
Representation of Vectors over Complex Numbers 

Definition 2.2.1: A vector space 𝕍 = ℂ௡ over ℂ is a set 𝕍 with two operations: 
Vector addition: for every 𝑣, 𝑢 ∈ 𝕍 , there is an element 𝑣 + 𝑢 ∈ 𝕍•

Scalar multiplication: for every 𝑐 ∈ ℂ and 𝑣 ∈ 𝕍, there is an element 𝑐 ⋅ 𝑣 ∈ 𝕍 such that the 
following axioms hold:

•

𝑣 + 𝑢 = 𝑢 + 𝑣  for every 𝑣, 𝑢 ∈ 𝕍 (commutativity of addition) I.
(𝑣 + 𝑢) + 𝑤 = 𝑣 + (𝑢 + 𝑤) for every 𝑣, 𝑢, 𝑤 ∈ 𝕍 (associativity of addition) II.
There is an element 𝟎 ∈ 𝕍 such that 𝑣 + 𝟎 = 𝑣 for every 𝑣 ∈ 𝕍 (𝟎 is vector additive identity) III.
For every 𝑣 ∈ 𝕍 there is -𝑣 ∈ 𝕍 such that 𝑣 + (−𝑣) = 𝟎 (vector additive inverse) IV.
1 ⋅ 𝑣 = 𝑣 for every 𝑣 ∈ 𝕍 (where 1 is multiplicative identity of ℂ) V.
𝑐ଵ ⋅ (𝑐ଶ ⋅ 𝑣) = (𝑐ଵ⋅ 𝑐ଶ) ⋅ 𝑣 for every 𝑐ଵ, 𝑐ଶ ∈ ℂ and 𝑣 ∈ 𝕍 (associativity of scalar multiplicationVI.
𝑐ଵ ⋅ (𝑢 + 𝑣) = 𝑐ଵ ⋅ 𝑢 + 𝑐ଵ ⋅ 𝑣  for every 𝑐ଵ ∈ ℂ and 𝑣, 𝑢 ∈ 𝕍 (distributivity) VII.
(𝑐ଵ + 𝑐ଶ) ⋅ 𝑣 = 𝑐ଵ ⋅ 𝑣 + 𝑐ଶ ⋅ 𝑣 for every 𝑐ଵ, 𝑐ଶ ∈ ℂ and 𝑣 ∈ 𝕍 (distributivity)VIII.

Note: ℂ௠×௡, the set of all 𝑚-by-𝑛 matrices with complex entries, 

Definition 2.2.2: Let A ∈ ℂ௠×௡, the transpose of A is denoted by 𝐴் and is defined as 𝐴்[𝑖, 𝑗] = 𝐴[𝑗, 𝑖]

Definition 2.2.3: Let A ∈ ℂ௠×௡, the Conjugate of A is denoted by 𝐴
⎯⎯

and is defined as 𝐴
⎯⎯

[𝑖, 𝑗] = 𝐴[𝑖, 𝑗]
⎯⎯⎯⎯⎯

Definition 2.2.4: Let A ∈ ℂ௠×௡, the dagger or adjoint of A is denoted by 𝐴ற and is defined as 𝐴ற = 𝐴[𝑗, 𝑖]
⎯⎯⎯⎯⎯

Type equation here.

Example 2.4: Find the transpose, conjugate, and adjoint of
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Matrix Multiplication:
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Matrices multiplication properties: For all A, B, C ∈ ℂ௡×௡,

Exercise 2.5: Given A amd B, show that (𝐴 ∗ 𝐵)ற = 𝐵ற ∗ 𝐴ற

Example 2.2.7: Consider the set of all vectors of ℂଽ with the second, fifth, and eighth position 
elements being 0:

Definition 2.2.5: The set of polynomials of degree 𝑛 or less in one variable with coefficients in ℂ is      
                            form a complex vector space.
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                            form a complex vector space.

Example 2.2.8: Show that the map 𝑓: ℂ ⟶ ℝଶ×ଶ define below is an isomorphic from ℂ to ℝଶ×ଶ

𝑓(𝑥 + 𝑖𝑦) = ቂ
𝑥 𝑦

−𝑦 𝑥ቃ
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