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Density Operator

𝜌 = ۧ|𝜓 |𝜓ۦ

Derivation on page 85 – NOT required

Expectation value using density operator  

𝐴 = 𝑇𝑟 𝜌𝐴

Trace of density operator of a pure state

𝑇𝑟 𝜌 = ෍

𝑗=1

𝑛

𝑢𝑗 𝜌 𝑢𝑗 Trace is sum of diagonal elements

𝑇𝑟 𝜌 = ෍

𝑗=1

𝑛

𝑢𝑗 ۧ𝜓 𝜓ۦ 𝑢𝑗

𝑇𝑟 𝜌 =෍

𝑗=1

𝑛

𝐶𝑗𝐶𝑗
∗ = ෍

𝑗

𝐶𝑗
2
= 1

jth component of ۧ|𝜓

𝑇𝑟 𝜌 =1

𝜌 =෍

𝑖

𝑝𝑖 ۧ|𝜓𝑖 ൻ𝜓𝑖|

𝜌 = 𝑝1 ۧ|𝜓1 |𝜓1ۦ + 𝑝2 ۧ|𝜓2 |𝜓2ۦ + 𝑝3 ۧ|𝜓3 |𝜓3ۦ

Mixed StatePure State



𝑇𝑟(𝜌) for mixed state Properties of Trace 

Using eq (1) 

……(1)

……(2)

……(3)

𝑇𝑟(𝜌)

Using eq (2) 

𝑇𝑟(𝜌)

𝑇𝑟(𝜌)

𝑇𝑟 𝜌 =1 For both pure and mixed sates



𝜌 = ۧ|𝜓 |𝜓ۦ 𝑇𝑟 𝜌 =1

𝜌2 = 𝜌𝜌 = ۧ|𝜓 |𝜓ۦ ۧ|𝜓 |𝜓ۦ

𝜌2 = 𝜌𝜌 = ۧ|𝜓 𝜓 𝜓 |𝜓ۦ

𝜌2 = 𝜌𝜌 = ۧ|𝜓 |𝜓ۦ

𝜌2 = 𝜌𝜌 = 𝜌

𝑇𝑟 𝜌2 = 𝑇𝑟 𝜌 = 1

𝑇𝑟 𝜌2 < 1

For pure state

For mixed state

𝑇𝑟(𝜌2) for a pure state



Important properties of density of operator 



𝜌 = ۧ|𝜓 |𝜓ۦ
Solution

𝜌 =
1

3
ۧ|𝑢1 + 𝑖

2

3
ۧ|𝑢2

1

3
|𝑢1ۦ − 𝑖

2

3
|𝑢2ۦ

𝜌 =
1

3
ۧ𝑢1 |𝑢1ۦ − 𝑖

2

3
ۧ𝑢1 |𝑢2ۦ + 𝑖

2

3
| ۧ𝑢2 |𝑢1ۦ +

2

3
| ۧ𝑢2 |𝑢2ۦ 𝑇𝑟 𝜌 = ෍

𝑗=1

𝑛

𝑢𝑗 𝜌 𝑢𝑗

𝑇𝑟 𝜌 = 𝑢1 𝜌 𝑢1 + 𝑢2 𝜌 𝑢2𝑇𝑟 𝜌 =
1

3
+
2

3
= 1

𝜌 =

1

3
−𝑖

2

3

𝑖
2

3

2

3

OR 𝑇𝑟 𝜌 =
1

3
+
2

3
= 1

Example 5.2



Example 

𝜌 =

1/4 1/2 2 1/4

1/2 2 1/2 1/2 2

1/4 1/2 2 1/4



Density operator of pure and mixed states

ۧ|𝜓 =
1

2
ۧ|0 +

3

2
ۧ|1

𝜌 = ۧ|𝜓 |𝜓ۦ 𝜌 =෍

𝑖

𝑝𝑖 ۧ|𝜓𝑖 ൻ𝜓𝑖|

𝜌 = 𝑝1 ۧ|𝜓1 |𝜓1ۦ + 𝑝2 ۧ|𝜓2 |𝜓2ۦ + 𝑝3 ۧ|𝜓3 |𝜓3ۦ

Pure State Mixed State

Consider two simple systems 

ۧ|𝜓
ۧ|0

ۧ|1

25% -

75% -

Quantum system 
in state ۧ|𝜓

Classical ensemble

Both systems are same or different ?

