1.1 Revision of Complex Numbers
2025 8:26 PM

“Associated to solated physical system is a complex vector space
wi th er pro d t ( a Hilbert space) known as the state space of the
system. Th system is completely described by t state vector, which is a
unit vector in the system s state space.” (Nielsen and Chuang).
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Proposition (Fundamental Theorem of Algebra). Every polynomial equation
of one variable with complex coefficients has a complex solution.
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Definition: The set of complex numbers associated with addition and multiplication
is defined as a field (C, +,x)

> — Z

1. Addition is commutative and associative. “ure C Zz T 2’ ] Z'T (27'1' 3>
1. Multiplication is commutative and associative. = (¥ Z2 -2 %2 = (ZI rZ, >T Z2
iii. Addition has an identity: (0, 0). - 2 ’ :

iv. Multiplication has an identity: (1, 0). \ or g ‘ /Z‘
v. Multiplication distributes with respect to addition. Z T LO ) > -

vi. Subtraction (i.e., the inverse of addition) is defined everywhere.

vii. Division (i.e., the inverse of multiplication) is defined everywhere except
when the divisor is zero.
r~ < L’1 )
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vii. Division (i.e:, the inverse of multiplication) is defined everywhere except
when the divisor is zero.
C n t b') )

(W) ((,OB:I{—OL Z*L(\—FOI'):Z
(\U Z x (Z,+ Zé\ =2 %8, + Z %2, |
<\/D [ vevse oIt Z +(-2)=0+0!

The Geometric of ComplexNumbers

[ v Wb” Y o Imaginary
z=a+bi = (4, 19) (p,@)
p

7/ I b

g ( S YEe 0 Real
Yol CA

=)

Complex Plane (Cartesian representation) Complex Plane (Polar representation)
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Example :LetZ = 1 + i.Whatis its polar representation?

/\L)\

r Jl === G = %““((L) Fon [)’/Ll'
Zz-(J2, 74 )

Example : Draw the complex number given by the polar coordinates p = 3 and 0 =
Compute its Cartesian coordinates. =(3, 5/ 3>

2
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Definition : A complex number has a magnitude p and a phase 0.

Observe that a complex number has a unique polar representation only if we define

the phase between 0 and 2x: (0 <0<2mandp = 0) 70 ~ Jﬁ
=) &+ b

If 6 is any thing
0, = 0, if and only if 6, = 6; + 27k, for some integer k.
] }\. + 7T
R A /| >

Example : Are the numbers (3,—m) and (3, ) the same? &j - PA
ey

N

eD—
Z = Qfbi=p S © _::’%Z/pf
—f% re®

Euler’s formula: e = cos(0) + isin(0)
fas { "%) +eswl 4
Prove that ei§91+92) = elt1 x o102
At G o180 Fisn (0116,) f T |

;Q&@T&'S/&Z_S;—;@,.g{nal@ nQ M@L—rs"m@LW)
_QKQ(NSM ) 7O fss 8 , 172 6e8)
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/(95_
= (8 (97‘ € 2 SM@? € @7- € |
(""" = cos(if) + i sin(nd).

’&\/ < en (0¥

Finally complex number can be written as ¢ = pe'® J/

X DD
X f//j\4_1l\ _/_({‘(—2)

2

Given two complex numbers in poiar coordinates, z; = (pl, 91) and z, = (pz, 92),

their product can be obtained by simply multiplying their magnitude and adding their

hase: ;6 i(Q+ &\
P 1€ pp & " m m
Zl X Zz = (pl X pz, 91 + 92) a . 0( = 0\

Example : Let z; = ©+ i and z, —1 + i. Find their product according to the | —> _ | bt

algebraic rule. ;? \(— —
_ké__@, 4““.1() % 9124“ 3/\/ f:J&j’EL
| 6 (=)
ZxZ,= (P@_,@,f@g ( )

