolve. This assumption allows us to determine the isotopes’ concentrations by setting  in Eqs. (10.12) and (10.13). The solution of Eq. (10.12) yields the exponential decay of the iodine,
	
	‎10.16 


where  is now taken as the time elapsed since shutdown. Inserting this expression into Eq. (10.13), with , yields:
	
	‎10.17 


Employing the integrating factor technique detailed in Appendix A we obtain a solution of
	
	‎10.18 


The first term results from the decay of xenon. The second arises from the production of xenon—caused by iodine decay—following shutdown and then the subsequent decay of that xenon. If the reactor has been running for several days—long enough for iodine and xenon to reach equilibrium—we may replace  and  by the values of  and  given by Eqs. (10.14) and (10.15):

	
	‎10.19 


 The effect on reactivity appears as a contribution of  to the fission product term in the denominator of Eq. (10.4). It causes a negative reactivity that to a first approximation is proportional to . Figure 10.1 contains plots of the negative reactivity versus time for a representative thermal reactor that has operated at four different flux levels. The curves provide insight into the challenges caused by xenon following shutdown. For a sufficiently large operating flux the xenon concentration actually rises following shutdown; for uranium-fueled reactors that flux is approximately . The peak concentration occurs at 11.3 hours after shutdown[footnoteRef:1]. Since xenon has a large absorption cross section, this increase causes a loss in reactivity that must be overcome if the reactor is to be restarted. Figure 10.1 also depicts a dead time over which the reactor could not be restarted if 0.2 is the reserve of excess reactivity at room temperature provided by the control system.  [1:  This time dependent poisoning effect appeared puzzling (hidden genie) to early operators of nuclear reactors.] 

Xenon poisoning can cause difficulties at other times. If a reactor is operated in a periodic manner, for example, at lower power at night than in the daytime to follow electrical load demand, the time lag in the xenon buildup and decay must be compensated by the use of periodic insertion of control poisons. In large, neutronically loosely coupled cores, where control rod effects are localized, xenon may give rise to space–time oscillations. If these are not adequately damped, they may result in increased power peaking in local areas of the core and violate thermal limitations on local power density.
[image: ]
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A second fission product with a large thermal absorption cross section is samarium-149 (). Although smaller than xenon, its cross section of 41,000 b must be taken explicitly into account. Samarium is stable, arising from the fission product chain
	
	‎10.20 


Since the half-life of neodymium is much shorter than that of promethium, to a good approximation we can assume that the promethium is produced directly by fission; Table 10.1 gives the value of . Thus:
	
	‎10.21 


and
	
	‎10.22 


 The saturation activities reached after several half-lives of reactor operations result from setting the derivatives on the left of these equations to zero:  The solutions of Eqs. (10.21) and (10.22) following shutdown yield:
	
	‎10.23 


and
	
	‎10.24 


where  is the time elapsed since shutdown. Provided the saturation values have been reached by the time of shutdown, we can combine equations to obtain:
	
	‎10.25 


 Analogous to xenon poisoning, samarium causes a reactivity loss that is approximately proportional to  . Figure 10.2 illustrates the reactivity loss for the same set of reactor parameters used in Fig. 10.1. The samarium concentration rises following shutdown, and at long times is greater than the saturation value by an amount . Thus, to restart the reactor after an extended shutdown sufficient additional reactivity must be available to overcome the added samarium that resulted from the promethium decay.

