2.1 Permutations and Combinations

Tuesday, September 24, 2024 6:20 PM

Permutations

@ o
Example 2.1.1: In how many ways can we select three students from a group of five students to stand in line for a
picture? In how'many ways can we arrange all five of these students in a line for a picture

@ E:VLiL¥L3J=6OW73@QEE][EG[ESI!'[I];{?O

Example 2.1.2: How many different 4-digit code can be generated if that no digit is repeated?

(e~ Lo W3 7

=(lo-y)
Definition 2.1.1: If n is a positive integer and 7 is an integer with 1 < r < n, then there are
n!
Pn,r)=nn—1Dn —-2)---n—-—7r+ 1) =
. (n—nr)!

r-permutations of a set with n distinct elements.

Example 2.1.3: Suppose that a saleswoman has to visit eight different cities. She must begin her trip in a specified
city, but she can visit the other seven cities in any order she wishes. How many possible orders can the saleswoman
use when visiting these cities?

=‘77K_6><§xwx2xth

Example 2.1.4: How many permutations of the letters &CIL)]%E (A},I? contain the string ABC ?

V' 23T ¢

Combinations :
Example 2.1.5: How many different committees of three students can be formed from a group of four students?

AR, C,D Pz, uy- 1! _yi-29

RED)ACH) R D)

C(V.S): P(4.2) Y

Definition 2.1.2: The number of 7-combinations of a set with n. elements, where n is a nonnegative integer and r
is an integer with 0 < r < n, equals
_ Plniv)

C(n,r) = n
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Corollary 2.1.1: Let n and r be nonnegative integers with

Clwv,~) =

< n.ThenC(n,r) = C(n,n — 7).

\(l(v\ )|
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Cln,~v)=

Y ! (\q x) I
~ n !
C(Y} n=y)= 5 T-C_(VMY)
) _ — -
)= D1 )|
Example 2.1.6: How many bit strings of length n contain exactly r 1s? N ‘@ Y=z 2
l © o O

Cxw)7>: é/—\\

N=5 = 2
| 5 | €X?A/_ l\O—/on/'O\
C(5/1) =lo | o 0 o

A

Example 2.1.7: Suppose that there are 9 faculty members in the mathematics department and 11 in the computer

science department.

a) How many ways are there to select a committee to develop a discrete mathematics course at a school if the

committee is to consist of three faculty members from the mathematics department and four from the computer
ience department? T

L) How many ways are there to select aDcommittee members to develop a discrete mathematics course at a
school if the committee is to consist at least one faculty member from each department?

@ C(9,3)xC( 4= 2« LI

3\6‘ Y -
01/2('{)(}‘ HX(OV/EX/ = 84x336

X X
N A e

@ C(%Dx C(\(,3>+ Q(C(/z>xC((l,z)JrC(C(,g)xC(u,D
=43¢g19
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2.2 Introduction to Probability

Wednesday, September 25, 2024 1:46 PM

Sample space S: The sample space of the experiment is the set of possible outcomes.
Example 2.2.1:Two rolls of die, what the sample space

©xey-2e G0 17

Event E: a subset of the sample space

Definition 2.2.1: If S is a finite nonempty sample space of equally likely outcomes, and E is an event, that is,
a subset of S, then the probability of E is-
|E|

Probability Axioms: oL <

1. Nonnegative P(E) >0 . \P< &) — ‘

2. Normalization P(S) = 1

3. Additivity: IfA N B = @,then P(A U B) = P(A) + P(B)
\M

Example 2.2.2: An urn contains four blue balls and five red balls. What is the probability that a ball chosen at
random from the urn is blue? 21=49 ., I1R|=5 {SI=J&{+/’Q'

IRl _ g
P(B)= T

Example 2.2.3: What is the probability that when two dice are rolled, the sum of the numbers on the two dice is 77

/S]:%XG &) xie )
E - = Sumz)=y (1, 6) (

e
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Example 2.2.4:From a committee of three males and four females, a subcommittee of four is to be randomly selected.
Find the probability that it consists of two males and two females.

S/=C xdxs
/ T, 1) = ﬁffa\ ;L(Bs

[E] = CC3/2>xc(¢hz) X 6=
PlE) = —#«70 s1Y

Probabilities of Complements and Unions of Events L
Definition 2.2.2: Let E be an event in a sample space S. The probability of the event E = S — E, the
complementary event of E, is given by

P(E) =1 - P(E)
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Example 2.2.5: A sequence of 10 bits is randomly generated. What is the probability that at least one of these bits is 0?
0
(3\22 Ea}{’M—[— - bt (s Revo.
= . . IS
Ple)=1—p(E) B all bik ave |

| [0

‘F: lozq:oqqq

Definition 2.2.3: Let E; and E, be events in the sample space S. Then A
1 2 E ple sp - ‘/‘\\3
P(E; VU E;) =P(E;) +P(Ez) —P(E; N Ey). S

Example 2.2.6: What is the probability that a positive integer selected at random from the set of positive integers not
exceeding 100 is divisible by either 2 orS 5;.7 ij 2, O D"Tg

