ICS 560 Assignment 03 Ibraheem AlYousef

Question 1

Compute {1 + 0|1 — 0).

Solution:
These are product states: [1+0)=|1)®|+)® |0y and [1 —0) = |1 ® |—) ® |0).
For product states, the inner product factors:

(1+0[1=0) =1Y1) - {+|-)-<0[0)
=1-0-1
=0

Since (+|=) = (<0 + {LN(|0) - |1)) = 5(1 = 1) = 0.

Question 2

Consider the two-qubit state

1 \/g
—|10) + — |11
0+ P

If you measure only the left qubit, what are the resulting states, and with what probabilities?

1 1
) = 7100) + J01) +

Solution:
Group terms by the left qubit value:

=108 (10-+311) + e (50 + L)

Probability of measuring left qubit in state |0):

2 11”1 1 5

16 4 16

‘1
+_

PUO) - [3] +3

Post-measurement state:

o) = 10)® (%5|0> ; %m)

Probability of measuring left qubit in state |1):

2 2
3 3 11
NS

1
2 16 16

P(1y) = \%

Post-measurement state:

i3
) = |1 ® (E|o>+ﬁ|1>)
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Question 3

Consider the three-qubit state

[y = %|000> + \f|001> + \f|010> + —|011> + —|100> + —|101> + —|110> + [|111>

If you measure only the left and right qubits, but not the middle qubit, what are the resulting states, and
with what probabilities?

Solution:
Group by left and right qubit values:
Case [0)1[0)z: Terms: §/000) + —z|010)

P(0)210)r) = —

17 1 V6
wtimm W=0(H0+2D)o
Case |0)|1)p: Terms: ﬁ|001>+ z|011)

1 1 11

PR = 5+ 5 = 350 19 =10 (I + =) I

Case |1)1|0)g: Terms: £100) + £|110)

P(ID200R) = = + o= = ==, [ = [D]+)[0)

Case |1)1[1)g: Terms: 3[101) + —=[111)

PR = S+ 228 iy (Lo + L)
9 3 36 2 2
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Question 4

Are each of the following states separable or entangled? If it is a product state, give the factorization.
(a) J5(101) — [10))

(b) 75(110) —i[11))

Sl

Solution:
For 1) = a|00) + b|01) + ¢|10) + d|11), the state is separable iff ad = bc.

(a) ) = 5(01) - [10))

1 1 1
bed = (0, —, —— d=0, be = —
(CL, e ) <Oa \/i’ \/i’ 0) = a 0, be 9

Since ad # be: Entangled (Bell state |U™)).
(b) [ = 75(110) —i[11))

1 l

(a,b,¢,d) = <07 0, 75 "7

Since ad = be: Separable = |1)® %(|0> —1|1))

) = ad=0,bc=0

Question 5
Are each of the following states separable or entangled? If it is a separable state, give the factorization.

(a) 1(3[00) — +/3]01) + +/3|10) — |11))
(b) L{0+)+4/2[1-)

Solution:
For |1) = a|00) + b|01) + ¢|10) + d|11), the state is separable iff ad = bc.
(a) [¢) = 1(8]00) — +/3[01) + /3]10) — |11))

3 43 43 1 3
whed= (3 5P ) = 16

Separable = (‘/73]0> + %]1}) ® (%5]0> — %\1>)

(b) [1) = L510+) +/2[1-) = £]00) + Ljo1) + L[10) — L|11)

1 1 1 1 1
7b7 vd =\ "= T o T ey T e d:__a be =
(@,5,¢,d) (@ N \/5) s ‘

Since ad # bc: Entangled.
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Question 6

Prove the following circuit identities by finding the matrix representation of each circuit.

(a) CNOT(I ® X) = (I ® X)CNOT

(b) CNOT(Z®1) = (Z ® I)CNOT

Solution:
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Question 7

The controlled-U (CU) gate applies some quantum gate U to the right qubit if the left qubit is 1. Write the
controlled-Z and controlled-Y gates as a matrix.

Solution:
The controlled-U gate has the form:
) 1 0 O 0
I 0 01 O 0
L= 0 U] 10 0 Uy Uy
0 0 Uy Un
. 1 0]
Controlled-Z (CZ): With Z = [0 1
1 00 O
01 0 O
CZ=1001 0
0 0 0 -1
Controlled-Y (CY): With ¥ = [Q _OZ]
1 00 O
01 0 O
V=100 0
00 ¢ O
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Question 9

Consider the following quantum circuit:
|a)
|b)

[ 77|
1 H |
r.*
0) D N

(a) If |a) = |—) and |by = |+), find the resulting state at the end of the circuit.

= =]

(b) If |a) = |=) and |b) = |—), find the resulting state at the end of the circuit.

?{Zi:ﬁl:ofr;|i> =10/1) and H|0/1) = |+).
(@) lay =), [by = [+
|—)|4)]0) ZEEE5 [1)]0)[0)
20 Doyl
U
22225 -

(b) |ay = [=), [b) = =)

[—)|-)[0y FEEEL 11)[1)]0)
20 DIy
28 D10y
ZEZEL 110y
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