[image: ]
[bookmark: _Toc121481961]

Fuel Depletion
Heretofore we have written the power density simply as . To examine the long-term behavior of a power reactor core, however, we must divide this term into its component parts. Most common reactor fuels are composed of either natural or partially enriched uranium. In fewer cases the fresh fuel may be a mix of plutonium and uranium. The contribution of uranium-238 to fission is quite small in most reactors and we ignore it for purposes of illustration. From Eq. (1.28) we observe, however, that if fertile material such as uranium-238 is present in substantial amounts, it will capture neutrons and then undergo radioactive decay to become a fissile material, which may then undergo fission. Thus, for a uranium-fueled reactor we must consider fission in both uranium-235 and plutonium-239 (which according to the convention introduced in Section 1.6 we refer to as ‘‘25’’ and ‘‘49,’’ respectively). Thus, accounting for power production from the two fissile isotopes, we have
	
	‎10.26 


Note that since the isotopic concentrations change with time as the fissile material is depleted, the flux must also be time dependent, gradually increasing to allow the reactor power to remain constant over long periods of time.
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Rate equations similar to those discussed earlier for the buildup and decay of fission products govern the evolution of the concentrations of fissile and fertile materials. For the uranium isotopes,
	
	‎10.27 


 and
	
	‎10.28 


In contrast, the rate equation for plutonium must include a production as well as a destruction term since it is the product of the decay chain given in Eq. (1.28):
	
	‎10.29 


 The uranium-238, which constitutes a large fraction of the fuel nuclei in most reactors, captures neutrons and undergoes decay first to neptunium and then to plutonium-239. Since the half-lives of these processes are short compared to the weeks, months, or years over which fuel depletion studies are made, little accuracy is lost by assuming that the plutonium appears instantaneously, following neutron capture by uranium-238. Conversely, although plutonium is radioactive, its half-life is so long that the fraction of plutonium that decays away during the life of a reactor core is negligible. Thus we assume that plutonium is created immediately upon capture of a neutron in uranium-238 and is destroyed only by neutron absorption, which either causes fission or the creation of plutonium-240. In either case the rate equation is
	
	‎10.30 


We solve the three rate equations for uranium and plutonium by first integrating Eq. (10.27) directly to obtain
	
	‎10.31 


where the neutron fluence is defined by

	
	‎10.32 


In the same manner, the solution of Eq. (10.28) is
	
	‎10.33 


Since the absorption cross section of uranium-238 is quite small compared to the fission cross sections appearing in these equations, however, we may assume that the change in its concentration can be neglected,
	
	‎10.34 


without substantial loss of accuracy. Applying this approximation reduces Eq. (10.30) to
	
	‎10.35 


which is easily solved using the integrating factor technique of Appendix A. Assuming no plutonium is present at the beginning of reactor life, so that , we obtain
	
	‎10.36 


Using Eq. (10.32) and the differential transformation , the integral may be evaluated to yield:
	
	‎10.37 


  Figure 10.3 shows the long-term evolution of the slightly enriched fuel typical of that in water-cooled reactors. In addition to the two fissile nuclides treated in our simple model, the figure shows the buildup of the higher isotopes of plutonium and uranium that result from successive neutron captures. A quantity that is often used to evaluate fuel performance is the conversion ratio, defined as the ratio of fissile material created to fissile material destroyed. If the ratio is greater than one, it is often referred to as the breeding ratio, for then the reactor is creating more fissile material than it is consuming. In our simplified model, which includes only uranium and plutonium-239, the conversion ratio is:
	
	‎10.38 


This equation indicates that increased fuel enrichment results in a decreased value of  the initial conversion ratio. Thereafter the plutonium isotopes build into the core. As this happens an increasing fraction of the fission comes from plutonium. By the time the righthand side of Fig. 10.3 is reached more than one-third of the fissile material in the core is plutonim-239.
The effect of the depletion of uranium-235 and the buildup of plutonium on reactivity is illustrated by writing the fuel cross sections in Eq. (10.4) in terms of the nuclide densities:
	
	‎10.39 



Generally, the depletion of uranium-235 and the buildup of fission products will overwhelm the buildup of plutonium-239. Thus, the value of the multiplication will decrease with time. The net effect of these competing phenomena takes the form similar to that shown in the example labeled ‘‘no burnable poison’’ in Fig. 10.4.
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Burnable Poisons
In pressurized water reactors dissolving a soluble neutron absorber in the coolant and varying the concentration with time compensate for much of the excess reactivity. Burnable poisons embedded in the fuel or other core constituents offer an additional means of limiting excess reactivity as well as mitigating localized power peaking.
A burnable poison is an isotope possessing a large neutron capture cross section that is embedded in the fuel or other core constituent to limit excess reactivity early in core life. Boron and gadolinium are often used for this purpose. A burnable poison’s concentration is limited by a rate equation similar to those above:
	