Ifz, = (p1,01) and z, = (p2,62) what 1 1s— - o 7/

= ~ 70619/_270' /(@/ < ’(%%ﬁ
- ‘EQ y(/a 6= ) ' p

., At >

Generalized nth Power : If z = (p, ) is a complex number in polar form and n a ‘X

positive integer, its nth power is just z* = (p™, no)- n e\ , Nne

Example: Letz= 1 — i . Calculate its fifth power, and revert the answers to Carte51an
coordinates. { \

- L[~ ) FIC L A < 7 A
Generalized nth root : [f z = (p, 0) is a complex number in polar form and n a positive integer,

its nth root is just z/m = (pl/n, % 0) Z p /\
tﬁ
(ﬂfﬁ

— 9 )
Example : Find all the cube roots of z = 1 + i > 2 70 ’

Z:a{_lot_——_b(qll’)>
J=

) N s
[\ . ~ 3N/ ? | 3K/ ] (JZ—)} = (23;>'5
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1.2 Complex Vector Space

Sunday, August 31, 2025 6:30 PM

Representation of Vectors over Complex Numbers

\//é @V\ \/:(mlwr\jz;/\)gr'"\)ﬂ> 2
V=¢

U= (’j‘.) E) f\/=(l;_%) 9:;(>

Definition 2.2.1: A vector space V = C" over C is a set V with two operatioﬂk U+ =(°>.__3 L) 5+ Z)
e Vector addition: for every v,u € V , there is an element v + u € V
¢ Scalar multiplication: for every ¢ € Cand v € V, there is an element ¢ - v € V such that the

following axioms hold: C= (H—(') Nz (- &i, 2+L0) cCNVECT
L v+u=u+v forevery v,u € V (commutativity of addition) P ( =Y, ot ,‘)
I (v+u)+w=v+ (u+w) forevery v,u,w € V (associativity of addition) +(0,0) - NJ

III. There is an element 0 € V such that v + 0 = v for every v € V (0 is vector additive identity)
IV. For every v € V there is -v € V such that v + (—v) = 0 (vector additive inverse) = N+ () = 9,
V. 1-v = v forevery v € V (where 1 is multiplicative identity of C) 1.nN=
VI ¢ - (cz . v) = (c1- ¢3) - v for everycy, ¢; € Cand v € V (associativity of scalar multiplication
VIL. ¢; - (u+v) =c¢; -u+c¢y - v forevery ¢; € Cand v,u € V (distributivity)
VIIL (c1 + Cig V=00V + ¢, - v for every ¢, c; € C and v € V (distributivity)
<0

D 2X 32
crfxn/%“"? es A€ (

Note: , the set of all m-by-n matrices with complex entries, =

s .
— ¢, G, - C\(V\/( [t 2 O

CL\ ‘ ‘ A = -
A = 1 \ / AR
“ny G, G

~

Exercise 2.2.3 letcy=2i.co=1+2i, and A = [ b—i 3 ] Verify Properties
242 A4 ,
(vi) and (viii) in showing C?*? is a complex vector space. rei W ypecquationhere.
N : .
= - | 3+ 2+6
(C’_, C)A=C(,A) G A toET ,lj
242! - |4 2461 2491
(=21 (420
L

(( +2)4 l

Definition 2.2.2: Let A € C™ ", the transpose of A is denoted by AT and is defined as AT [, j] = A}, {]
Definition 2.2.3: Let A € C™*", the Conjugate of A is denoted by A and is defined as A[i, j| = A, j]

Definition 2.2.4: Let A € C™™, the dagger or adjoint of A is denoted by AT and is defined as AT = A[j, i]

=1 — m

Example 2.4: Find the transpose, conjugate, and adjoint of /I _ /l [ i J ]
- J
Yixwn J=l—n

6-3i 2412 —19 - o
A_ 0 s5+21 17 |- f)/{ :_/AY[J)ZJ
XM

1 2451 3—-450
G—S’L O | — . ]
T : : 2 = |
[ rQ-l—ll’L s+2-(0  A£5T ,l )A AE /4
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These operations satisfy the following properties for all ¢ £ C and for all A,
B e m }\Fl'r