𝜌 =

1

4

3

4

3

4

3

4

𝜌 =

1

4
0

0
3

4

𝜌 = 1/4 ۧ|0 |0ۦ + 3/4 ۧ|1 |1ۦ

Therefore,  systems are different 

Coherence 



Time Evolution of Density operator 

| ۧ𝜓 𝑡 = 𝑒𝑥𝑝 −
𝑖

ℏ
෡𝐻𝑡 | ۧ𝜓 0

Time evolution of state | ۧ𝜓

Now consider derivative (time evolution) of density operator 

Where U is an unitary operator

𝑈 = 𝑒𝑥𝑝 −
𝑖

ℏ
෡𝐻𝑡 = 𝑒−

𝑖
ℏ
෡𝐻𝑡 Time evolution 

unitary operator 



Important properties of density of operator 

𝜓 𝜌 𝜓 = 𝜓 ۧ𝜓 𝜓ۦ 𝜓 = 𝜓 𝜓 2

Pure state Mixed state



Example 5.2

Solution

𝜌† = 𝜌𝑇 ∗ = Therefore 𝝆 is Hermitian 1st condition



𝜌

𝑇𝑟 𝜌 = 𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠2𝜃 = 1 2nd condition

Example 5.2 (contd.)

Now for third condition, consider a general state

𝜓 𝜌 𝜓 = 𝑎 𝑏
𝑠𝑖𝑛2𝜃 𝑒−𝑖𝜙𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

𝑒𝑖𝜙𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 𝑐𝑜𝑠2𝜃

𝑎
𝑏

If we substitute

=

=

and

Above expression for expectation value is similar to 

≥ 0



𝜓 𝜌 𝜓 ≥ 0 mean 𝜌 is a positive operator 3rd condition

Therefore 



Probability of obtaining a given measurement result 

| ۧ𝜓 = ෍

𝑛

𝑎𝑛 ۧ𝑢𝑛

| ۧ𝜓 = 𝑎1 ۧ|𝑢1 + 𝑎2 ۧ|𝑢2 +⋯𝑎𝑛 ۧ|𝑢𝑛

𝑃𝑖 = | ۧ𝑢𝑖 ൻ𝑢𝑖|

𝑃𝑖| ۧ𝜓 = ۧ|𝑢𝑖 ൻ𝑢𝑖| 𝑎1 ۧ|𝑢1 + 𝑎2 ۧ|𝑢2 +⋯𝑎𝑛 ۧ|𝑢𝑛

𝑃𝑖| ۧ𝜓 = 𝑎𝑖 ۧ|𝑢𝑖

Consider a projection operator 

Review of projection operator 

Projection operator is Hermitian 

Now probability of measuring 𝑎𝑖state using 𝑃𝑖 projection operator  

𝑃𝑟 𝑎𝑖 = 𝑃𝑖 ۧ|𝜓 2 = 𝜓|𝑃𝑖ۦ
†𝑃𝑖 ۧ|𝜓

𝑃𝑟 𝑎𝑖 = 𝜓|𝑃𝑖𝑃𝑖ۦ ۧ|𝜓 = 𝜓|𝑃𝑖ۦ
2 ۧ|𝜓

𝑃𝑟 𝑎𝑖 = 𝜓|𝑃𝑖ۦ ۧ|𝜓

Pr(𝑎𝑖)

Prob. of measuring 𝑎𝑖 state



𝑃𝑟 𝑎𝑖 = 𝜓|𝑃𝑖ۦ ۧ|𝜓

𝑃𝑟 𝑎𝑖 = 𝜓|𝑃𝑖ۦ ۧ|𝜓 = Tr(𝑃𝑖 ۧ|𝜓 (|𝜓ۦ Using a property of trace 

New ۧ|𝜓′ state after measurement using projection operator 𝑃𝑖 ۧ𝑃𝑖|𝜓 ≡ ۧ|𝜓′

ۧ|𝜓 →
𝑃𝑖 ۧ|𝜓

𝜓′ 𝜓′
=

𝑃𝑖 ۧ|𝜓

𝜓|𝑃𝑖ۦ
†𝑃𝑖 ۧ|𝜓

=
𝑃𝑖 ۧ|𝜓

𝜓|𝑃𝑖ۦ ۧ|𝜓
𝑃𝑖
†𝑃𝑖 = 𝑃𝑖 𝑃𝑖 = 𝑃𝑖

2 = 𝑃𝑖

Probability of obtaining a given measurement 
result using density operator  



Example 5.3

Solution

𝑇𝑟 𝜌 =
1

4
+
3

4
= 1

𝜌 ≠ 𝜌†𝜌† =

1

4

1 + 𝑖

4
1 + 𝑖

4

3

4

Therefore 𝝆 can not represent a density matrix 



Example 5.4

Solution

𝜌 = ۧ|𝜓 |𝜓ۦ =
1

5
| ۧ0 +

2

5
ۧ|1

1

5
|0ۦ +

2

5
|1ۦ =

𝜌 =

1

5

2

5
2

5

4

5

𝑇𝑟 𝜌 =
1

5
+
2

5
= 1



𝜌2 = 𝜌𝜌 =

1

5

2

5
2

5

4

5

1

5

2

5
2

5

4

5

=

1

25
+

4

25

2

25
+

8

25
2

25
+

8

25

4

25
+
16

25

𝜌2 =

5

25

10

25
10

25

20

25

𝑇𝑟(𝜌2) =
5

25
+
20

25
= 1 pure state

d) Probability of measuring ۧ|0 𝑎𝑛𝑑 ۧ|1 states 

𝑝 ۧ|0 = 𝑇𝑟(𝑃0𝜌)

