4.1 Quantum Bit and Quantum Gates
Tuesday, October 14, 2025 11:52 AM

Postulate 1:
Definition 4.1.1: A quantum bit or a qubit is a unit of information describing a two dimensional quantum system

“Associated to any isolated physical system is a complex vector space

with inner product (i.e. a Hilbert space) known as the state space of the

system. The system is completely described by its state vector, which is a \(‘) .
unit vector in the system’s state space.” (Nielsen and Chuang).
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Note 4.1.1: Any nonzero element of C? can be converted into a qubit.

Example 4.1.1: Write the vector v = [5 +3i

6i ]as the sum of the qubits |0) and |1)
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Quantum Gates

Postulate 2: How qubit(s) transform.

“The evolution of a closed quantum system is described by a unitary
transformation. That is, the state |y> of the system at time tq is related
to the state of |y"> of the system at time t, by a unitary operator U which



depends only on times t, and t,.” (Nielsen and Chuang).

U= 1w
Definition 4.1.2: A quantum gate is simply an operator that acts on qubits. Such operators will be represented
by unitary matrices. The essential properties of quantum logic gates:

e U is unitary.

e U~ is unitary.
e U~!'=UT (which is the criterion for determining unitarity).
e UU=1
o |det(U)|=1.
e The columns (rows) of U form an orthonormal set of vectors.
Example 4.1.2: Let U = — [1 1 ] compute U|O) and U|1)
V21 -1/
§ / by = - \ Vol 1 S
NER 0 |2 \

Ulo)= 3'14 ]b)—”“>
Example 4.1.3: Consider ,and let [p)=a|0) + B|1) be a quantum state
u/:>=JZ—\o> +T;_\ IR

Compute U|y> and check if U is a valid quantum gate

UL o= of Yoy e B U o
:r;x\w o) \>> @Jr&l—lfgfo

Note 4.1.2: 1) Quantum gates are linear maps that keep the total probability equal to 1.
2) Quantum gates are unitary metrices and unitary matrices are quantum gates.

Example 4.1.4: Determine whether the following gate is quantum gate.

:ﬁ[—li i]
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Common One-Qubit Quantum Gates

1. The identity gate: IID>= ,°> _[I —o} 1j0} = |0},
Tl=(p> Iy =11).
2. The Pauli X gate, or NOT gate:

01 X|0y =1},
x:(] D) X|[1)=0).

o |

Example 4.1.5: Compute X|+>, X|—>, X|i >, X|—-i >

N [ ° i
X7 |o\>ﬁ
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3. The Pauli Z gate: _~ = < | >
o -

Example 4.1.6: Compute Z|0 >, Z|1 >, Z|+>, Z|—>, Z|i >, Z|—-i >

=iy I D>\_ (’ L )’ NI

o —

4. The Pauli Y gate: Y =iXZ Pox2_yvi_72_ XVYZ—1 |
>/ = ¢ O >: [ ] = -
|0 — | O P
#4)
5. The Hadamard gate H: VILT -1

Example 4.1.7: Compute H|0 >, H|1 >, H|+>, H|—>, H|i >, H|—-i >

I /1 \\ | 7 1\ /]—i\l,ll.
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Example 4.1.7: Compute H|0 >, H|1 >, H|+>, H|—>, H|i >, H|—-i >
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o _ N |
6. Phase gate, which is the square root of the Z gate (i.e., S? = Z): I U

1 0 —
Sz{ I A . —
0 1 6/1:Z ;( -I-I<- A
T >R

) o

e”yq
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Sis a rotation about the z-axis by 90 °

7. T gate, which is called g (or quarter of Z gate ):

B [1 0 }
[0 exp(F)

T is a rotation about the z-axis by 45 - A\

T!=85and T4 =2,

S*t=1

Gate | Action on Computational Basis | Matrix Representation
= e =)
Pauli X il?i _ Ié X = (? ;)
Pauli ¥ Y};EE}'): _’ ;;5; Y = (? :J")
Pauli Z z?la?}:—l‘?li\} Z= (é _Ot)
Phase § SS;?.; ;0;‘} §= (E, ?)

