PHYS 512 Assignment 03 Ibraheem AlYousef

Question 1

Ket and Bra, Orthonormality
Consider the following two kets:

-3t 2
|¢> =|2+1i], |§0> = —i
4 2— 31

(i) Find the bra {p|

)

(if) Find (|¢))*

(iii) Are |¢) and |p) orthogonal?
)

(iv) Briefly explain, why the product |¢)|¢) and {¢[{t| do not make sense?

Solution:
() <ol =(2 i 2+ 30
3i
(i) (gp)* = [2-4
4
(iii)
—3i
lolby=(2 i 2+3i) |2+
4

= 2(=3i) +i(2+14) + (2 + 3i)(4)
— —6i+2—1+8+12 =7+8i #0

.". not orthogonal.

(iv) |9y is 3 x 1, |¢) is 3 x 1. The product (3 x 1)(3 x 1) is undefined. Similarly, (1 x 3)(1 x 3) is undefined.

However, people do use similar notation |1))|¢) to resemble the tensor product |¢) ® |¢), which is well-defined as the
direct product (Kronecker product) of the two state vectors, resulting in a 9 x 1 vector in this case.

Question 2

Ket, Bra and inner product
Consider following quantum states

[y = 3ilp1) — Tilp2), |x) = —|e1) + 2i[p2)

Where |p1) and |@2) are orthonormal. Calculate the inner (scalar) product {¥|x) {x|). Are they equal?

Solution:

Gplxy = (=3i)(=1) + (7i)(2i) = 3i — 14
x|y = (—=1)(38) + (—20)(=7i) = —3i — 14

Not equal. In fact, ((x|v))* = {|x)-
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Question 3

Hermitian o o o
Check the hermiticity of operators (A + AT), i(A + AT), i(A — AT).

Solution:

At Hermitian

(A+ AN =AT+ A=A+
[i(A+ AN]T = —i(AT + A) #i(A + AT) Not Hermitian
[i(A— AN]T = —i(AT — A) = i(A — AT) Hermitian

Question 4

Outer product
Consider the two States

W) = ilpr) + 3ilo2) — lws), XD = lr) — ilwa) + biles)
Where |¢1), |¢2), and |p3) are orthogonal and normalized.

(i) Calculate [¢)(x| and |x){t|. Are they equal?

(ii) Find Hermitian conjugate of |1)){x|

| Solution:
(i)
i it —1 5
|¢><X|_<3z'>(1 i —5i)—(3z’ -3 15)
-1 -1 —i 5
1 -5 —3i -1
Doyl = <Z) (—i —3i -1)= (1 —3 z)
LY 5 15 =5
Not equal.
- =3 -1
(i) (XD = xXy| = (—1 -3 i )
5 15 =5
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Question 5

Hermitian
Consider the following operator:

) 0
A= 0 0 ©
1+ 0 0
(v) Operator A is Hermitian?
(vi) Operator A is unitary?
(Clearly show all the working for Hermitian and unitary)
Solution:
(v) Hermitian. Since:
_— 0 0 1+4i\" 0 0 1-d\
Al=A = 0o 0o o | =0 0 o0 |=4
1—4 0 0 1+4 0 0
— 2(0-9) _ ;
Note 12 = =5~ =1 —.
(vi) Not Unitary. Since:
L 0 0 1—4 0 0 14 2 00
AAt= 0 o0 0 0 0 0 |=(0 0 0]#I
1+ 0 O 1-¢ 0 O 0 0 2

Question 6

Cauchy-Schwartz and Triangle inequality
Consider the following two states:

) = =3]0) — 2i[1), [$) =0) +5[]1)
Show that these two states obeys

(i) Cauchy-Schwartz inequality: |(1|p)|? < (b|){B|é)
(ii) Triangle inequality: \/{(¢) + ¢@)|¥ + ¢) < A/W|Y) + A/(B|d)

Solution:
(i)
WYy =9+4=13, {(¢|¢p=1+25=26
[(p|d)]? = | — 3+ 104> =109 < 338 =13 x 26
(ii)
{(p+)Wp+d)y=|—27+[5—-2i*> =4+29=33

V332574 <V13+V26 ~8.71 v
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Question 7

Find new states
Consider following three quantum states

Y1) =10), |2y = —%\0> - ?m, [s) = —§|0> + ?ID

Find new states [1;), |th2), and |3) that are normalized, superposition states of |0y and |1) and orthogonal to [¢1), |12),
and |13, respectively.