	‎10.40 


which has a solution of
	
	‎10.41 


Its effect is apparent by adding its capture cross section to the denominator of Eq. (10.39):
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	‎10.42 



Because a burnable poison’s capture cross section is large compared to the others appearing in this expression, the exponential in Eq. (10.41) decays rapidly, causing its effect on the multiplication to be concentrated early in core life. The curve marked ‘‘uniformly distributed boron’’ in Fig. 10.4 illustrates this point. Burnable poisons are selected such that the isotope resulting from neutron capture has a small capture cross section, thus avoiding subsequent poisoning of the chain reaction.
Further leveling of the excess reactivity curve can be accomplished by concentrating the burnable poison in lumps instead of distributing it uniformly across the fuel. With such lumping of a strong absorber, spatial self-shielding, similar to that discussed for resonance capture in Chapter 4, takes place. Consequently, neutron capture in the burnable poison is limited early in the fuel life and results in a smoothing of the poison’s suppression of excess reactivity over a longer time period. As the curve marked ‘‘lumped boron’’ in Fig. 10.4 illustrates, lumping the poison further minimizes the maximum excess reactivity, and therefore facilitates the design of the control system. Clever design of such lumping can also serve to flatten the spatial distribution of the power density over the life of a core.

Fission Product and Actinide Inventories
Thus far we have considered the production of fission products and actinides as they affect the reactivity of a power reactor core. The radioactive materials generated during the operation of power reactors also are of concern for the potential health hazards that they represent. We briefly allude to the two basic categories of concern: preventing the radioactive materials from reaching the environment should a catastrophic accident take place while the reactor is operating, and providing for long-term disposal of the radioactive inventory following removal of the fuel from the reactor. The inventories, halflives, chemical characteristics, and other properties of the isotopes that are most important differ depending on whether reactor safety during core lifetime or long-term disposal of radioactive waste following shutdown is under consideration.
During the core lifetime fission product concentrations build and reach saturation levels according to their yields and characteristic half-lives. To recapitulate earlier discussions, following several half-lives the inventory of a fission product reaches its saturation value. A reactor’s inventory of isotopes with half-lives short compared to the operational life of its fuel will be proportional to the reactor’s power after it has been operating for some length of time. Conversely, isotopes with half-lives that are long compared to the reactor core life—say, a decade or more—build linearly with time and result in an inventory that is proportion to the amount of energy that the reactor has produced.
Reactor safety is concerned with preventing the accidental release fission products or other radioactive materials to the environment. Fission products with short as well as long half-lives must be safeguarded. Equally important are the quantities in which they are produced, the volatility of the chemical forms that they take, their ability to penetrate the reactor containment and other engineered barriers against their release to the environment, and finally the mechanisms by which they cause biological damage. Radioiodine, the noble gases, strontium, and cesium are among the most important isotopes to be scrutinized in the analysis of hypothesized reactor accidents.
In contrast, only isotopes with long half-lives are of concern for waste disposal, for those with half-lives of a few years or less are easily stored until their radioactivity is exhausted. The more persistent fission products have half-lives of several decades, and these must be isolated for hundreds of years. The actinides—plutonium, neptunium, americium, and others produced by successive capture of neutrons in uranium and its by-products during reactor operation present the truly long-term challenges in waste disposal. Although produced in smaller quantities than fission products, actinides have half-lives measured in thousands of years or more. Figure 10.5 shows the radiotoxicity from discharged fuel, relative to that of uranium ore. Note that for time spans of more than a century following reactor shutdown virtually all of the radioactivity results from actinides rather than from fission products. Increasing attention is being directed toward reprocessing reactor fuel in order to recycle it, fissioning more of the plutonium created from uranium-238 capture and increasing greatly the quantity of energy produced relative to the mass of long half-life radioactive waste created.
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TABLE 10.1
Thermal Fission Product Yields in Atoms per Fission

