PHYS 512 Midterm Solution Ibraheem AlYousef

Q.1 41 Points Basic Concepts

1. Which one of the following can be a possible eigenvalues of a Hermitian operator (circle all
possible answer(s)) 1]

Solution:

Eigenvalues of a Hermitian operator must be real.
(2 + 3i) — complex, not an eigenvalue

47 — imaginary, not an eigenvalue

2.5 —real v/

24/3 — real v’

2. All Pauli matrices are Hermitian and unitary (Y /N) 1]

Solution:
Yes

3. Express the Hadamard operator (gate) in ket/bra notation (no need to derive) 1]

Solution:

H = |0)0] + 01| + [1)0] — [1)<1]

4. Consider a point P on a Bloch sphere as shown in the figure, where # = 60° and state vector
|ty is right above positive y-axis (in yz-plane). Find the expression for state vector |¢) in
ket/bra (Dirac) notation and in matrix form. [2]

Solution:

© =90°
4> = cos (Z) |0) + € sin (Z) 1)
[y = cos(30°)]0) + €'% sin(30°)[1)

=L+ i

o-(4)

Matrix form:
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5. Show that the operator |0)(1] is equivalent (o, + io,)

2]

r

Solution:
72 = |10 + [0l
oy = ~i0X1| + il10)
5 (00 +ioy) = 2 (10] + 0X1] + 0X1] ~ [1X0)
- Jenap =X o
6. YZX|1) =7 2]
Solution:
Y ZX|1) = Y Z|0) = Y|0)
0 —2\ (1 0 .
-0
Also:
—iXYZ =1=XYZ =1l
Therefore:
YZX|1) = i1

7. Show that 7 = HXH
Where Z (0,) and X (0,) are Pauli gates (/operators) and H is Hadamard gate

2]

Solution:

8. Show that [A, B|' = BT, Af]

2]

Solution:

(AB— BA)! = BtAT — ATBt

(AB — BA)' = (AB)T — (BA)T
= BtAt — ATBt
=[Bh, 4" O



https://iphysics.sa

PHYS 512 Midterm Solution Ibraheem AlYousef

9. Consider the following phase gate operator P [2]

1 0
P = (0 ei7r/2>

Show that when P act on general qubit state |1)), it changes the phase of qubit by /2.

Solution:

0
_ [ cos3
[¥) = (ew sin g)

1 cos & cos ¢
_ 2 ) _— 2
Plp) = (O et ) <ew sin g) B (eigew sin g)

(M)

Therefore (New Phase):

5ot T
=¥ D)
[
10. Consider following two quantum states [2]
0
1 1 11
= —(|01) + 10)) = —
= 00 +10)) = | §
0
1
1 1|0
= —(|00 11)) = —
) ﬂ(l )+ [11)) 7 o
1
Show that above two state are orthogonal?
Solution:
0
1 1 ]1
=—(1001)—
@iy =001 | )
0
1
= 5[0+0+0+0] =0 O
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11. X,Y,& Z are Pauli operators. Express the following expression in matrix form.

XQX+YQY+2072

[3]

Solution:

00 0 1
. o oo 10
X®X=101 0 0
100 0
1 0 0 0
. . o =1 0 o
Z®Z=10 o -1 0
00 0 1
0 0 0 —1
N 0 01 0
YeY={(9 10 o
100 0

1 0 0 0

0 -1 2 0

=10 2 -1 0 o
00 0 1

12. Consider following three qubit state

2]

1
= —[|]101) + |011
) xﬁﬂ ) +1011)]
If P = |1)(1] is a projection operator (remember [ is identity operator). Find
PRIQIW) =?
Solution:
P is a projection of the 1st qubit in |1) state, hence only |101) remains:
4> = [101)

P®f®f|0xx>=0

PRIQI|lzx) = [1ax) ]
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13. Find the final state after applying the gates. Is final state entangled? [2]
(CNOT)(H ® I)00)

s )

Solution:

|00> + |10)

H @100y = =

CNOT [|00> + |10>] _ CNOT|00) + CNOT|10)

NG 7z
NE T R
N,

1 1
) = E\OO> + ﬁ|11>

It is entangled and is a Bell state. []

14. Find the eigen values of the given operator [3]
R -1 0 2
A=|2 0 -1
2 1 2
Solution:
|A—XI|=0
-1-Xx O 2
2 -x -1 =1.A‘_1A 2__1A‘0+2‘§ _1’\‘=0
2 1 2-A

(1 =X(=A2 =X +1)+2(2+2)) =0
11+ N[N =22+1)] =0
=(1+AN)AN-22-3)=0
A=3)A+1)2=0

A=-1,-1,3 O



https://iphysics.sa

PHYS 512 Midterm Solution Ibraheem AlYousef

15. A projection P operator is defined as
P = [i)(|

Show that

Solution:

P? = (|ixil)(16il)
= [6)ilE)i]

Assuming |¢) is normalized:

(iliy =1

N NI O

\.