T TlT}E ;’flg}zt) r= (é ef'g-"*)
Hadamard H H|D\—7{|0}+ 1) H=%(! ] )
HI1) 7.|o—;1 VIAT -1

Example 4.1.8: Compute HSTH]0)
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Example 4.1.9: Compute X°1H’T36725|0 >
1, =XHZZ|> K(J—'Z((°>+—f'>)ﬁ<l'>ﬂh>
(lez)? =X H|ed>=xlt>=| > )

Spherical Coordinates

x = sinfcos@
y = sinfsing
z =cosf

Example 4.1.10: Write the following qubit state in terms of (6, (p), and then find the point in
the Block sphere
: _3+iV3

\E+l ) Z |0)—%|1) SnG :Z_
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Exercise 2.28. Consider the gate R, (6 ), which rotates about the z-axis by angle 6:

R;(6)]0) =0),
R.(8)1) = €®|1).
The Z gate, S gate, and T gate are all specific instances of the R, gate, withZ =R (7)), S=R.(7/2),
and T = R.(7/4). Say |w) = |0) + B|1) is a normalized quantum state, i.e., |@|*+ B> = 1.
(a) Calculate R.(0)|w).

(b) Show that the total probability of R,(8)|y) is 1, so R,(8) is a valid quantum gate, and hence,
Z, 5, and T are all valid quantum gates.
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4.2 Measuring and Combing Quantum States

Tuesday, October 14, 2025 12:01 PM

Postulate 3: The effect of measurement. , ) _,—m

“Quantum measurements are described by a collection {Mm} of measurement operators.

These are operators acting on the state space of the system being measured. The index m refers to
the measurement outcomes that may occur in the experiment. If the state of the quantum system is
|w> immediately before the measurement then the probability that result m occurs is given by:

f + Iy
plm) = (| My, Mp|y)
and the state of the system after measurement is:
Mo W)
“..-" y ﬁ:!";p'u:fm g
The measurement operators satisfy the completeness equation:
vl T -
Normalization L "-meme-‘_ 1 .
- The completeness equation expresses the fact that probabilities sum to one:

1=3pupim)=Xply M;Mmlllf} !

Some important measurement operators are Mo = |0) (0| and M; = [1)(1

1 10
MO*_OJI'Of_ooJ |0)
¢
M, = ? J 0,1 = g (l) J
L L /_/_/_
Observe that M Mo+ M]M; = I and are thus complete. -
SET LO 1\1 nd ar S comp! |1p) @Qm) +%|1)
Example: \-\'\-\\_\
0 =0 by P
pl0) = (y[MyMp|y) _k—\_\_’\:k )

- T
Note that MyMo — Mp. hence

’ . o 10 a
p(0) = (yiMoly) = |a".b"| | oJ bJ*

Hence the probability of measuring |0) is related to its probability amplitude a by way of |a 2,
(m|1,b) is the amplitude of |¢) with respect to (m| <o \ +>
(m|l/)) is the projection (1/)| of onto (m|
Measurement in the Z-Basis

Example 4.2.1: Measure the following with getting |0) and |1)
R \P>
2

A (ID +e7/%]1) ) B)

wejonl |HBile o
;° \K o \/\ \\’76-.72 )
f(():\<\\$)>\L:L<(\b>+f ‘2 \>\ % Aiﬁ/f\/’li

4. Quantum Postulates Page 9



Example 4.2.2: Find the value of A of the given qubit. A (ﬁm:\ +i|1 }) . \ \'/) = |b> + \g\ 1>

ME\ZHAY'IQ: I

QA= L ”
2| AlS _\\;) - = = A (63-1)- W
_r L
Measurement in Other Bases |+ - N>

d’

Example 4.2.3: Measure the following qubit with getting {| +) )} and {|L | — l

|¢)=£I0)+%|1) <1’f‘|’> @@@

il gl (<o) B oo
Al [IRE [MENERE

(T )& LH “FEStE & =
] air\("%
T
3 —
P = 2 — 3 ]9 _ 23 2-&‘:3:
> : t =S § |
{0—;‘;“%“‘\\? VR
| T2 2
f, = 1<il¥y] =R \>
=
R | _ Rt
2y |7 o« /™ 2E
Example 4.2.4: Consider the following states, which will call |a) and |b):
46\:[)35:" |a)=§|0)+é|1) Cﬁf‘\l)><<3< o] - 24”)(!%,')‘,'1”“)\)
|b)=§|0)+§|1) e
kf.
Measure the qubit [1) = 210) +2]1) in qubits |a) and |b) <b|Y) - pR b
P - \/ml\p\\\l a1 lo _ 5 1
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Measure the qubit [y) = <10) +>|1) in qubits |a) and |b) Zo|Y )z 21 -

Fo= [l o] 2 |2t de ”

T
P, = [<ultd] = [EoE- 5= 5%

I

|

|~

Postulate 4: How qubits combine together into systems of qubits.

