Revision of Complex Numbers

“Associated to solated physical system is a complex vector space

wth er pro d t( a Hilbert spac )knw s the state space of the

ytm Th ytm mpltlyd bdbyt state vector, wh chisa
n the system’s state space.” (Nielse dCh g)
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is defined as a field (C,+,%)
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Proposition (Fundamental Theorem of Algebra). Every polynomial equation
of one variable with complex coefficients has a complex solution.
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Definition: The set of complex numbers associated with addition and multiplication

/_\) Zi 12, =2,+7¢ ] Z,—\-(ZJ— ?3)

Addition is commutative and associative.

Multiplication is commutative and associative. Z Z -2 x2
Addition has an identity: (0, 0). -- - ! L ’
Multiplication has an identity: (1, 0). \
Multiplication distributes with respect to addition.

Subtraction (i.e., the inverse of addition) is defined everywhere.

Division (i.e., the inverse of multiplication) is defined everywhere except
when the divisor is zero. 4
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vii. Division (i.e., the inverse of multiplication) is defined everywhere except
when the divisor is zero. .
C n t h )

(V) (1,0)=1+0c Zy(140)=7
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(VD) Inverse § oddibin 4 (2)=0+0]

The Geometric of ComplexNumbers

[ v Wb” ) Imaginary
z=a+bi = (4, la) (p,0)
'h b
2 \ ¥t 4 Real
Yo - N
o
Complex Plane (Cartesian representation) Complex Plane (Polar representation)
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Example :LetZ = 1 + i.Whatis its polar representation?
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Example : Draw the complex number given by the polar coordinates p = 3 and 6 =
Compute its Cartesian coordinates. =(3, 7. 3)




2 X

Sin6=-gx | SnE= -0
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Definition : A complex number has a magnitude p and a phase 6.

Observe that a complex number has a unique polar representation only if we define

the phase between 0 and 27t: (0 < 6 < 2mand p = 0)
70__ | 0\’2_(_ 191

If 6 is any thing
0, =0, if and only if 0, = 0; + 2nk, for some integer k.
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Example : Are the numbers (3,—n) and (3, m) the same? &j - 2K
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Euler’s formula: e® = cos(8) + isin(6)
fas L ’%) +isol 4
Prove that ei@1+92) = elb1 x olb2
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Finally complex number can be written as ¢ = pe'?
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Given two complex numbers in poiar coordinates, z; = (py,6,) and z, = (p,, 6,),

their product can be obtained b simply multlplylng their magnitude and adding their

phase: ﬁ, /0 P o (e +&.\

z1 X Zz = (,01 X ,02;91 +6,)

Example : Letz; = @+ iandz, = —1 + i. Find their product according to the
algebraic rule. :
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If z, = (p1,0;) and z, = (py, 6,), what i 1s— - o 7/
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Generalized nth Power : If z = (p, 0) is a complex number in polar form and n a “X

positive integer, its nth power is just z" = (p", nf)- " P Ye 'w@
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Example: Letz= 1 — i . Calculate its fifth power, and revert the answers to Cartesmn

coordinates. \\
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Generalized nth root : If z = (p, 8) is a complex number in polar form and n a positive integer,
its nth root is just z/n = (pl/",%e)
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Example : Find all the cube rootsof z = 1 + 1.




