
ICS 560 Assignment 01 Ibraheem AlYousef

Question 1

Given the complex numbers Z1 “ 3 ` 4i and Z2 “ 1 ´ 2i, find the following:

Solution:

(a) Z1 ` Z2 : 3 ` 4i ` 1 ´ 2i “ 4 ` 2i

(b) Z1 ´ Z2 : 3 ` 4i ´ 1 ` 2i “ 2 ` 6i

(c) Z1 ˆ Z2 : p3 ` 4iq ˆ p1 ´ 2iq “ 3 ´ 6i ` 4i ` 8 “ 11 ´ 2i

(d) Z2

Z1
“ 1´2i

3`4i
ˆ 3´4i

3´4i
“ ´5´10i

25
“ ´1

5
´ 2

5
i

Question 2

Find the modulus of Z “ ´5 ` 12i.

Solution:
|´5 ` 12i| “

?
52 ` 122 “ 13

Question 3

Convert the complex number Z “ ´5 ´ 5i from algebraic to polar form pρ, θq.

Solution:

ρ “
?
52 ` 52 “ 5

?
2

θ “ tan´1
p1q “

π

4
ùñ

5π

4
(in 3rd quadrant)

Z “

ˆ

5
?
2,

5π

4

˙

Question 4

Write the complex number Z “ ´4 ` 4i
?
3 in the Euler’s form.

Solution:

ρ “
?
42 ` 3 ˆ 42 “ 8

θ “ tan´1
´

´
?
3
¯

“ ´
π

3
ùñ

2π

3
(in 2nd quadrant)

Z “ 8ei
2π
3
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Question 5

Find the cube roots of the complex number Z “ 125e0i.

Solution:

Z “ 125 ` 0i “ 125e0i

z0 “ 5

z1 “ 5ei
2π
3

z2 “ 5ei
4π
3

Question 6

Given the complex number Z “ 3ei
π
4 , find Z4.

Solution:

Z4
“ p3q

4 ei
π
4

ˆ4
“ 81eiπ

Question 7

Rotate the complex number Z “ 5e30
˝i by 90˝ counterclockwise. Express the resulting complex number in

algebraic form.

Solution:

Z ˆ e90
˝i

“ 5e120
˝i

“ 5 pcos 120˝
` i sin 120˝

q “ ´
5

2
`

5
?
3

2
i

Question 8

Consider the vectors v “

»

–

1 ` i
2 ´ i
3

fi

fl, u “

»

–

2
1 ` i
1 ´ i

fi

fl, and w “

»

–

3 ´ i
i
1

fi

fl in C3. Are these vectors linearly

independent? Justify your answer.

Solution: By forming the matrix rv|u|ws:

»

–

1 ` i 2 3 ´ i
2 ´ i 1 ` i i
3 1 ´ i 1

fi

fl

The determinant is ´16 ´ 8i ‰ 0, therefore the vectors are linearly independent
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Question 9

Given the vectors v “

»

–

1 ` i
2

3 ´ i

fi

fl, u “

»

–

2 ´ i
i
1

fi

fl, calculate the inner product xu, vy.

Solution:

xu, vy “
“

2 ` i ´i 1
‰

»

–

1 ` i
2

3 ´ i

fi

fl

“ p2 ` iqp1 ` iq ` p´iqp2q ` p1qp3 ´ iq

“ 2 ` 2i ` i ´ 1 ´ 2i ` 3 ´ i

“ 4

Question 10

Find the norm (or length) of the vector v “

»

–

2 ` i
´i
1 ´ i

fi

fl.

Solution:
}v} “

a

xv, vy “
?
22 ` 1 ` 1 ` 1 ` 1 “

?
8 “ 2

?
2

Question 11

Given the matrix A “

„

1 i
´i 1

ȷ

. Show that A is Hermitian matrix, Is this matrix A unitary? Justify your

answer.

Solution:

A:
“ A

T
“

„

1 ´i
i 1

ȷT

“

„

1 i
´i 1

ȷ

“ A

ùñ A is Hermitian

detpAq “ 1 ¨ 1 ´ i ¨ p´iq “ 1 ´ p´1q “ 0

ùñ Singular ùñ Not Unitary
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Question 12

Show that the vectors v “

„

1 ` i
2 ´ i

ȷ

and u “

„

i
1 ` 2i

ȷ

are linearly independent, then find the span of these

vectors.