(i) Transpose is idempotent: (AT)T = _ B
(ii) Transpose respects addition: (A + B}f AT+ BT,
(iti) Transpose respects scalar multiplication: (¢ - A)" =c. A",

(iv) Conjugate is idempotent: A = A.
(v) Conjugate respects addition: A + B="A +

| /,"’
(vi) Conjugate respects scalar mult1phcat10r1 C- A =7 A : oo >
(vii) Adjoint is idempotent: (A") = CAL\c AL lg J} 1
[viii) Adjoint respects addition: (A + ,Et')1 Al 4+ B . T At . J’\
(ix) Ad oint relates to scalar multiplication: (c - Ay =¢. A% T ) <

(CA><;A_Q

T x C™F —> C™P, /\W\M\X @w — CMXF'

Matrix Multiplication:

Formally, given A in C™*" and B in C"*7, we construct A » Bin C™=7 as

C B_—_g « B[ k] A[j_.h] % Blh. k]). )
T L A= — | ¥

J'Yowgf\ S R
A Lr 2¥3 |

/\xl%[\/ \j RK0+3X-[+6%3 s

= ADIBLLY
+ AR 2] R by +5X-\+Fxy | ~ (<

L ATV R 2x |

Il

\
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For every n, there is a special n-by-n matrix called the identity matrix]

I o - 0
| O
o1 -« 0 ( o O
. T. - T.-
2 o | 3= 0 1 ©
00 - 1 O o |
) ) /‘l I =A
Matrices multiplication properties: For all A, B, C € C™*™,

(1) Matrix multiplication is associative: (A= B)» C = A= (B= ().
(i) Matrix multiplication has [, asaunit: [, » A=A = A« [,.
(iii) Matrix multiplication distributes over addition:

A*x(B+CO)=(AxB)+(AxC),
(B+Cyx A= (BxA)+(Cx A).
(iv) Matrix multiplication respects scalar multiplication: /"’\
c(A«B)y=(c- Ay» B= Ax(c- B). NG
(v) Matrix multiplication relates to the transpose: /4 X
(A=B) =B"+A".

vi) Matrix multiplication respects the conjugate: l X 2
(Vi) p cation P jug B +—
(vii) Matrixmultiwome adjoint: T X UxX 3

T
avi=s-0((eg) ) - (A D= |
fe) LT»«’ 4 *RL{ C
[3+2{ 0 5—6:'-‘ [5 2-i 6-— 4;} 4 oo, / q—{—(
A=| 1 442 i |, B=| 0 445 2 .
[4—: J; 4J [?_4:' 2::?; OJ /l 0 H-21

5+61 -«

Definition 2.2.4  Given two complex vector spaces WV and V', we say that 'V is a com-

plex subspace of V' if V is a subset of V' and the operations of V are restrictions of
operations of V. C O, - -
Equivalently, ¥V is a complex subspace of V" if V is a subset of the set V' and S\: tso 12,2
(i) V is closed under addition: For all Vi and V> in V., Vi + V2 e V. - ‘L
(ii) V is closed under scalar multiplication: Forallce Cand Ve V.c- Ve V. / )

2 & ¢
Example 2.2.7: Consider the set of all Vectors of C° With the second, fifth, and eighth position
elements being 0:

+) K -
i @/‘%/%>\L
\/603 V= ( I‘O/ 3/ xtfloilvé//\)gjo/'\)ﬁ) \ \/Q\/

@q N el

Definition 2.2.5: The set of polynomials of degree n or less in one variable with coefficients in C is

P

N X Y ’Xé;’v xé+/\) '
P(%):N|+ gx—\— 4 5 3 9
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form a complex vector space.

P(x) =cy+ X + 02X + - + cux".

Definition 2.2.5 Let V and V' be two complex vector spaces. A linear map from 'V to
W' isa function f:V — V' suchthat forall V., Vi, Vo eV, and c € C,
VN2 €V
(i) [ respects the addition: f(Vi + V2) = f(Vi) + f(}2),
(ii) " f respects the scalar multiplication: f(c-V)=c- f(V).