E:{I\mla(j-vv Jxmistggk /Ell =506
Es= ] tndegen divishlly st = [E| =20
gﬂquz{ [ﬁ%jw Muis ble \a both 9 2 €t [5,05{= [o

b o6 2
Péé;/ugl>;7)<&\>+|)<tz>—?D(é/ﬂffL>:7o%‘1'lpo —((;)‘—'—(:070.66

Remark: Let S be the sample space of an experiment with a finite or countable number of outcomes s € S

1.0<P(E)L1,foreveryE €S.
2. YpesP(E)=1

Example 2.2.7: What probabilities should we assign to the outcomes H (heads) and T (tails) when a fair coin is flipped?
@ hat probabilities should be assigned to these outcomes when the coin is biased so that heads comes up twice as often as

- @ S=$r,TL P(H):=L  p(T)-L
&) P(H)==2P(T) = P(HI4+P(T)= |
2P(T)+PCT) = |

: - _
"P(H>~% /D(T>—T

Example 2.2.8: Suppose that a die is biased (or loaded) so that 3 appears twice as often as each other number but that the
other five outcomes are equally likely. What is the probability that an odd number appears when we roll this die?

€
S PG)y=)
A
u FSFQ)"\_)"\IZ/W/SA PR):=2b

) PN+ D/SNLP/AN o b\ bre\ L brld\ — |
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D PO £ PO +PAY FRCUW NP £ PCE) = |

Ptk +2p+PtbtpP=|
- - ])zé

P(E)= F<l>+P<35v?<S>HL
Pllozers) = ~—+— 3'—_;7‘

Theorem 2.2.1: If E; , E,, . . . is a sequence of pairwise disjoint countable or finite events in a
sample space S, then

£ oold Mo

P(U Ei> - Zp(gi)

4
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2.3 Conditional Probability
Wednesday, September 25, 2024 6:47 PM F- E F (E ( F>
Example 2.3.1: Suppose that we flip a coin three times, and all eight possibilities are equally likely. Moreover,

suppose we know that the event F, that the first flip comes up tails, occurs. Given this information, what is the
probability of the event E, that an odd number of tails appears?

. S={HHH, HHT, HT H, T HHHTT, TAT
= TTH, TTT(
AP THH TAT, TTH,T TTE

E<{HAT, HT H,THHT T T}

PEEIF) =5+ "

Definition 2.3.1: Let E and F be events with P(F) > 0. The conditional probability of E given F, denoted by

P(E | F), is defined as 5
P(ENF) P(H>‘—, P(T):

P(F)

e

2 82
PIHHH)= 55555
POHT H)=

Example 2.3.2: A bit string of length four is generated at random so that each of the 16 b1t strings of length four
is equally likely. What is the probability that it contains at least two consecutive 0Os, given that its first bit is a 0?

P(E | F)=

(We assume that 0 bits and 1 bl‘t\i are equally likely.) { oy ;j — P(oz 4.L| |
s JDES
S-_—_§szovoo,§|:|6'\>o/ /S\G:H\\’% (SI: (é P

E:%oocg}ms@\) oo\o/O(OO/(ooc/ oo |\ )\oo\}\\00§

F:%@e‘\m OOOK)oolo/O(oo/OOH)O\OK,OHO/O H]k

- P(Gﬂff),, S7¢
F(é F> P(F) 5‘&/{@@4

Example 2.3.3: What is the conditional probability that a family with two children has two boys, given they
have at least one boy? Assume that each of the possibilities BB, BG, GB, and GG is equally likely, where B
represents a boy and G represents a girl. (Note that BG represents a family with an older boy and a younger girl
while GB represents a family with an older girl and a younger boy.)

S={8B. R6.&R, 66}
E-{eet , F-{rRR B§.qRY

P(€!F>_—§ PLEIF) - P(ENF)

Independent Events \\P( é) S, i ( r )
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Definition 2.3.2: The events E and F are independent if and only if P(E N F) = P(E)P(F).

PE|F)=PCE) , PCFIEY =p(F)

Example 2.3.4: Suppose E is the event that a randomly generated bit string of length four begins with a 1 and
F is the event that this bit string contains an even number of 1s. Are E and F independent, if the 16 bit
strings of length four are equally likely?

E {(Hl;l”o/((bl)lo(\) /\O\O \OD(J\OOGK
F=T105 llos, ool folo, 0061, 0110, 60l1, 0006]
P(ENF)=-t-g P

Example 2.3.5: Are the events E, that a family with three children has children of both sexes, and F, that this
family has at most one boy, independent? Assume that the eight ways a family can have three children are equally

likely.
" E-lRRG, ReR,GBR,RGE,48G,GEB] = PIE)- [
NG
F=f 666, BGG,6R G, GG\B}—ﬂQ F- i L
ENF =) B&G, 66, QGHY =

et

Definition 2.3.3: The events E; , E5, . . .E;, are pairwise independent if and only if P(E; N E;) =
P(El- )P(Ej ) for all pairs of integers iand j with1 < i < j < n.