Solution:

p1 ` iqc1 ` ic2 “ 0 ùñ c2 “ pi ´ 1qc1

p2 ´ iqc1 ` p1 ` 2iqpi ´ 1qc1 “ 0

p2 ´ iqc1 ` p´1 ´ 2iqc1 “ 0

p´1 ´ 2iqc1 “ 0 ùñ c1 “ 0 ùñ c2 “ 0

Alternatively:

det

„

1 ` i i
2 ´ i 1 ` 2i

ȷ

“ p1 ` iqp1 ` 2iq ´ ip2 ´ iq

“ ´2 ` i ‰ 0 ùñ linearly independent

spantv, uu “ C2

Question 13

Given the following vectors in C2

v “

„

3`i
?
3

4
1
2

ȷ

and u “

„

1
4

x

ȷ

.

Find the value of x such that v and u are orthogonal.

Solution:

xv, uy “

”

3´i
?
3

4
1
2

ı

„

1
4

x

ȷ

“ 0

1

16
p3 ´ i

?
3q `

x

2
“ 0

x “ ´
1

8
p3 ´ i

?
3q
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Question 14

Consider the matrix A “

„

1 ` i 2
´i 1 ´ i

ȷ

, find the eigenvalues of A.

Solution:

detpA ´ λIq “ 0

p1 ` i ´ λqp1 ´ i ´ λq ` 2i “ 0

λ2
´ 2λ ` p2 ` 2iq “ 0

λ “ 1 ˘
?

´1 ´ 2i

Question 15

Find the eigenvalues and its associated eigenvectors of the following matrix A “

„

2 ´1
1 2

ȷ

.

Solution:

detpA ´ λIq “ 0 ùñ p2 ´ λq
2

` 1 “ 0

p2 ´ λq
2

“ ´1 ùñ 2 ´ λ “ ˘i

λ “ 2 ¯ i

For eigenvalues:

λ “ 2 ´ i :

„

i ´1
1 i

ȷ „

x0

x1

ȷ

“

„

0
0

ȷ

ùñ x1 “ ix0 ùñ v1 “

„

1
i

ȷ

λ “ 2 ` i :

„

´i ´1
1 ´i

ȷ „

x0

x1

ȷ

“

„

0
0

ȷ

ùñ x1 “ ´ix0 ùñ v2 “

„

1
´i

ȷ

Question 16

Show that A is Hermitian if and only if AT “ A.

Solution:

Hermitian ùñ A “ A:

ùñ A “ A
T

ùñ AT
“

´

A
T

¯T

ùñ AT
“ A
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Question 17

Given the Hermitian matrix A “

„

3 2 ´ i
2 ` i 1

ȷ

, find its eigenvalues. Verify that the eigenvalues are real.

Solution:

detpA ´ λIq “ 0

p3 ´ λqp1 ´ λq ´ |2 ´ i|2 “ 0

p3 ´ λqp1 ´ λq ´ 5 “ 0

λ2
´ 4λ ´ 2 “ 0

λ “ 2 ˘
?
6

The eigenvalues are real, as expected for a Hermitian matrix.

Question 18

Let B “

„

2 1 ` i
1 ´ i 2

ȷ

and C “

„

1 0
0 ´1

ȷ

. Compute the matrix D “ B ¨ C and determine whether D is

Hermitian.

Solution:

D “ B ¨ C “

„

2 1 ` i
1 ´ i 2

ȷ „

1 0
0 ´1

ȷ

“

„

2 ´p1 ` iq
1 ´ i ´2

ȷ

D:
“

„

2 1 ` i
´p1 ´ iq ´2

ȷ

‰ D

ùñ Not Hermitian
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Question 19

Compute the tensor product A b B, where A “

„

1 2
3 4

ȷ

and B “

„

0 1
1 0

ȷ

.

Solution:

A b B “

„

1 ¨ B 2 ¨ B
3 ¨ B 4 ¨ B

ȷ

“

»

—

—

–

„

0 1
1 0

ȷ „

0 2
2 0

ȷ

„

0 3
3 0

ȷ „

0 4
4 0

ȷ

fi

ffi

ffi

fl

“

»

—

—

–

0 1 0 2
1 0 2 0
0 3 0 4
3 0 4 0

fi

ffi

ffi

fl

Question 20

Compute the tensor product A b B, where A “

„

1 2
3 4

ȷ

and B “

„

0 1
1 0

ȷ

. Determine whether A b B is

Hermitian.

Solution:

A b B “

»

—

—

–

0 1 0 2
1 0 2 0
0 3 0 4
3 0 4 0

fi

ffi

ffi

fl

pA b Bq
:

“ pA b Bq
T

“

»

—

—

–

0 1 0 3
1 0 3 0
0 2 0 4
2 0 4 0

fi

ffi

ffi

fl

‰ A b B ùñ Not Hermitian
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