Definition 2.2.6  Two complex vector spaces WV and V" are isomorphic if there is
a one-to-one onto linear map f:V — V. Such a map is called an isomorphism.

Example 2.2.8: Show that the map f: C — R?*? define below is an isomorphic from C to R?*?

ferm) =15

\/I - 7(‘7’#_1‘%
;ﬁ('\/lf\/z): OK<(11+17_>4‘_,L (\},Jr}@)'\/f ot g,

S
XtXo h+d, | 2
- = O[(V\)H[(f\/b)

“hd, Mt
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1.3 Basis and Dimension

Monday, September 2, 2024 8:23 AM

Basis and Dimension

Definition 2.3.1 Let ¥V be a complex {real) vector space. V € W iy a linear combina-
tion of the vectors Vy, Vi, ..., Voo in WV if V' can be written as

V=cy-W+o -Vi+- +eoui- Vo forsome oy, 1, ..., cn—1 in C (R).

—_—

Example 1: construct a vector v € V = C3 as a linear combination of the following

vectors:
i 0 4
V= 2 ,v2=2+i,v3=—2
-1 3 1
= N\ +V 2V, — A+ C
3
217
RS
Definition 2.3.2 A ser [V, V.. ... V-1l ef vectors in 'V is called linearly indepen-
dent if
D=cy-Vo+er- Wi+ +en-1- Vi
amplies that o = ¢ = - - - = cy—1 = . This means that the only way that a linear com-

bination of the vectors can be the zero vector is if all the ¢ are zero.
Example 2: Show that the following vectors are linearly independent [ [ ]

vl—ll]vz—l v=[‘ {b>/' _<>{>

Cny+ G, + G, = & o

T A
C
C{ :CC-LJVC 0 K C LW“QQ’ g @

Example 3: Show that the following vectors are not linearly independent (linear
dependent)

1 2
v =11, = 1 , V3 = |—1
1 -1

/\)—(—C Vot GN, =
G+G=0 = (=-2C,

e kL SrS e
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G +2G © SR

- 1
M‘CL—CZ e :/j e eTe beL_\z:l;>-

C11+¢ -G 0 C(+C1-C

n

Definition 2.3.3 A set B={V,, Vi..... V¥V, E@Jf vectors is called a basis of a
(complex) vector space V i f both

n -
Gt TC '\)M(: é CL/\/(
(1) every, V € ¥V can be written m a fmpar rumbmuurm of LE'r_E-rJ'H from B an

t=o0

wy Bisli f { lent. —
(1) B is linearly independent _) VC\- Co -{—C /\) t CZ’V Foot o Van_ (< °
Standard Basis = q -

B C" (and B"):

-1 0 0 0
- 0 1 : 0
S E=||. B=T [ E=|"| . Ea=
' : : 2 1

0 0 0 wo—L1
C1
[Cz

Note: Every vector v = \Cs € V = C" can be written as follows

CTl_

n-|

G, + n
i=D
_ | 6 G
= o i .
o -\_ O{ + o 1_ | o C‘1
o 6 |'.
\ B
Co-(d VS0
The basis for the vector space C™*™ consists of matrices of the form
01 - k - a-1
0 o0 . 0 ... 4] I o I2)
o0 - 0 ... 0
: Lol : O
Ejx=; D0 - 1o 0| EO;D:
(& ) 7 P J -
(p\pw(\ e m=1|0 0 .. 0 ... 0 D h -@
Any m-by-n matrix, A can be written as the sum:
mi—1 =1
A= ZZA[;J;] Ejg.
=0 k=0

CGop
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Definition 2.3.4 The dimension of a (complex) vector space is the number of ele-
menis in a basis of the vector space.

