PHYS 514 Assignment 02

Ibraheem AlYousef

Q.1 Lagrange and Euler-Lagrange Equation
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(a) Lagrangian:

Inductor stores kinetic energy T = %Lq2, capacitor stores potential energy U = 2"—0:
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(b) Equation of motion:

¢ oL _ 7. doL .
—¢ e =Ld GHag=Ld

aq =
Euler-Lagrange: f% —Lg=0= where Q = \/%70

(c) Conjugate momentum:
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(d) Hamiltonian:
H = pg— L with ¢ = p/L:
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Q.2 Hamiltonian of LC Oscillator
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s0 & = iaQ + B¢, &t = —iaQ + B¢

_ _ 1 _ 1
Define a = V2ChQ’ p= V2LRQ’
Computing products:

a'a = o®Q? + B** +iaB[Q, ¢]
aa’ = a*Q* + B%3* — i0B[Q, 9]
Adding (commutator terms cancel):
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Therefore: | —[afa + aal] = %

Q.3 Expectation Values of Q and ¢
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From 6 —a' = QiQQ, solve for Q:

Expectation (Q): Using a[0) = 0 and (0|a' = 0:

(@ =iy S22 ol a ~ ) o) = [0]

Expectation (Q2):
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For vacuum, only (0| aa'|0) = 1 survives (using [a,a!] = 1):

Q% = 5
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Q.4 Zero Point Fluctuation (ZPF)

Given: L =50 nH, C' = 70 pF
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Characteristic impedance:

L 50 x 10—9
Z =A==\ =26.730
C 70 x 1012 6.73
Zero-point charge fluctuation (Qzpr = «/<Q2>):

B [1.055 x 1073 =
Qzrr = \| 57 = \| 3 go— = | 1:40 x 107 C]

Qzpr 1.40 x 10~18

e 1.6x1019 :

In electron units:

Zero-point flux fluctuation:

hZ \/(1.055 x 1034)(26.73)
®zpr = =

— 5 —[3.75 x 10717 Wb
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Q.5 Lagrange and Hamiltonian of Quantum Circuit
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(a) Lagrangian:
2
Capacitors store kinetic energy %C’ic/b?, inductors store potential energy %:
R .
L=y Cit; 91 (pa—¢1)®  (p3—2)?
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(b) Conjugate momenta:
0 5 5 .
Qi = &p 2‘@1 =C1p1, Q2=0Cp2, Q3= C3<P3‘
(c) Commutation relations:
(1, Q;] = ihdy;
(d) Hamiltonian:
Using H =}, Qi — L with ¢; = Q;/Ci:
3
Z + 1, (p2 — ¢1)* 4 (03 — p2)*
P 2L1 2L, 2L,
(e) Hamilton’s equations:
oH L@ . Q2 Q3
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