16. Show that (where X, Y, and Z are Pauli operators)
[X,Y] = 2iZ

r

Solution:

2% 0 10N
_<0 —22')_21(0 —1>_2ZZ 8

17. Draw the circuit for the following gate operation
(H® X ® H)(CNOT® I)(X ® H® Z)|110)

Solution:
Quantum circuit (reading right to left):

1 —{x} (1]
1 —H ——1X]

107

N
[~]
=]
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18. If

|01> — |10)

) = 72

(a) Draw quantum circuit for the following operation on |¢)

(H ® I)(CNOT)[¢)

Solution:

%)

q

(b) Find the final state |¢")

(H®I)(CNOT)[¢) = [¢)

Solution:

RO [|01>— |10>] _ CNOT|01) — CNOT10)

V2 V2
_ |01y —|11)
V2

(HI) [M] _ Liaoen - Hyem)

Ea
= [|o>;§|1> sl - 2210 gpp)
S 101) + [11) = [oL) + |11)]

[21D)] = [11)

[\DID—‘[\:JI

Final state:

[ =1[11) =

— o o o
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19. For given input find the state |¢);) and |¢»). Is the state [¢») an entangled state? [2]

Solution:

¢1=H|1>:|O>\/§|1>

1y = CNOT¢; = CNOT ['00>_|10>]

V2

_ CNOT|00) — CNOT10)

V2
_ Jooy - |11

V2

|12 ) is entangled and is a bell state. []

|1> @ |7/}1> |1/)2>

0) an

Q.2 6 Points Measurements and renormalization

Consider the following state

2 1 2
= 5[101) + -|011) + ~|111
[¥> = 31101) + 5]011) + 2[111)

Suppose that first qubit of the state |¢) is measured in the computational basis.

(a) What is the probability of obtaining |1) [4]
(b) If measurement outcome of first qubit is |1) what is (are) possible state(s) of second qubit?

(c) After the measuring the first qubit in |1), write down the new (normalized) state (and call it |¢"))

Solution:
a)
2 217 4 4 8
— - ==-4+-=-%289
’3 +’3 9+9 9 %
b)
101 111
) = LD+ 1D

Hence for @2 could be in |0) or |1)
c)
B

N
¥y = 501 + =111

Now suppose now the second qubit of |¢") is measured in the computational basis. I
(d) What is the probability of obtaining in state |0)?
(e) (b) after the measurement of second qubit in state |0, what is the resulting (normalized) state |¢")?

Solution:

d)

~ 50%

7

|©") = [101)
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Q.3 8 Points Normalization, possible outcomes and expectation value

An X-ray fluorescence spectrometer analyzes the energy of an X-ray photon. Energy H is an observable and the corresponding

Hermitian operator is H.

) ——

XRF Spectrometer

The incoming state is

V) = V2[1) +V3[2) + 13) + 4)

where [1),]2),]3), and|4) are the nondegenerate eigenstates of H, such that

Hin) = n%e,|n)

and €, is a real constant with dimensions of energy.

— |1
— [2)
— 3
— 4

(a) Normalize the input state|¢) 1]
Solution:
@Yy =v2+3+1+1=7
1
= — [V2|L)+V3[2) +[3 +4]
)= 7= [VAD + V32 + 3+ 19
(b) What is the probability that the XRF measurement out outcome is |3) [1]
Solution:
2
1 1
—| =-~14
v I At
(c) Express the operator H in matrix form in |1),]2), |3, |4) basis. 2]
Solution:
Since H is diagonal in its eigenstate basis:
& O 0 0
~ 0 4¢, O 0
H = 0 0 9 O
0 0 0 16e,
Since H is diagonal in its eigenstate basis and R
H|n) = n%c,|n)
it is evident that it is diagonal. []
(d) Find the expectation value of (H) (average energy measured) for given state [ [4]

Solution:

(Hy = Y|H|Y)

1 39
== [2e, + 12¢, + 92, + 16¢,] = —

7

€o

= 2 [V + VAl + @) + al] E[VED + V32 +13)+ o)
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Q.4 12 Points Time evolution of quantum state

a) Express the following rotation operator R;(6) (rotation along i-axis) in matrix form [4]
R,(0) = e 15X
Ry(e) = e_l%?
R.(0) = e 87
Solution:
For R, (0):
0\ - N
R,(0) = cos (2) I —isin () X
_ (cos g 0 _ 0 1 sin g
L 0 cosd isin g 0
0 Y
cos? —isin&
= ( 20 02>
—ising  cosg
For R,(0): ,
R,(8) = cos (2) I —isin () Y
[ cos g 0 B 0 sin g
“\ 0 cos? —sing 0
_ [cos g —sin g
sing  cos g
For R,(0):
0\ - .. [0\ 5
R, (6) = cos 5 I —isin 5 Z
[ cos g 0 _ (isin g 0
~\ 0 cos? 0 —isin §
_ e"i5 0
B 0 eis
Using: ‘
e = cosf —isinf
cos 5~ 7 sin 5= e~i2
(b) Initial state of the qubit is |0)
i [1]

(i) If you rotate this initial state by 90° about the y-axis, what is the new state?

Solution:

) = |+
(Rotating |0) by 90° about the y-axis on the Bloch sphere brings it to the |+) state)
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Solution:

(ii) Verify your answer by applying rotation operator R, (#) (with suitable ) on state |0)

R90° _ cos45°  —sind5°\ (1) _ (cos45°) 1 (1
Y \sin45°  cos45° 0/ \sin45°) /2 \1

(iii) The rotation you used in part (ii) is a Hadamard gate. (Y/N)

Solution:

No

(¢c) Evaluate the following and express final answer in {|+),|—)} basis.

R.(180°%)]+)

Solution:

Additional Information

1 1
E|O>+ﬁ|1>

0 1 0 —2 1
X—Jz—<1 0), Y—O'y—<l. 0) Z—Jz—<0

m- 5 2)

[A,B] = AB — BA

+) =

O = Hlwy: (D) = e ()

7 = (sinfcosyp, sinfsinp, cosh);
Ay = @WIAly; 8D =/(A2) - (4)?

) = (ei’(fzfz/O2/2>

e = cosh — isind

0N - .. (0,
R.(0) = cos 2)I—Zsm <2>Z
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