B In general, B has dimension 7 as a real veclor space.
B " has dimension n as a complex veclor space.

m O the dimension 18 mn as a complex veclor space. @
B The dimension of ¥ = ¥ is the dimension of ¥ plus the dimension of W',

§

Example 4: a) Find the coefficient of the VGCtR}I’ v = [ 717] with respect to the basis
| h L7

_([1][-2
b= {[—3][ A ]}
b) Find the coefficient of the vector v with respect to the basis D = {[_97] , [_75]}

-
N\ = CI/\)I {—C}f\)l

Ea Q —2&
hl?’ —gCH— L/C;K

[

1. Complex Vector Space Page 14



1.4 Inner product and Hilbert Space

Tuesday, September 3, 2024 6:35 PM

Definition 2.4.1 An inner product {also called a dot product or scalar product) on a
complex vecior space ¥ is a function fiV,xV —C
12

a
R\ '
Cn

G
LNNHNLS= El—’L %Jrﬂi] m}
= -6+ +8l-4 =—[o+91

The inner product function f: V X V — C satisfies the following conditions :
Forall v,v;,v,,and v; € Vand c € C ~ [&1‘(

. L]:><(\J v>=[a-t o]
;6’-{-\6:

211

(i) Nondegeneraie: ‘
: 3-1
(V. Vi =0,

(V.Vi=0ifand only if V=10
(i.e., the only time it “degenerates” is when it is 0).

(il) Respects addition: < N AV ~nJ ‘{-
. ) Ny D = 9 N
(Vi + V., Vi) = (Vi VA) + (Vo A), L (V; 1 1>’\ 2

<\I|,C‘\} > Vet Vi) = (W, Ve + (W, WA, :G\;Jr_r /\/+>$ N,

(\} (iii) Respects scalar multiplication: *_
\“‘Q" (e Vi, Va) =Tx (W, Va), ——® = ’\J*l“\} R ALY
<C'\} LS (cJ\J S‘\" o= -NJ ( 3 2
= C‘/\Q\] K'\/z,s \xv. c!-,;{}=(_x Vivsy. * ' ‘<f\J\ | ’\) S \L'</\)z. ,/\} >
= C >\<\J B (iv) Skew symmelric: </\)

(W, V) =TV, V1) V“

C
Q
T N T
Definition (Trace): the trace of a square matrix C is glven by the sum of the dlagona elements

—_—

Trace(C) = Z cli,i] )
i=0 — \ ) \/Z: <\‘| ,\/2\

l|

Example 2: Find the trace of the matrix

1. Complex Vector Space Page 15



%T{m@am):?"””i:i

(men

Definition : The inner product given for matrices 4, B €

(A,B) = Trace(A' « B)

Example 3: Find the inner product of two matrices

_[i 2-i _[1+i 4]
A‘[3 —i] B_[S—i 2+ 3i X ] IX 2.
= 1 B flle-41
+ ©e
A X E: it =

T (50 Wy 5t

X2

<A;%> — l@‘%?l/—{'g{—ét :i\+&%

m R"*" has an inner product given for matrices A, B« R"*" as

(A, B) = Trace(A" « B),

Definition 2.4.3 For every complex inner product space ¥, (—, —), we can define a
norm or length which is a function \ € \/ ‘ \/
| ¥ —&
CARY:
defined as |V| = JTV, VL. 6y
Exercise 245 Calculate the norm of [4 + 30,6 — 40,12 — 7,137, = | 12—
, 121

’VI:J<V/V> 1\\421“3161%2 TR =20 9¢2

[4-31 S+%1  2th —lﬁi]

From the properties of an inner product space, it follows that a norm has the

following properties forall V., W e Vandc € C:
J?w/. Ve

i) Norm is nondegenerate: |V| = 0if V & @ and |0 = 0.
(i) Norm satisfies the triangle inequality: [V + W] = [V| + [W.——
(iii} Norm respects scalar multiplication: |¢ - V| = |c@i|_/:)\lc~x C s <\;’\)>

— ’\I ~ n/IPO: [

1. Complex Vector Space Page 16



(11) NOTm Salisnes e wiangle Mequanty: (v + Wi < |v| + [Wl.——
(iiiy Norm respects scalar multiplication: [c- V| = [|¢] = |V]. = \]Cx <\;’\)>

