
PHYS 512 

Assignment – 04 ⟨𝑸𝒖𝒂𝒏𝒕𝒖𝒎|𝑪𝒐𝒎𝒑𝒖𝒕𝒊𝒏𝒈⟩ 

Due Tuesday, Oct 014 – 11:00 pm 
Submit Question # 1, 3, 6, 8, 9 and 11 ONLY (You are strongly encouraged to solve all of them) 

 

Q.1 Spectral decomposition of an Operator  

Using spectral decomposition theorem, write down the following operator  

𝐴̂ = (
1 0 2
0 3 4
1 0 2 

) 

 

In Standard notation 𝐴̂ = ∑ 𝑎𝑖|𝑢𝑖⟩𝑛
𝑖=1 ⟨𝑢𝑖| where ai are the Eigen values and ui are eigen states of the 

operator A. 

(Hint: First find the eigen values and eigen operators of the operator A) 

 

 

Q.2 Commutation relation  

(a) Show that   

[𝜎𝑦, 𝜎𝑧] = 2𝑖𝜎𝑥  

 

Q.3 Bloch Sphere 

(a) Show that  

𝑛̂. 𝜎⃗ = ( 𝑐𝑜𝑠𝜃 𝑒−𝑖𝜑𝑠𝑖𝑛𝜃
𝑒𝑖𝜑𝑠𝑖𝑛𝜃 −𝑐𝑜𝑠𝜃

) 

 

Where 𝜎⃗ = 𝜎𝑥𝑥̂ + 𝜎𝑦𝑦̂ + 𝜎𝑧𝑧̂ and 𝑛̂ = 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙𝑥̂ + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙𝑦̂ + 𝑐𝑜𝑠𝜃𝑧̂ 

 

(b)  Find the value of 𝜃 𝑎𝑛𝑑 𝜑 for which (using Bloch Sphere) 

(i) 𝑛̂. 𝜎⃗ = 𝜎𝑧 

(ii) 𝑛̂. 𝜎⃗ = 𝜎𝑦 

(iii) 𝑛̂. 𝜎⃗ = 𝜎𝑥 

 

(c) We know from class lecture, any possible state |𝜓⟩ of a qubit can be represented by a point 

the surface of Bloch sphere, where  

 

|𝜓⟩ = (
𝑐𝑜𝑠𝜃/2

𝑒𝑖𝜑𝑠𝑖𝑛𝜃/2
) 

Find the value of 𝜃 𝑎𝑛𝑑 𝜑 for which the above state |𝜓⟩ becomes a  
 

(i) | +⟩  

(ii) | −⟩  
 



(d)  

(i) Show that computational basis {|0⟩ 𝑎𝑛𝑑 |1⟩} are eigen states of  𝜎𝑧 

(ii) Show that computational basis {|0⟩ 𝑎𝑛𝑑 |1⟩} are NOT eigen states of  𝜎𝑥 

(iii) Show that basis | +⟩ 𝑎𝑛𝑑 | −⟩ are eigen states of  𝜎𝑥 

(Note for above don’t assume they are eigen state, explicitly show by matrix/ ket (/bra) 

multiplication) 

 

Q.4 Gram-Schmidt Orthogonalization 

Use the gram-Schmidt process to construct an orthonormal basis set from  

 

  |𝑣1⟩ = (
1
2

−1
),  |𝑣2⟩ = (

0
1

−1
),   |𝑣3⟩ = (

3
−7
1

) 

 

(Hint: Following is the procedure to produce, for more details Book-2) 

 

 
 

 

Q.5 Pauli Matrix and Rotations 



Rotation along x-axis by angle θ can expressed as 

𝑅𝑥(𝜃) = 𝑒−𝑖
𝜃
2

𝑋̂
 

 

Where 𝑋̂ is a pauli-X operator  

a) Using Taylor series expansion show that 

 

𝑒−𝑖
𝜃
2

𝑋̂ = 𝐼 𝑐𝑜𝑠(𝜃/2) − 𝑖𝑋̂𝑠𝑖𝑛(𝜃/2) 

 

 

b) Also show that  

𝑒−𝑖
𝜃
2

𝑍̂ = 𝐼 𝑐𝑜𝑠(𝜃/2) − 𝑖𝑍̂𝑠𝑖𝑛(𝜃/2) 

 

c)  Further show that rotation along z-axis can be expressed as  

 