Bernoulli Trials and the Binomial Distribution
Each performance of an experiment with two possible outcomes is called a Bernoulli trial, In general, a possible
outcome of a Bernoulli trial is called a success or a failure. If p is the probability of a success and q is the probability

of a failure. _\ _ S
: P2 ) i—l—]ﬁl “Z"-_?_
Theorem 2.3.1: The probability of exactly k successes in n independent Bernoulli trials, with probablhty of Qr
success p and probability of failureq = 1 — p,is RY, o = ? , /f 5
n
n n-k K ¢ k)pkgnk k
<0\ 1—13): ZCCY\IK)& l) (n,k)p*q F(‘X %wc_ozé) C([W/ \Q 7/
K=0

Binomial distribution is a function of k defined as b(k; n, p) = C(n, k)p*kq™*

Example 2.3.6: A coin is biased so that the probability of heads is 2/3. What is the probability that exactly four heads
come up when the coin is flipped seven times, assuming that the flips are independent?

P(H)=% F(T>—€ VA=

~ 7 . : AfY]L/—
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PUHI= % , P(TI=L =%
N

P(k:q)— C(7,4) /fﬁi—#

7x Vﬂ«ﬁ‘/f’

( 5’ f -0.25€0

Example 2.3.7: Suppose that the probability that a 0 bit is generated is 0.9, that the probability that a 1 bit is generated is
0.1, and that bits are generated independently. What is the probability that exactly eight 0 bits are generated when 10 bits

are generated? F;P(O): o 9 ) %}9(/):0.1 e o
P(k=<) = C((o,&)(o.qf (6. )= o 1937
_Q-' /:_"Y\ol }’U\N\, 4/(946\ H\J Q}F&/Mg > oA
) hinn /O E/P%\ﬁmnma}g Jr Mi %:
BN
Plgsy= = Plketey - My
— (o, o) (o-} ]
= 0-999:
ﬁé: Ff‘Y\e\ Al FYSLWJ@/\{AB a}(' WS+ H\\/e(’ OIS
Pleze) + P(ks1) £ PlE>) + Pl

(D lo

m
Random Variables Q_ — I oY >< : S — IZ 9

Definition 2.3.4: A random variable is a function from the sample space of an experiment to the set of real numbers.
That is, a random variable assigns a real number to each possible outcome.

Example 2.3.8: Suppose that a coin is flipped three times. Let X (t) be the random variable that equals the number of
heads that appear when t is the outcome. Then X (t) takes on the following values:

%HHH@\—)\ ?>>< S:%
5 | 5
| fanw) 3 by 3
0 X;SB,QI\)OK - /’(x=:s>

Definition 2.3.5: The distribution of a random variable X on a sample space S is the set of pairs (r, P(X = r)) for
allr € X(S), where P(X = r) is the probability that X takes the value r. (The set of pairs in this distribution is
determined by the probabilities P(X = r) forr € X(S).)

rmc\)H«&J\A Jm%wjumrf( Ex2.3%

’,Dls
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Ex: Frnd ;H%ﬁgxsﬁ;«q{twhm 5( Ex 2.2
PCX) S px=x)= |

_ 5 ‘
o o
Example 2.3.6: Let X be the sum of the numbers that appear when a pair of dice is rolled. Find the distribution of X?
X=sum(a,b) x ‘F(X >
2 V2e
3 246
H+ >/¢
s /a6
& 546
¥ bl
g ¢ X
q Ylag
o 3736
[ 2 v L
2| v (L I
3( 1 ) [ 1
23456 ¢ g 9 lo (x>

2. Probability Page 9



2.4 Bayes’ Theorem and Expected Value

Thursday, September 26, 2024 11:55 AM

Example 2.4.1: We have two boxes. The first contains two green balls and seven red balls; the second contains four
green balls and three red balls. Bob selects a ball by first choosing one of the two boxes at random. He then selects one
of the balls in this box at random. If Bob has selected a red ball, what is the probability that he selected a ball from the

first box?
0]
000 P(B.NR)
o

o d G

P(8)=L=plg)
P(RIR)= 5% PRl
P(R,NR)
BIRY - -~ ———
P( \) B PERNB)APRNR,)

__P(r) P(RIRy
P(R) PRIBY +P(8,) PRI

,J_.j_ I

— 2 9 - \< _?
3+, 2 > 3
s9t2T 3 [t

BAYES' THEOREM  Suppose that E and F are events from a sample space S such that
p(E) # 0and p(F) # 0. Then

rin p(E | F)p(F)
p(E | F)p(F) + p(E | F)p(F)

Definition 2.4.1: The expected value, also called the expectation or mean, of the random variable X on the
sample space S is equal to

E(X)=XsesP($)X(s)

Example 2.4.2: A fair coin is flipped three times. Let S be the sample space of the eight possible outcomes, and
let X be the random variable that assigns to an outcome the number of heads in this outcome. What is the expected
value of X?
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