
“Associated to any isolated physical system is a complex vector space 
with inner product (i.e. a Hilbert space) known as the state space of the 
system. The system is completely described by its state vector, which is a 
unit vector in the system’s state space.”Ê(NielsenÊandÊChuang).
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PropositionÊÊ(Fundamental Theorem of Algebra).ÊEveryÊpolynomialÊequation
ofÊoneÊvariableÊwithÊcomplexÊcoefficientsÊhasÊaÊcomplexÊsolution.

Definition:ÊTheÊsetÊofÊcomplexÊnumbersÊassociatedÊwithÊadditionÊandÊmultiplicationÊ
isÊdefinedÊasÊaÊfield (ℂ, +,×)

AdditionÊisÊcommutativeÊandÊassociative.i.
MultiplicationÊisÊcommutativeÊandÊassociative.ii.
AdditionÊhasÊanÊidentity:Ê(0,Ê0).iii.
MultiplicationÊhasÊanÊidentity:Ê(1,Ê0).Êiv.
MultiplicationÊdistributesÊwithÊrespectÊtoÊaddition.v.
SubtractionÊ(i.e.,ÊtheÊinverseÊofÊaddition)ÊisÊdefinedÊeverywhere.vi.
DivisionÊ(i.e.,ÊtheÊinverseÊofÊmultiplication)ÊisÊdefinedÊeverywhereÊexceptÊ
whenÊtheÊdivisorÊisÊzero.

vii.



SubtractionÊ(i.e.,ÊtheÊinverseÊofÊaddition)ÊisÊdefinedÊeverywhere.
DivisionÊ(i.e.,ÊtheÊinverseÊofÊmultiplication)ÊisÊdefinedÊeverywhereÊexceptÊ
whenÊtheÊdivisorÊisÊzero.

vii.

TheÊGeometricÊofÊComplexÊNumbers

ImaginaryÊ

Real

ComplexÊPlaneÊ(CartesianÊrepresentation) ComplexÊPlaneÊ(PolarÊrepresentation)

(𝜌, 𝜃)

𝜃

ExampleÊÊÊ:ÊLetÊ𝑍 = 1 + 𝑖 .ÊWhatÊisÊitsÊpolarÊrepresentation?Ê

ExampleÊÊÊ:ÊDrawÊtheÊcomplexÊnumberÊgivenÊbyÊtheÊpolarÊcoordinatesÊ𝜌 = 3 andÊθÊ=Ê
గ

ଷ
.Ê

ComputeÊitsÊCartesianÊcoordinates.

𝜌

𝑧 = 𝑎 + 𝑏𝑖



DefinitionÊ:ÊAÊcomplexÊnumberÊhasÊaÊmagnitudeÊ𝜌 andÊaÊphaseÊθ.Ê

Observe thatÊaÊcomplexÊnumberÊhasÊaÊuniqueÊpolarÊrepresentationÊonlyÊifÊweÊdefineÊ
theÊphaseÊbetweenÊ0ÊandÊ2π:Ê(0 ≤ 𝜃 ≤ 2𝜋 𝑎𝑛𝑑 𝜌 ≥ 0)

θଵ =Êθଶ ifÊandÊonlyÊifÊθଶ =Êθଵ +Ê2πk,ÊforÊsomeÊintegerÊk.

IfÊ𝜃 isÊanyÊthing

ExampleÊ:ÊAreÊtheÊnumbersÊ(3,−π)ÊandÊ(3,Êπ)ÊtheÊsame?

Euler’s formula: 𝑒௜ఏ = 𝑐𝑜𝑠(𝜃) + 𝑖𝑠𝑖𝑛(𝜃)

𝑒௜(ఏభାఏమ) = 𝑒௜ఏభ × 𝑒௜ఏమProveÊthat



GivenÊÊtwoÊcomplexÊnumbersÊinÊpolarÊcoordinates,Ê𝑧ଵ = (𝜌ଵ, 𝜃ଵ) andÊ𝑧ଶ = (𝜌ଶ, 𝜃ଶ),Ê

theirÊproductÊcanÊbeÊobtainedÊbyÊsimplyÊmultiplyingÊtheirÊmagnitudeÊandÊaddingÊtheirÊ
phase:

𝑧ଵ × 𝑧ଶ = (𝜌ଵ × 𝜌ଶ, 𝜃ଵ + 𝜃ଶ)

ExampleÊ:ÊLetÊ𝑧ଵ = 1 + 𝑖 andÊ𝑧ଶ = −1 + 𝑖.ÊFindÊtheirÊproductÊaccordingÊtoÊtheÊ
algebraicÊrule.Ê

IfÊ𝑧ଶ = (𝜌ଵ, 𝜃ଵ) andÊ𝑧ଶ = (𝜌ଶ, 𝜃ଶ),ÊwhatÊisÊ
௭భ

௭మ

Generalized nth Power :ÊÊIfÊ𝑧 = (𝜌, 𝜃) isÊaÊcomplexÊnumberÊinÊpolarÊformÊand 𝑛 aÊ
positiveÊinteger,ÊitsÊnthÊpowerÊisÊjustÊ𝑧௡ = (𝜌௡, 𝑛𝜃)

Example:ÊLetÊz= 1 − 𝑖 .ÊCalculateÊitsÊfifthÊpower,ÊandÊrevertÊtheÊanswersÊtoÊCartesianÊ
coordinates.

Generalized nth root :ÊIfÊ𝑧 = (𝜌, 𝜃) isÊaÊcomplexÊnumberÊinÊpolarÊformÊand 𝑛 aÊpositiveÊinteger,Ê

itsÊnthÊrootÊisÊjustÊ𝑧
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ExampleÊ:ÊFindÊallÊtheÊcubeÊrootsÊofÊ𝑧 = 1 + 𝑖 .

FinallyÊcomplexÊnumberÊcanÊbeÊwrittenÊasÊ𝑐 = 𝜌𝑒௜ఏ