“The state space of a composite physical system is the tensor product of the state
spaces of the component physical systems. Suppose systems 1 through n and system
i is in state Y;>, then the joint state of the total system is [)1>Q [, > - ® [P, >.

Definition 4.2.1: (Tensor Product)
Let’s imagine that we have two quantum states A and B. We know that we can
describe the state of 4 as |l/))A € C*and the one of B as |l/)>B € C%-. We can

combine the state |1h) . € C**?2 using Tensor product which is defined as:
1Y), = @al0) + Bal1) and [9p), = agl0) + Bgl1)

B “ L]
|¢)AB=I¢§A ®[|Z§; - [fs ngﬁ fa [’(E}

|Balv) Fe
"1 1BaBy .
. - o e
Example 4.2.5: Find all combination of tensor product of the states |0) and |1) W
J
‘°>®‘|5 _—\o\>= l Posi-'j'ml (O(q_-;__l
DCICR NEATRE:
2 = | i
o
Example 4.2.6: Compute |+)|1) ©

o
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Outer Products: Let |1,l))A = a4|0) + B4]1) and |l[J)B = ag|0) + Bg|1) bet two quantum states,

the outer product defined as: l o 4§ %
O Ly - | £ | f 3
ax) IX=
— )

AX2

¥)u01, = |5 nggl

Example 4.2.7: Finda) M = |0)(1| + |1) <0|,N = |i)(+|, Is M and N represent valid quantum gates

(rhorl- Harmitian and nimitarm\9
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Example 4.2.7: Find a) M = |0)(1] + |1) <0|,N = |i)(+|, Is M and N represent valid quantum gates

(check Hermitian and unitary)?

)i o (e (B M
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4.3 Rotations on the Bloch Sphere

Wednesday, October 15, 2025 2:31PM

A single qubit state can be visualized as a point on the Bloch sphere:

. 2 ) 6
1) = cos — |0} + e'¥sin —|1) >
T 2 ! 2 ! val

Quantum rotation gates correspond to rotating this vector around one of the coordinate ’\ 4
axes X,Y, or Z. ’

The Three Basic Rotation Gates:

Each rotation gate is defined as an exponential of a Pauli matrix:
R,(0) = 7%, ne{z,y,z2}
O\~ 0. /6
where: &75(‘{)1 + 2 g"‘”‘(’?/) 6\/\ ,

* Oy, 0y, 0, are the Pauli matrices:

(a) Rotation about X-axis: rotates the state around the X-axis by angle 6.
_/ 1 6 Q A
I_(Q \> C"/S(*a)IJr’sz(L)G =
Sy = ( o \> o 4 2 5via % CA’{G/L
[ & R (/—[> = , 0 \ o \ X_ 7}/
X ~ ~ - /s

G (9/?_ 1S m(@/)

¢ 0 | o) [ o
(b) Rotation about Y-axis rotates the state around the Y-axis by angle 6. G'ZO /‘)J '
. 9 S
O -C O\ T .. (O G A Shn /
- = Son(— &L = L
Gy e[ o (2)T +7i50(3) € =
1 o

_sm& b s

(c) Rotation about Z-axis rotates the state around the Z-axis by angle 6.

Now, say there is a partial flip on the Bloch sphere, a rotation by angle 0 about the axis i = (1, ny,1;)
is given by
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0 0
;) [ —isin (;) (nX +nY +n.Z)| .

P

A , :
/ ”’I%+V’5+Vl7:\

where v is a global phase that we can set to anything (or drop), since it does not
have any physical relevance

b‘"
3 _
\
Q"-.
S
@]
)
v
A~
|

Example 4.3.1: Consider the Hadamard gate is a rotation by 8 = 180 ° = & radians
about the axis halfway between the x- and z-axes, express the Hadamard using U.

Ny=N, V= O
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