PHYS 512

Assignment — 03 (Quantum|computing)
Due Sunday Oct 04 — 11:59 pm (NO late submission)
Solution

Q.1 Ket and Bra, Orthonormality
Consider the following two kets:
—3i 2
Il/)>=<2+i), I<p>=< —i )
4 2—3i
Q) Find the bra (¢|
(i)  Find (ly)*

(iii)  Are |y)and |¢g)are orthogonal?
(iv)  Briefly explain, why the product [)|@) and {(@|{x| do not make sense?

Solution
(M
(p| =2 i 2+3i)
(in)
(YNT=@I=Gi 2-i 4)
(D)
—3i
(plPy=(2 i 2+3i) (2 + i) =7+ 8i # 0, Therefore given states are not orthogonal
4

(iV)  Such matrix multiplication is not possible

Q.2 Ket, Bra and inner product
Consider following quantum states

[Y) = 3ilp1) — 7ile2), [x) = —lo1) + 2i|@,)

Where |¢,) and |¢,) are orthonormal. Calculate the inner (scaler) product () (x[). Are they
equal?

Solution
Wlx) = (@1|(=30) + {2 |7D[—|@1) + 2i|@p,)] = —14 + 3i

(Xlo) = (@1l + (@21 (=20))[3ilg1) = 7ilp2)] = —14 = 3i



Q.3 Hermitian
Check the hermicity of operators (A + AT), i(4 + A%), i(4 — AT),

Solution

(4+ AN)" = (4 + A")Therefore it is Hermitian

[i(Ad+ AN)]" = — i(A + AT) NOT Hermitian

[i(A—AN)]" = —i(=4A + A1) = i(A— A") Therefore it is Hermitian
Q.4 Outer product

Consider the two States

[¥) = ileq) + 3ilez) — |@3), 1) = lo1) — i|@z) + 5i|@3)

Where |¢,), |@,), and |¢@5) are orthogonal and normalized.

Q) Calculate|y)(x| and |x){y|. Are they equal?
(i) Find Hermitian conjugate of [){x|

Solution
1 i -1 5
[P)xl =<—i> (=i —3i —1)=<3i -3 15)
5i -1 —i 5i
—i —i =3i -1
|x>(¢|=<—3i>(1 —i 5i)=(—1 -3 i>
-1 5 15 -=5i
—i =3i -1
(PYxDT = x| = (—1 -3 i >
5 15 -=5i
Q.5 Hermitian

Consider the following operator:

(v)  Operator A4 is Hermitian?
(vi)  Operator A4 is unitary?
(Clearly show all the working for Hermitian and unitary)



Solution

0

) 0 =\ 0 0 1-—i

A= o o o |®4=| 0 0 0 |now clearly A is Hermitian
1+i 0 0 1+i 0 0

- 0 0 1-i\/ 0 0 1-—i 1-i2 0 0 2 00
(NAdt={ o o0 o 0 0 0 |={ 0 o0 0 =(0 0 0
1+i 0 0 /\1+i 0 0 0 0 1-i? 0 0 2

Not an ldentity matrix, therefore A is NOT unitary

Q.6 Cauchy-Schwartz and Triangle inequality
Consider the following two states:

[¥) = =3|0) — 2i[1), |¢) = |0) + 5]1)
Show that these two states obeys

(i) Cauchy-Schwartz inequality: [{y]|$)|? < (W) {o||d)
(i)  Triangle inequality: \/{(¥ + @)1y + ¢) <V WIIY) + V(dl|¢)

Solution
Wlep) = (0](=3) + (1]2i)(—3|0) — 2i|1)) = =3 + 101
(Yhp) =13
(plep) =26

(W + I + @) = (01(=2) +(1I(5 + 20))(=2]0) + (5 — 20)[1)) = (=2)* + (5 + 20)(5 — 2i)=33

Q.7 Find new states
Consider following three quantum states

1) = [0), 2) = — 210y~ 21y, ps) = 210y + 21)

Find new states [1), |1);), and [1}3) that are normalized, superposition states of |0) and |1) and
orthogonal to |y,), [¥,), and |3), respectively.

