ICS 560 Assignment 01 Ibraheem AlYousef

Question 1

Given the complex numbers Z; = 3 + 4i¢ and Z; = 1 — 24, find the following:

7

Solution:

i+ 2y 3+4i+1-21=4+2

(a
(

)

b) Z 3+4i—-1+21=2+60
(€) Zi x Zo: (3+4i) x (1—2i) =3—6i+4i+8=11—2
(@) % — k< - =g

Question 2

Find the modulus of Z = —5 + 121.

Solution:

|—5 + 12i] = /52 + 122 = 13

Question 3

Convert the complex number Z = —5 — 5¢ from algebraic to polar form (p, 6).

~

Solution:

p=+/52+52 =52

6 =tan' (1) = T Zﬂ (in 3rd quadrant)
Z = (5\/5, %)

Question 4

Write the complex number Z = —4 + 4i4/3 in the Euler’s form.

~

Solution:

p=+v42+3 x 42 =38

2
0 = tan~! (—\/g) = —g — ?ﬂ (in 2nd quadrant)

7 = 8¢5
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Question 5

Find the cube roots of the complex number Z = 125e%.

7

Solution:

7 =125 + 0i = 125¢%

20:5
327

z1 = be's
dn

zy = be'3

Question 6

Given the complex number Z = 3¢'%, find Z*.

Solution:

T

Z* = (3)* T4 = 81"

Question 7

Rotate the complex number Z = 5¢3° by 90° counterclockwise. Express the resulting complex number in
algebraic form.

Solution:

g .y 5 5v3
Z x e”" =5 =5 (cos 120° + isin 120°) = =5 \sz

Question 8

141 2 3—1
Consider the vectors v = |2—i|, u = [1+7¢]|, and w = 1 in C3. Are these vectors linearly
3 1—1 1
independent? Justify your answer.

7

Solution: By forming the matrix [v|u|w]:
1+ 2 3¢
2—1 1+ )
3 1—2 1

The determinant is —16 — 8 # 0, therefore the vectors are linearly independent

\. J
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Question 9

141 2—1
Given the vectors v = 2 |,u= i |, calculate the inner product (u,v).
3—1
Solution:
1+
wyoy=[2+i —i 1]| 2
3—1

=241+ + (—9)(2) + (1)(3—1)
=24+ 0+1—1—20+3—1
=4

Question 10

2+
Find the norm (or length) of the vector v = [ —i
11—

Solution:

o] = V@, v =vV2+1+1+1+1=+8=2/2

Question 11

1

Given the matrix A = [—i

answer.

i] Show that A is Hermitian matrix, Is this matrix A unitary? Justify your

r

Solution:

AT .
T_—T_1~z A
e
— A is Hermitian
det(A)=1-1—i-(—i))=1—(-1)=0

— Singular = Not Unitary
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Question 12

Show that the vectors v = B i Z] and u = [1 j 2@'] are linearly independent, then find the span of these
vectors.
Solution:
(1+i)61+i02 =0 = Cy = (2—1)61
(2—i)er + (1+2i)(i — 1)e; = 0
(2—d)ec1+(—1—2i)c; =0
(—1—2’&)01:0 — 61:() — 62:0
Alternatively:

det sz 1+i2i] — (14 0) (1 +2) —i(2—1)

= —2+1 # 0 = linearly independent
span{v,u} = C?

Question 13

Given the following vectors in C?

3+i/3 1
vz[ ‘_11 ]andu= [;]

2
Find the value of x such that v and u are orthogonal.

Solution:
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Question 14

1+

Consider the matrix A = [ 1 % i]’ find the eigenvalues of A.

r

Solution:

det(4 — AI) =0

(I4+i=N1—-i—A)+2=0

A —2)\+(2+2i) =0
A=1x+/-1-2i

Question 15

Find the eigenvalues and its associated eigenvectors of the following matrix A = [? _21]

Solution:

det(A—X)=0 — (2—-XN2+1=0
2-2*=-1 = 2—)X=4i
A=2Fi

o[ =1 =] [O]
Sl | R

_ - [=i —=1][=zo] _ [0]
A—2+4i: [1 _Z-H%]—_o_

For eigenvalues:

— I = —iZL’O — Vg = —]-Zi|
Question 16
Show that A is Hermitian if and only if AT = A.
Solution:
Hermitian — A = A
— A= XT
T
— AT — (A"
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Question 17

3

v 2 I Z], find its eigenvalues. Verify that the eigenvalues are real.

Given the Hermitian matrix A = lZ

r

Solution:

det(A — M) =0

B-XN1-XN-|2-4?=0

B3=MN1-X)-=5=0

M —4r-2=0
A=2++6

The eigenvalues are real, as expected for a Hermitian matrix.

. J

Question 18

Let B = [1 31 L _2‘_ Z] and C' = l(l) _01] Compute the matrix D = B - (' and determine whether D is

Hermitian.

Solution:

so-i2 ] 4]
[1_2 o
1“] £D

()—2

= Not Hermitian
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Question 19

Compute the tensor product A ® B, where A = B ﬂ and B = l(l) (1)]

r

Solution:

1.B 2B
A®B =35 4 ]

S NN O
S N
—

o
S B
| I

1

S W O~
~ o N O
O = O N

Question 20

Compute the tensor product A ® B, where A = {1 2] and B = lO 1]. Determine whether A ® B is

3 4 10
Hermitian.
Solution:
010 2]
1 0 2 0
ABE = 03 0 4
3 0 4 0]
(0 1 0 3
i sl |1 030
(A®B)'=(A®B) = 02 0 4
2 0 40

# A® B =— Not Hermitian
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