Solution:

1) =1, (ild)y=0 v

|¢2>:_?|0>+%|1>7 <¢2|¢2>:§—§:0 v
|1/~’3>=§|0>+%|1>7 <¢3|¢3>=—§+§=0 v

Question 8

Direct Product/ combining quantum states
Show that the state

1 1
lv) = $|00> + E|11>a

Can be expressed in-terms of | + +) and | — —) basis, i.e.
W)=l ++)+ ==,
V2 V2
Solution:

Using |0) = 5(|+) +[-)) and [1) = 5(]+) — [-)):

00y = 31+ 5+ 1+ =)+ | =+ +] = =)

11y = 20+ 4> = |+ === +>+]= =)

1
) = 7|00> + \f|11>

- 2 - ) -

1
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Question 9

Expectation value
Consider the a states which is given in terms of three orthonormal vectors |¢1), |¢2), and |p3) as follows

[0 = —=lon) + zlen + =l
Where |, ) are eigenstates to an operator B such that Blg,) = (3n% — 1)|p,) with n = 1,2,3
(ii) Find the norm of the state |¢).
(iv) Find the expectation value of B for the state |¢)).

(v) Find the expectation value of B2 for the state |¢)).

Solution:
2 0 0
Eigenvalues: A\; = 2, Ao = 11, A\3 = 26. Matrix: B= [0 11 0
0 0 26
(iii)
1 1 1 3 3
<¢|¢>—B+§+g—gv vl = 5
(iv)
(B = (Pl Blv) _ 52 +3011)+35(26) 9 _ 15
ply) 3 2
v)
(B - SB _ @)+ 5020+ 5(676) 819,
ly) 3 3 3



https://iphysics.sa

PHYS 512 Assignment 03 Ibraheem AlYousef

Question 10

Define the mixed expression

In the following expression, where A is an operator, specify the nature of each expression (i.e. specify whether it is an
operator, a ket, or a bra); then find it Hermitian conjugate.

(i) WIAXY|
(i) Alwy(pl
(ii) (Jo)plA) — i(Al)w)

Solution:

(i) Bra. Hermitian conjugate: 1)) AT|e))

<1/J|A|¢> (| = scalar x bra = bra
— T ——

scalar bra
(ii) Operator. Hermitian conjugate: |@)(1)| AT

Aly)  {p| = ket x bra = operator

ket bra
(iii) Operator. Hermitian conjugate: AT|o) | + i|)(y| AT

(JXp|A) —i (A|th)(1p|) = operator — operator = operator
— —_—

operator operator
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Question 11

Combining quantum states
Consider following two quantum states in computational basis

1 1 1 1
) = ﬁ\@— EID, o) = ﬁ|0>+ EID

Compute the following
(i) [V @lv)

(i) W@yl

(iii) (o= @I)(|¢) @ l9))
(iv) (0z @ 02)(|[¥) ® |¢))

Solution:
(i)
1
1 . . 11 4
[ ® 1) = (100 +4l01)y —i[10) + [11)) = 5 | *,
1
(ii)
1 . , 1 o
W@ <pl = 5(<00] = i01| + 10 + A1) = 5 (1 —i @ 1)
(ii)
001 0
00 0 1
=@I=11 ¢ ¢ o
010 0
i
11
(2@ DB =5 | ]
i
(iv)
00 0 1
00 1 0
92®% =14 1 ¢ o
100 0
1
1 =i
(%®%)(|¢>®|<ﬂ>)=§ ;
1
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