Example 6: Let A = [32_|f ; _51], find the norm of A A XAz

—_—
VAl fnas = I Toec (R p) <] go=alis)
L6
Definition 2.4.4 For every complex inner product space (V, ( , )), we can define a
distance function ©
%)
(!

where (rxl ‘ ,g')

d(Vi, V) = Vi = Vol = (V1 = Vo, Vi = V).
oL-4 - ¢

441 9! ( A, ﬁ\)
Example 2.4.5: Find the distance between v; = 1 —ilandv, = |7 +i

2—1i ;\X("f"\)lt(%“ﬁ\)k
i — 4 #1]
N \J

=NV V=S £

:J Lf?__t_ "L+ él.‘__ 9_2+ \7__" |>. - \l S—<7

Note: The distance function satisfied the following properties, for V,U, W € V
(i) Distance is nondegenerate: d(V, W) > 0 |} V£Wandd(V,V)=0.

(ii) Distance satisfies the triangle inequality: d(U, V) < d(U, W) + d(W, V).
(ii1) Distance is symmetric: d(V, W) = d(W, V).

In Real Number space (V, V') = |V||V'|cos &, where @ is the angle between V and V.

Definition 2.4.5 Two vectors Vi and Vs in an inner product space V are orthogonal

if (1, Vh) = 0. 20 i\ o)
f (W1, Va) <\Jl\’\}?—>:{\/l\\\}7—‘0ﬁ(ﬁg>’20\/ z ©=90

Example 7: Determine if each pair of states is orthogonal or not. ' o D
_ 1-/3i 2+ \
_ |0 _|1 | _ 2 -
a)vl—[l]andvz—[_i] b)v, = i+ and v, = _14yE
2 4

1. Complex Vector Space Page 17
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@(\/\'\}z> :[o \1 » -z 4+ 0 No 7 07(711\0(7"\*}(.

®

Definition 2.4.6 A basis B = {V,, Vj...., Va_1} for an inner product space V is called
an orthogonal basis if the vectors are pairwise orthogonal to each other, i.e., | # k im-
plies (V;, Vi) = 0. An orthogonal basis is called an orthonormal basis if every vector

in the basis is of norm 1, i.e.,
1, ifj=k, l\j ’/‘ [ -
(VisVk) =8k = = - 2|~ -
: ! 0, ifj#k. K <\/2\\}1>" \
=0
N, NS

8j.k is called the Kronecker delta function.

31

(ii) Orthogonal but

not orthonormal (iii) Orthonormal

(i) Not orthogonal

Example 8: Consider the three bases, determine the orthogonal and orthonormal

) | |
(1) L
| 0
- | |
(11) ;
| —1
1 1
(111) % %
| —1

Proposition 2.4.1 In C", we also have that any V can be written as
Co q Cn/\
V=(E& V)EB+(E, V)Ei+-- -+ (En1, V) Ep1.

(
|10 Co
L= g S
o
;

4 . . . .
It must be stressed-that this is true for any orthonormal basis, not just the canonical one.
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Definition 2.4.9 A Hilbert space is a complex inner product space that is complete.
Proposition 2.4.2 Every inner product on a finite-dimensional complex vector space

is automatically complete: hence, every finite-dimensional complex vector space
with an inner product is automatically a Hilbert space.
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1.5 Eigenvalues and Eigenvectors

Tuesday, September 10, 2024 10:27 AM

®@ O

0 5 =10 -5 1
Example 2.5.1: Let A = [0 22 16 | compute the product Av for each v|= [—4‘ , = |0
3

0 -9 =2 -350D 0
—-40 :‘0\)
Af\j{: 20 l A ii-(\)

0
d i Q/\be/vx\)o\k,\b
/A[/\): - d
T [FON, ety

Definition 2.5.1 For a matrix A in C"™" if there is a number ¢ in C and a vector

V # 0 with C" such that /
AV =c-V, W
[.21"

then c is called an eigenvalue of A and V' is called an eigenvector of A associated
with c. (“eigen-""is a German prefix that indicates possession.)