𝑒−𝑖
𝜃
2

𝑍̂ = (𝑒
−𝑖𝜃

2 0

0 𝑒
𝑖𝜃
2

) 

 

 

 

 

Q.6 General Unitary  

Any unitary operator can be expressed as 

 

𝑈 = 𝑒𝑖𝛼[𝑅𝑧(𝛽)𝑅𝑦(𝛾)𝑅𝑧(𝛿)] 

 

Show that above unitary operator can be expressed as  

 

𝑈 = 𝑒𝑖𝛼 (
𝑒

−𝑖𝛽
2

−
𝑖𝛿
2 𝑐𝑜𝑠(𝛾/2) 𝑒

−𝑖𝛽
2

+
𝑖𝛿
2 𝑠𝑖𝑛(𝛾/2)

𝑒
𝑖𝛽
2

−
𝑖𝛿
2 𝑠𝑖𝑛(𝛾/2) 𝑒

𝑖𝛽
2

+
𝑖𝛿
2 𝑐𝑜𝑠(𝛾/2)

) 

 

 

 

 

 

 

 

 

 

Q.7 Tensor Product 



Find the tensor product of  

 

(i) Find the tensor product of (i.e. |𝜓⟩⨂|𝜑⟩) 

|𝜓⟩ =
1

√2
 (

1
1

)     𝑎𝑛𝑑      |𝜑⟩ =
1

√2
 (

1

√3
) 

 

(ii)  Find the tensor product of 

 

𝐻 =
1

√2
(

1 1
1 −1

)     𝑎𝑛𝑑      𝜎𝑥 =  (
0 1
1 0

)  

 

 

(iii) Find  

𝜎𝑥⨂𝜎𝑦|𝜓⟩ =? 

Where  

|𝜓⟩ =
|01⟩ − |10⟩

√2
 

 

 

Q.8 [1+4+2+4] Quantum Gates – CNOT 

 

Note modular two addition is defined as:  

 

0⨁0 = 0;       0 ⊕ 1 = 1;         1⨁0 = 1;         1⨁1 = 0 

 

(a) If  

CNOT |𝑎 𝑏⟩  = |𝑎 (𝑎⨁𝑏)⟩ 

 

(Where on right hand side ‘a’ is first qubit and (𝑎⨁𝑏)is second qubit) 

 

Using above definition of CNOT-gate complete the following 

 

CNOT |00⟩ =? 

CNOT |01⟩ =? 

CNOT |10⟩ =? 

CNOT |11⟩ = 

  

(b)  

(i) Find  

(CNOT)3(CNOT)2(CNOT)1 |10⟩ = ⋯ … … … … … … … (1) 

 

Where CNOT1 and CNOT3 are usual CNOT-gates, but for CNOT2, control bit is second qubit 

 



(ii) Draw the quantum circuit for equation (1) 

 

(c) CNOT gate expressed in terms of Pauli gates  

 
Using above expression show that the matrix representation of CNOT is  

 
   

 

Q.9 (Multiple CNOT) 

Show that following combinations of CNOT gates just flip the inputs.  

(Do not write the final answer directly, Find |𝜓1⟩ and |𝜓2⟩ as well)  

 

(Hint: use modular two definition of CNOT i.e. CNOT|𝑎𝑏⟩ = |𝑎 (𝑎⨁𝑏)⟩. Find |𝜓1⟩ and |𝜓1⟩   
 

 

  



Q.10 Quantum Gates – Toffoli Gate 

Complete the following truth table for Toffoli gate 

(Remember;  |𝑐′⟩ = |c⨁𝑎𝑏⟩ 

 

Inputs Outputs 

|𝑎⟩ |𝑏⟩ |𝑐⟩ |𝑎′⟩ |𝑏′⟩ |𝑐′⟩ 

0 0 0    

0 0 1    

0 1 0    

0 1 1    

1 0 0    

1 0 1    

1 1 0    

1 1 1    

 

 

Q.11 [4+3+4Quantum Circuits 

(a) Draw Quantum circuit for the following equation 

  

(CNOT⨂I)(X⨂H⨂Z)|110⟩ 

(b) Find the state |𝜓1⟩ 

|𝜓1⟩ = (X⨂H⨂Z)|110⟩ 

(c) Find the state |𝜓2⟩ 

|𝜓2⟩ = (CNOT⨂I)(X⨂H⨂Z)|110⟩ 

 

 

 


