
𝑓: 𝕍 × 𝕍 ⟶ ℂ

𝑓(𝑣ଵ, 𝑣ଶ) = ൻ𝑣ଵ, 𝑣ଶ⟩ = 𝑣ଵ
ற ∗ 𝑣ଶ = ෍ 𝑐௜

⎯⎯
௡

௜ୀଵ

𝑐′௜

𝑣ଵ = ቎

𝑐ଵ
𝑐ଶ

⋮
𝑐௡

቏ 𝑣ଶ = ൦

𝑐′ଵ
𝑐′ଶ
⋮

𝑐′௡

൪
where

Example 1: Find ൻ𝑣ଵ, 𝑣ଶ⟩

The inner product function 𝑓: 𝕍 × 𝕍 ⟶ ℂ satisfies the following conditions : 
For all 𝑣, 𝑣ଵ, 𝑣ଶ, 𝑎𝑛𝑑 𝑣ଷ ∈ 𝕍 and c ∈ ℂ

Definition (Trace): the trace of a square matrix C is given by the sum of the diagonal elements 

𝑇𝑟𝑎𝑐𝑒(𝐶) = ෍ 𝑐[𝑖, 𝑖]

௡

௜ୀ଴

Example 2: Find the trace of the matrix 

𝑣ଵ = ൥
2 + 𝑖

⬚

3 − 2𝑖
൩ 𝑣ଵ = ൥

−3
⬚

2𝑖
൩
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Definition : The inner product given for matrices 𝐴, 𝐵 ∈ ℂ௠×௡

⟨𝐴, 𝐵⟩ = 𝑇𝑟𝑎𝑐𝑒൫𝐴ற ∗ 𝐵൯

Example 3: Find the inner product of two matrices  

𝐴 = ൥
3 − 𝑖 2 𝑖

−𝑖 0 4
7 2 − 𝑖 𝑖

൩

𝐴 = ቂ
𝑖 2 − 𝑖
3 −𝑖

ቃ 𝐵 = ቂ
1 + 𝑖 4
5 − 𝑖 2 + 3𝑖

ቃ
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Example 6: Let 𝐴 = ቂ
2𝑖 −1

3 + 𝑖 5
ቃ, find the norm of 𝐴

Example 2.4.5: Find the distance between 𝑣ଵ = ൥
2𝑖

1 − 𝑖
3

൩ and 𝑣ଶ = ൥
4 + 𝑖
7 + 𝑖
2 − 𝑖

൩

Note: The distance function satisfied the following properties, for  𝑉, 𝑈, 𝑊 ∈ 𝕍

Example 7:  Determine if each pair of states is orthogonal or not.

a) 𝑣ଵ = ቂ
0
1

ቃ and 𝑣ଶ = ቂ
1

−𝑖
ቃ   𝑏) 𝑣ଵ = ቎

ଵି√ଷ
⎯⎯ 

௜

ସ
⎯⎯⎯⎯⎯

√ଶ
⎯⎯ 

ା௜

ଶ
⎯⎯⎯⎯

቏ and 𝑣ଶ = ቎

ଶା௜

ଶ
⎯⎯⎯

ିଵା√ଷ
⎯⎯ 

௜

ସ
⎯⎯⎯⎯⎯⎯

቏

In Real Number space 
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Example 8: Consider the three bases, determine the orthogonal and orthonormal 
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It must be stressed that this is true for any orthonormal basis, not just the canonical one.
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