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Basis and Dimension

w
Definition 2.3.1 Let WV be a complex (real) vector space. V € V is a linear combina-
tion of the vectors V, Vy, ..., Vit in Vif V can be written as
V=cy-Vot+e - Vi+ - +ewr-V  forsomeey e, ..., co-1in C (R).

—

Example 1: construct a vector v € V = C3 as a linear combination of the following

vectors:
i 0 4
V1= 2 ,v2=2+i;v3=_2
-1 3 1
N = qf\}ﬁCl(\jﬁ-CgNS
= NV VY [T
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Definition 2.3.2 A ser [Vo, Vio ..., Vi1l of vectors in V' is called linearly indepen-
dent if
b=cy-Vi+cr- Wi+ -+ -1 Vo
implies that ¢y = 0y = ++ - = ¢, = 0. This means that the only way that a linear com-

bination of the vectors can be the zero vector is if all the ¢, are zero.

Example 2: Show that the following vectors are linearly independent [ [ 7
e

1 0 0 Z
v1=[1‘,v2= 1‘,173:[0‘ Ib> ’
1 1 1

Example 3: Show that the following vectors are not linearly independent (linear

dependent)
1 0 2
v = ll],vz = Il , U3 = l—l]
1 1 -1
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Standard Basis
m " (and B"):
=k
G- o= trj .
_U
€1
C2
Note: Every vector v = [C3
Cn
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nr—1 m—1

A= ZZA[;’ k]

J=tk k=l

CC@D

Bis i ty ind dent. —
(it) B is linearly independen _) vcl

Any m-by-n matrix, A can be written as the sum:

) T NRT Y ) =
C +G-G =[O Tt bf 3*'(>_
C e —¢ 0 G+ - C
(TS B ( -3
n
Definition 2.3.3 A set B = [V, Vi, .... V1] j' vectors is called a basis of a
{complex) vector space Vif both n-
C v ‘f’C LY (= C; NJ
(1) every, V € V can be written m‘ a J’m.;Qur fﬂt?!biﬂﬂ'illilﬂ ﬂfu'c'm.(':r from B an ¢

t=0

CO-{—C/\) {’sz\/?’f—-- f—C,,\ ( Yn_ (._ o

G=o0

: b n-|
L=
% o 6 G
= o) Q _ .
0 —\_ Or + — f i - ?I
o 6 ‘:
v b
Cufd VS
The basis for the vector space C™*™ consists of matrices of the form
D 1 oo kE ... =1
0 00 .- 0 - 0 ’ o Io)
i g0 - 0 .- 0
: Er TR O,
L= @ 0 v T owee M ED,O -
D SN . : J R
(p\»wf\ e m=1|0 0 -~ 0 -.- 0 D ~6



Definition 2.3.4  The dimension of a (complex) vector space is the nuwmber of ele-
ments in a basis of the vector space.

® In general, B" has dimension n as a real vector space.

® " has duncnsion nn as a complex vectlor space.

§

B """ the dimension is ma as a complex vector space. @
® The dimension of ¥V x ¥ 1s the dimension of ¥ plus the dimension of V.

Example 4: a) Find the coefficient of the vector v = [ 717] with respect to the basis
pyg -

p= [ A)

b) Find the coefficient of the vector v with respect to the basis D = {[_97] , [_75]}
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