Solution

Let

1) = al0) + b|1), where a? + b% = 1 (new states is normalized)



[{2) = c|0) + d|1), where ¢? + d? = 1 (new state is normalized)
[{3) = e|0) + f|1), where e? + f2 = 1 (new state is normalized)

Using above normalization and following orthogonal conditions

Wild1) =0 WPolh2) =0 (P3]h3) =0
To find the values of a, b, ¢, d, e, and f

Q.8 Direct Product/ combining quantum states
Show that the state

1 1
—100) + —2|11),

Il/))=\/§ 7z

Can be expressed in-terms of |+ +) and |— —) basis, i.e.
1
W) = <1+ +)+

5 ),

i

Solution

1 1
100) = [0)®[0) =S [(I4) + [=D®(+) + [-DI = [+ ) + [+ ) + - H) + - )]

Similarly
1 1
111) = [1)®I1) =S [(+) = [-N®(+H) — [-DI = [+ ) — |+ =) — [= 1) + |- )]
Therefore
100) + |111) =[l++) -li |- =)
ad2 =ﬁ|+ +)+ ﬁl__>

Q.9 Expectation value
Consider the a states which is given in terms of three orthonormal vectors |¢@,), |@2), and |@3) as
follows

1 1 1
[) = 7= lo1) + e l@2) + N l@3)

Where |¢,,) are eigenstates to an operator B such that B|¢p,,) = (3n? — 1)|¢,) withn = 1,2,3
Q) Find the norm of the state [).
(i)  Find the expectation value of B for the state [).
(iii)  Find the expectation value of B? for the state |ip).

Solution

(i) Norm of state: ... (you did it many times)



(i) Expectation value of operator B

o=+ al s+ ol ) + B (sl + =load + 1)
@1\/— (P2\/— @3\/3 \/EQDI \/§(P2 \/3903

(WIBIY) =<

~ 1 1 1 . 1 .
<w|B|w>—<<<p1|r “”2'[“"’3'%)+<EB""1)+EB""2)+EB"”3>>

~ 1 2 26
(¢|B|¢>=<<%I\/_ <(P2|\/— (¢3|ﬁ>+<ﬁlfp1> \/_|<p2>+\/_|903)>
2

11 26
WIBI) = (s +5+2) =9
(iir) Similarly you can find the expectation value of operator
B2

Q.10 Define the mixed expression

In the following expression, where is an operator, specify the nature of each expression (i.e.
specify whether it is an operator, a ket, or a bra); then find it Hermitian conjugate.

() WIAYKI
(ii) Alyp) el
(iii) (lpXeld) — i (Alp)(WI)

Solution
0) Bra
(ir) Operator
(iir) Operator

To find the Hermitian of each expression, use the following rule(s)
[ABC]T = cTBtAT

[A1w)]" = (14!
[WIo)T = (o)



Q.11 Combining quantum states

Consider following two quantum states in computational basis
Loy L

Compute the following

() [¥)Rlp)

(i) (W1&(ol

(iii) (o, @D (1)@ 9))
(iv) (0x®0,) (1) Rl 9))

Solution

1), @) = 100+ 5 11)

(i) WBle) = [5|0) - H| D] @[F10+ FI)]

I®I0) = 3[00) + 5 01) ~ £110) + 7111)
®r=3 2 2 2

(i)
Similarly you can find (p|®(p|

(iit) (0, @D (|Y)®|p))

0,®I = ((1) (1)) ® ((1) (1)) = (4x4 matrix)

V2

=1

[V)®|p) = | ZE | = (4x1 matrix)
N7
\&/

Xply equation (1) with (2), to get the final answer

(iv) Like above you can solve this part as well