If a matrix A has eigenvalue ¢, with eigenvector Vj, then for any ¢ € C we have
A(cWy) = cAVy = cco Vo = co(c W),

which shows that ¢V} is also an eigenvector of A with eigenvalue ¢.

Proposition 2.5.1 Every eigenvector determines a complex subvector space of the
vector space. This space is known as the eigenspace associated with the given eigen-
vector.

Theorem 2.5.1: Let A be n X n matrix and suppose det(cI — A) = 0 for some ¢ € C. Then c is
an eigenvalue of A and thus there exists a nonzero vector v € C" such that Av = cv

C (\) — AN —Q -
(CT-A)y =0 = dut(cl —A)=0
Procedure: Finding Eigenvalues and Eigenvectors for A be n X n matrix.

1. Find the eigenvalue ¢ of A by solving the equation det(cl — A) = 0.
2. For each c, find the basic eigenvector v # 0 by finding the solution of (cI — A)v = 0.

C
Example 2.5.2: Let A = [:; Li] . Find the eigenvalues and eigenvectors of A.

- rC o
e P R |
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o
I
N
X
|V
(7
Vo
O
)
%
C
4+
5
|
(@]
NG

QK\X Cto— 670 >C+Q+i>:€ @‘

\©/ ((Av:ﬂ(ﬁ 27 0 Quy) e

I’?C:—s: C‘i%' /L7CC"L13

| (c1 “a\,= o
) —lk{wlJ~Q-—>Qw"ng:°=>‘v)'/vz
7o LY F =T N2 =0
| \ ’ ¥
- \)\:{\’& ' \i LM,
o o om
[l ~11&f\’?\ o

e veotes J's ﬁ\?ﬂ = ij

:Z/\/ 2/\)\‘5 >C\/‘\/_/\/
F Al — 2, <o t



2.6 Hermitian and Unitary Matrices

Tuesday, September 10, 2024 11:44 AM

A matrix A € R™" is called symmetric if A7 = A. In other words, A[j, k] =
Alk, j]. Let us generalize this notion from the real numbers to the complex
numbers.

Definition 2.6.1 An n-by-n matrix A is called Hermitian if A" = A. In other words,
Alj, k] = Ak, j].

Definition 2.6.2 [f A is a Hermitian matrix then the operator that it represents is called
self-adjoint.

Example 2.6.1: Determine whether the following matrix is Hermitian matrix or not

A=|4-5i 13

5 4 + 5§ 6—161
6 + 16i —21

Proposition 2.6.1 If A is a Hermitian n-by-n matrix, then for all V, V' € C" we
have

(AV, V') = (V AV")

LAV, V> = (A\/) V= \//\ \/
VAN = QN AV

Proposition 2.6.2 If A is a Hermitian, then all eigenvalues are real.

To prove this, let A be a Hermitian matrix with an eigenvalue ¢ € C and an eigen-
vector V. Consider the following sequence of equalities:

Let < ond y om eppomuahi ol elsanmeds of A

An=C \J -
C NS 2 OV NDS=CAY N>
—i\l AN =, = N D
(C C )N NS
~ r>_,\Ar_F .‘~C@\p
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L= LV, VD=0

Fc—oc-c ~celR

Proposition 2.6.3 For a given Hermitian matrix, distinct eigenvectors that have dis-
tinct eigenvalues are orthogonal.

C/’ /&CL/ L”(/7l _%5 = ‘e/'&/?f/\\/o\/{w\m, G%SOC/\OJ’(’ b\)l—]LL\/\/‘
., _ Y RV

I \(‘C/\/( <

(P\ﬁ)() ').61) C‘ <’\/| \\7q>: <Q‘/\)|//\}Z\;<ﬁ/\)‘)/\}a>

>§<6 :</\jl ! A/\)z>: QD_</\)' I/VZ>

(c - ) N N,>= o
<N V> =o0

Definition 2.6.3 A diagonal matrix is a square matrix whose only nonzero entries
are on the diagonal. All entries off the diagonal are zero.