𝑝 ۧ|0 = 𝑇𝑟
1 0
0 0

1

5

2

5
2

5

4

5

= 𝑇𝑟
1

5
0

0 0

=
1

5
𝑝 ۧ|1 = 𝑇𝑟 𝑃1𝜌 =

4

5
Similarly 

e) 𝐴 = 𝑇𝑟 𝜌𝐴 𝑋 = 𝑇𝑟 𝜌𝑋 =

1

5

2

5
2

5

4

5

0 1
1 0



Example 5.5

Consider a statistical mixture; where 75% is | ۧ+ and 25% is | ۧ−

What is the probability of finding the mixture in ۧ|0 𝑎𝑛𝑑 ۧ|1 ? 

𝜌 =෍

𝑖

𝑝𝑖 ۧ|𝜓𝑖 ൻ𝜓𝑖|

Solution

𝜌 =
75

100
ۧ+ +ۦ +

25

100
ۧ− −ۦ

𝜌 =
3

4
ۧ+ +ۦ +

1

4
ۧ− −ۦ

𝜌 =

3

4
0

0
1

4

𝜌2 = 𝜌𝜌 =

3

4
0

0
1

4

3

4
0

0
1

4

=

9

16
0

0
1

16

𝑇𝑟(𝜌2) =
9

16
+

1

16
=
5

8
𝜌 represents a mixed state



𝜌 =
3

4
ۧ+ +ۦ +

1

4
ۧ− −ۦ 𝜌 =

3

4
0

0
1

4

Now express 𝜌 in ۧ|0 𝑎𝑛𝑑 ۧ|1

𝜌 =

𝜌 =

𝜌 =

1

2

1

4
1

4

1

2

𝑝 ۧ|0 = 𝑇𝑟 𝑃0𝜌 = 𝑇𝑟
1 0
0 0

1

2

1

4
1

4

1

2

= 𝑇𝑟
1

2
0

0 0

=
1

2

Now 
𝑝 ۧ|1 = 𝑇𝑟 𝑃1𝜌

Similarly find 

Example 5.5 contd.



𝜌 =
3

4
ۧ+ +ۦ +

1

4
ۧ− −ۦ Statistical mixture; where 75% is | ۧ+ and 25% is | ۧ−

Now consider a pure state 

Prob of measuring | ۧ+ is 75%  

Prob of measuring | ۧ− is 25%  

Do they represent 
the same system?

𝜌 = ۧ|𝜓 |𝜓ۦ

𝜌 =

3

4

3

4

3

4

1

4

| ۧ𝜓 =In | ۧ0 , | ۧ1 basis 

In | ۧ+ , | ۧ− basis 

𝑝 ۧ|0 =
3 + 1

2 2

2

=
2 + 3

4
= 0.93

Now consider

Example 5.5 contd.



Example 5.6

Example 5.7

Example 5.8

Example 5.9

Solve these examples yourself

Example 5.10



Example 5.9 



Example 5.10 

𝜌 = 0.4 ۧ|𝜓 |𝜓ۦ + 0.6 ۧ|𝜙 |𝜙ۦ



𝜌1 = ۧ|𝜓 |𝜓ۦ

𝜌2 = ۧ|𝜙 |𝜙ۦ

𝜌 = 0.4 ۧ|𝜓 |𝜓ۦ + 0.6 ۧ|𝜙 |𝜙ۦ

𝜌 =

𝜌 = 𝑇𝑟 𝜌 =
17

60
+
43

60
= 1



𝑃 ۧ|0 = 𝑇𝑟(𝑃0𝜌)

𝑃 ۧ|0 = 𝑇𝑟
1 0
0 0

𝑃 ۧ|0 =
17

60

OR 𝑃 ۧ|0 = 0 𝜌 0



Completely Mixed State

𝑇𝑟 𝜌2 =
1

𝑛2
𝑇𝑟 𝐼 =

1

𝑛2
𝑛 =

1

𝑛



Partial trace and reduced density matrix  

Ch -5 (Book by Bernard) 

You can verify that 

Partial Trace

For pure sate 

Therefore Where

Reduced single qubit density matrix  



Entangled State

Density Operator for above entangled state

Therefore 𝜌𝐴𝐵represents a pure state 





𝜌𝐴
2 =

𝜌𝐴
2 =

1

2

𝜌𝐴
2 < 1 Therefore 𝜌𝐴represents a mixed sate 



Density operator and Block Vector 


