1.2 Complex Vector Space
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Representation of Vectors over Complex Numbers
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Definition 2.2.1: A vector space V = C" over C is a set V with two operaﬁojf U+ =(1_3( 54+ ( )
e Vector addition: for every v,u € V, there is an element v + u € V ?
¢ Scalar multiplication: for every ¢ € Cand v €V, there is an element ¢ - v € V such that the
following axioms hold: C= ()-{-(') N=(l- 4, 2+L) cNEC™
L v+u=u+v forevery v,u € V(commutativity of addition) NE: ( -Ys, ot )
. (w+u)+w=v+ (u+w) forevery v,u,w € V (associativity of addition) +(0,0) - ~J
HI. There is an element 0 € V such that v + 0 = v for every v € V (0 is vector additive identity)
IV. For every v € V there is -v € V such that v + (—v) = 0 (vector additive inverse) = \J + (—'\)) =0
V. 1-v = v forevery v € V (where 1 is multiplicative identity of C) 1.nN=V
VL ¢; - (c; - v) = (c1° ¢3) - v forevery ¢y, ¢, € C and v € V (associativity of scalar multiplication
VIL. ¢; - (u+v) =c¢; -u+c¢y v forevery ¢; € Cand v,u € V (distributivity)
VIIL (¢; +¢3) - v=cy-v+c, - viorevery ¢y, c, € Cand v € V (distributivity)
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Exercise 223 Lletcy=2i, ca=1+2i, and A= [:';:[J 4-? J_]. Verify Properties
(vi) and (viii) in showing C**? is a complex vector space. rei W Typecquationhere.
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Definition 2.2.2: Let A € C™*™, the transpose of A is denoted by AT and is defined as AT [i, j] = A[j, i]
Definition 2.2.3: Let A € C™*", the Conjugate of A is denoted by A and is defined as A[i, j] = A[i, j]
Definition 2.2.4: Let A € C™*™, the dagger or adjoint of A is denoted by AT and is defined as AT = A[j, i]
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Example 2.4: Find the transpose, conjugate, and adjoint of /I _ /‘ D. . ]
Yl g Jsl—n

6-3 24121 —19

T o
0 S5+21i ; = ALt
A_ ) 5421 17 ’)A“xw\ L j

1 245i 3—45i

TS L we | A= ALV

1. Complex Vector Space Page 1



T J_'I'..J'BJ

3t O | @Z\:A[‘-;J]

¢-
[ +121 542 H, 2451
7 3-%4s¢ L TSN ———
T —
L 6+ ‘1——(7__(' +19¢ @Ai{ﬁ )—— AL}J\I
A=1] o0 S A
1 a-57 3t9.5¢
€42l O |
/}: (/JD _ Bm 5210 a-51
+19z |7 31%st

These operations satisfy the following properties for all ¢ £ C and for all A.

B e Cmxn-
(i) Transpose is idempotent: (A7) =

(ii) Transpose respects addition: (A + B}ir AT 4+ BT,
(iii) Transpose respects scalar multiplication: (c- A)" =¢- A7,

(iv) Conjugate is idempotent: A=A l
(v) Conjugate respects addition: A + B= A+ B. T—

(vi) Conjugate respects scalar multlphcatlon c- A =t-A. } oo >

(vii) Adjoint is idempotent: (A')f = C A= ¢ AE \y J] ’(“
(viii) Adjoint respects addition: (A + B)1 Al 4 .Et"r T A f 3 c

(ix) Adjoint relates to scalar multnpllcat]on (c- Ay =t- A" /

(c-,@:(c,AS > :,E AT (]
= C-

Matrix Multiplication: Cmxn y, ORXP __, MR —
2t Tmxp

Formally, given A in C™** and B in C"*?, we construct A « Bin C™*7 as

o
C Ei—.{%i B)[j.k] A[;An] x Blh,k]).
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For every n, there is a special n-by-n matrix called the identity matrix|

3. 0]
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I = T -
4o~/ 0o | ];: O | O
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- AT =A

Matrices multiplication properties: For all A, B, C € C™*™,

(i) Matrix multiplication is associative: (A « B)« C = Ax (B« C).
(i) Matrix multiplication has [, asaunit: [,* A = A=A« [,
(iii) Matrix multiplication distributes over addition:

Ax(B+C)=(AxB)+ (AxC),
(B+O)yxs A=(BrA)+(Cw A).
(iv) Matrix multiplication respects scalar multiplication: /T\
c-(AxB)=(c-A)yxB=Ax(c-B). /4 3( @
(v) Matrix multiplication relates to the transpose: — < D

(A=B)Y =B "~ A"

(vi) Matrix multiplication respects the conjugate:

: T +—
AvB=TAsF A .
(vii) Matrix mul:iwmhe adjoint-_r _’_ X V 3

asm=rea. ((Aeg) ). m(‘z C
=T l}_\T + *.R -

- = RxA
Exercise 2.5: Given A amd B, show that (4 * B)t = At
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Definition 2.2.4 Given two complex vector spaces V and V', we say that 'V is a com-

plex subspace of V' if V is a subset of V' and the operations of V are restrictions of
operations of V'. S q40,-. -9 /}
Equivalently, V is a complex subspace of V" if V is a subset of the set V' and : T{) |, 2,2

(i) W is closed under addition: Forall Vi and Voin W, Vi + V5 € V. - ‘L %

(ii) V is closed under scalar multiplication: Forallce Cand Ve V.c- Ve V. / 1 / >&‘
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Example 2.2.7: Consider the set of all vectors of C° Wlth the second ﬁfth and elghth position
elements being 0: VE Qi 9 \/ \
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Definition 2.2.5: The set of polynomials of degree n or less in one variable with coefficients in C is

3 6 %
P(X) = (\}'—(- (\jg Xlﬂ—(\}qﬂ + (\/6,)( —\—,V‘?’Z('i'/\)o’)L
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form a complex vector space.

P(X) =g+ Cix+ X" 4 -+ 4 Cux".

Definition 2.2.5 Let V and V' be two complex vector spaces. A linear map from 'V fo
V' isa function f:V — V' suchthat forall V. Vi, Vo eV, andc € C,
\/’ N2 cvVv
(i) [ respects the addition: f(Vi + V2) = f(Vi) + f(V2).
(i1} Trespecrs the scalar mﬁﬁfpﬁcﬂm: flc: V)y=x- f(¥V)

Definition 2.2.6 Two complex vector spaces ¥V and V' are isomorphic if there is
a one-to-one onto linear map [V — V. Such a map is called an isomorphism.

Example 2.2.8: Show that the map f: C — R?*2 define below is an isomorphic from C to R?*2

fee+in =7, 1
"
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