Proposition 2.6.4 (The Spectral Theorem for Finite-Dimensional Self-Adjoint
Operators.) Every self-adjoint operator A on a finite-dimensional complex vec-
tor space V can be represented by a diagonal matrix whose diagonal entries are the
eigenvalues of A, and whose eigenvectors form an orthonormal basis for V (we shall
call this basis an eigenbasis).

Note: Hermitian matrices with their eigenbasis play important role in quantum mechanics.

e For every physical observable of quantum system there is a corresponding Hermitian
matrix.

e Measurements of that observable always lead to a state that is represented by one of the
eigenvectors of the associated Hermitian matrix.

\
Definition 2.6.4 An n-by-n matrix U is unitary if A /\j _ (\/ _ @/\) '

U+U =U'«U =1,

It is important to realize that not all invertible matrices are unitary.

Example 2.6.2: Determine whether the following matrices are unitary or not

1+ i 341
/ 2 V3 2V15
cosf —sinf 0 B = __1 i 4+ 31‘
A=|sin cosf8 0 2 \/§ 2\/_1_5
0 0 1 1 —l l
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COSy —sSinuy v B _— = — 2 _t ,\
A=|sinf cosf 0 2 V3 2V15 (g 4 SMO=
1 —I [
0 0 1 - =
2 3 2V15

4 [tme -520 0(ere S+06 O “ v
AA- [siy 0 0)|-st0 e g0 [ O
O O | ) 3

1\

Proposition 2.6.5 Unitary matrices preserve inner products, i.e., if U is unitary, then
for any V., V' € C", we have (UV, UV") = (V, V').

\UV| = J{UV,UV) = J{V.V) =|V|.

+ \
<UV, WV > J\U\/: SVARVADN

Also,
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2.7 Tensor Product of Vector Spaces

Wednesday, September 11, 2024 7:10 PM

Given two vector spaces V and V'of dimensions n and m, respectively. The tensor product of two vector
spaces, and denote it V@ V'.
LetVEVand V' € W’, and V = C()EO + C1E1 + -+ Cn—lEn—1: V= CloEIO + CllEll + -+ C,m—lE,m—l

m—-1n-1
V®V’ = z E(Ci x ;) Ei®Ej
j=0 i=0
| +2 1

Example 2.7.1 \/ —
Q . . —
| / Y 2~ | [—=3¢

~ 41 0
\/|®\/L: 2 \/1 _ LI;Q\ /\ — i //D{>
Qz . 0
2~171
O \J

The tensor product of two matrices:

Formally, the tensor product of matrices is a function

e " - r . P ant
® : .L,.f?fxﬂ! % .‘LFHXH LI??H}(HIH

boo bo1 bhoa

dpp  dp
A= and B= by by b

do da
b’"‘“ by1 by

T —
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boo boir bop boo bo1 bo2

a0 | big biy bia| Ga-| big bia bin

b by b5 b> by by
A@Bo | b0 bar bra | b0 by by
boo boar bop boo boi by
ao- | big bix bo| @a-| by by bio
byo b1 by by b1 b2

agp x by apg xbp1 agg x by agy xbpo apyxbyy agy x boz
ago x byg apg x by agg xbry agy x by apy x by agy x by
agp x byg apg x byy agg x by agy x by apy x by agy x by
ayo x boo agxboy argxbyy apy xbyg ayy x by apy x boz
ayoxbrp agxbiy aroxbia aggxbip ain xbiy ayy x bip

Mo X by aoxby aoxbo aigxbhp agxbyy a x b

Exercise 2.7.3 Calculate

|73+2:' 5—i 2.f-| IV 1 344 5-Ti

| 0 12 6—3£|®"]0-i—2f 6  2+5i
Lz 44 4i 9+3;J \_ 0 1 240

— ]

The tensor product satisfies several useful properties:
1. Distributive: VU +W)=(VQU)+ (VW),
similarly, (V+U)@W = (VW) + (U W).
2. Associative: Y Q(UQW) = (VQU)QW.
3. Not Commutative: In general VQ U # UQV
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