Isotope Uranium-235 Plutonium-239 Uranium-233
1351 0.0639 0.0604 0.0475
135Xe 0.00237 0.0105 0.0107
19Pm 0.01071 0.0121 0.00795

Source: M. E. Meek and B. F. Rider, “Compilation of Fission Product Yields,” General Electric
Company Report NEDO-12154, 1972.
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FIGURE 10.1 Xenon-135 reactivity transient following shutdown from
four different flux levels (adapted from Introduction to Nuclear Reactor
Theory, 1972, by John R. Lamarsh, Copyright by the American Nuclear
Society, La Grange Park, IL).
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FIGURE 10.2 Sumarium-149 reactivity transient following shutdown
from four different flux levels (adapted from Introduction to Nuclear
Reactor Theory, 1972, by John R. Lamarsh, Copyright by the American
Nuclear Society, La Grange Park, IL).
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FIGURE 10.3 Change in fuel composition vs neutron fluence (adapted
from “FUELCYC, a New Computer Code for Fuel Cycle Analysis,” Nucl.
Sci. Eng., 11, 386 (1961), by M. Benedict et al., Copyright by the American
Nuclear Society, La Grange Park, IL).










image7.emf
No burnable poison

—_
-
o

1.06 —

Uniformly
distributed
boron

Multiplication factor

1.02

Lumped boron

I I

0 200 400 600 800 1000
Time at full power, days

1.00

FIGURE 10.4 Effect of burnable poisons on reactor multiplication (adapted
from “Kinetics of Solid-Moderator Reactors,” by H. B. Steward and M. H.
Merrill, Technology of Nuclear Reactor Safety, Vol. 1, 1965, T. ]J. Thompson
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Behavior of the infinite multiplication factor
for a Canadian CANDU reactor
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FIGURE 9.15 The behavior of the four factors in the four-factor formula as a function of burnup in a CANDU reactor fuel assembly. Notice that
the values of the fast fission factor (g) and the resonance escape probability (p) barely change as a function of time. The thermal utilization factor f
increases by about 1% (due to fission product buildup in the fuel rods), and the only factor that changes significantly is the 1 (eta) of the fuel, which
declines from 1.25 to about 1.11. The same trend applies to all thermal water reactors fueled with U-235. The small “peak” in the value of n at about
1200 MWD/Ton is caused by the buildup of Pu-239 in the fuel rods.
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FIGURE 10.5 Time dependence of the risk factor for wastes from spent
fuel, stored without reprocessing, normalized to the uranium ore needed to
produce the PWR fuel from which it came (adapted from “Formation of
Recycling of Minor Actinides in Nuclear Power Stations,” by L. Koch, in
Handbook of the Physics of Chemistry of Actinides, Vol. 4, 1986. Courtesy
of Elsevier Science, Amsterdam).
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10.1. Prove that for a reactor operating at a very high flux level, the
maximum xenon-135 concentration takes place at approximately
11.3 hours following shutdown.
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10.2. Make a logarithmic plot of the effective half-life of xenon-135
over the flux range of 100 < ¢ < 10°n/cm?/s.










image12.emf
10.3. A thermal reactor fueled with uranium has been operating at
constant power for several days. Make a plot of the ratio of
concentration of xenon-135 to uranium-235 atoms in the reactor
versus its average flux. Determine the maximum value that this
ratio can take.
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10.4. A pressurized water reactor at full power has an average power
density of P” = 80MW/m?® and a peaking factor of F,=2.0.
After the reactor has operated for several days,

a. What is the average xenon concentration?

b. What is the maximum xenon concentration?

c. What is the average samarium concentration?

d. What is the maximum samarium concentration?
(Assume a fission cross section of %y =0.203 cm'.)
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