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Node flux and Lagrange

  where  

 

For given circuit

 
 

New

Diagonal - Sum of capacitance connected to node

Off diagonal – negative sum of capacitances between 
         two nodes

 

 
 

Diagonal - Sum of susceptance connected to node

Off diagonal – negative sum of susceptances between 
         two nodes

For linear oscillator 



Node flux and Lagrange and Hamiltonian For linear oscillator 

linear oscillator – containing linear inductor and capacitor 
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Conjugate momenta

Hamiltonian 



Node flux and Lagrange and Hamiltonian

     

     

     

For linear oscillator 



Node flux and Lagrange and Hamiltonian For linear oscillator 



Node flux and Lagrange and Hamiltonian
 

 

 

 

For non-linear oscillator 

 



Hamiltonian of Oscillator 

Where 
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Hamiltonian of E &M wave /Oscillator 

 

Classical to Quantum 

Every physical quantity becomes an operator 

Operators can be expressed as matrix and their 
expectation values can be determined for given state 
 

    Time evolution of ladder operator 



 

Coherent State 

 

 

 

Josephson Equations

Non-linear Josephson Inductance

  Josephson energy

Josephson Junction



Hamiltonian of JJ

 

H for Mechanical Osc.

 

H for LC Osc.

K.E P.E

 

H for JJ Osc. 

 

 

 

 

  Including charge noise 

Vg



 

 

Expanding cosine function and considering first three terms in the expansion.

As usual after introducing suitable ladder operator 

 

  For more details of expressions, see next slide (14)



 

 

 

 

Transmon Regime Harmonic  Oscillator 
From Ch. 1

First two terms Hamiltonian is same as of LC osc. (eqs. On the right) 

 

 

 

 

 

 

 

Therefore, for first two term 

 

 

Substituting above back in eq. (1)

 

Josephson Plasma frequency



Transmon Qubit 

 

Energy level of JJ-based Harmonic 
Osc are extremely sensitive to 
charge noise (from control unit 
and/or environment etc.)



Transmon Qubit 

Capacitors of 
very large value 

 

 



Qubit-Cavity Interaction
 

 

 

Bare states no longer are the energy eigenstates for the 
system when the qubit and cavity interact (g ≠ 0).

 

{±ωq/2 + ωc(n + 1/2)}.

Other possible bare states



Qubit-Cavity Interaction

Excitation and decay of both the qubit 
and the cavity are highly improbable.

 

Under RWA interaction term reduces to  

Jaynes-Cummings Hamiltonian

Eigen states of above Hamiltonian

 

 



Qubit-cavity Eigen states and Energy Eigen Values 
Energy eigen values

 

Eigen States

 

 

 

 



 



It is convenient to plot transition energy versus detuning since (during experiment) we normally characterize 
the system by measuring the transition frequencies by doing spectroscopy. For example, when n = 0 we have

 



Qubit-Cavity System under Dispersive Approximation

   

In such situations, the interaction is relatively weak. In principle, in this regime, the cavity and qubit do 
not directly exchange energy unlike what we explicitly have in the interaction term in the JC Hamiltonian

Under dispersive approximation (after doing some mathematics!), the Hamiltonian reduces to 

 

 

Therefore depending upon the state of qubit there is a ‘shift’ in cavity resonant frequency

Cavity resonant frequency 
measurement can read the 
state of qubit



How to Read the State of a Qubit 
Coupling between Resonator (LC circuit) and qubit (LJC –circuit) 

Resonator has it own resonant frequency (can be controlled by LC i.e. by material and it dimension

Qubit also has it own resonant frequency (can be controlled by JJ properties and Shunt capacitor

When two resonator couple, there will be shift in resonant frequency 



Basic idea of VNA (vector network analyzer) measurements
S11 (reflected) or S21 (transmitted) scattering parameter measurements 

At resonance transmitted (reflected) signal 
will be maximum (minimum)



Shift in resonant frequency of cavity/Resonator – measuring the state of qubit

NDM – non demolition measurement



Rabi Oscillations

Qubit state at t = 0

Qubit state at time ‘t’ 

Using time dependent SWE

These equations can be used to derive an 
analytical expression for the time-dependent 
probabilities of the qubit's ground and 
excited states.

 
where





Decoherence of a Qubit

Measurements in rotating frame – NOT included



Simulation of cavity measurements 



The cavity linewidth





Cavity/resonator internal and external quality factors

Transmon Fabrication – NOT included



Qubit-cavity System Characterization



Qubit-cavity System Characterization

The first two experiments are in the frequency domain which means we only look at scattering parameters of the 
system for characterization. However, the last three experiments are measured in the time domain and involve 
preparation and readout of the qubit state. In the following sections, we discuss how these are performed in the lab 
and what we learn from each experiment in more detail.



One-tone spectroscopy: “punch-out”

The first step is to check if the qubit is “alive” or not. For that, we need to check whether the cavity frequency 
shifts based on the state of the qubit. Of course, at this point, we don’t know the qubit frequency to carefully 
manipulate it. Fortunately, we don’t need it to know what is the qubit frequency to check if it is there. One way to 
think about that is if the qubit is coupled to the cavity, the cavity becomes hybridized with the qubit and we 
should be able to detect a little bit of nonlinearity in the cavity

All we need to do is compare the transmission (or reflection) of the cavity in low power versus high-power and 
see if the frequency of the cavity shifts.

All we need to do is compare the transmission (or reflection) of the cavity in low power versus high-power and see 
if the frequency of the cavity shifts. When we probe the cavity with very low power we are pretty sure that qubit is 
in its ground state1 . Therefore we measure the resonance frequency of cavity when qubit is in the ground state. 
Next, we turn up the power of the VNA to a very high power. In this case, we send a huge amount of photons into 
the cavity which essentially overwhelms the qubit. Basically, the driving amplitude is so high that the induced 
current exceeds the critical current of the junction. Practically, in such a high power regime, we measure the bare 
cavity frequency. Now if there is a working qubit inside the cavity we can see the cavity frequency shift and we say 
that the cavity “punched out”.





Two-tone spectroscopy

Knowing that the qubit is working, the next step is to find the qubit frequency. The idea is to continuously send a 
weak microwave signal to the cavity at the low power cavity resonance—the cavity frequency when the qubit is in the 
ground state—and probe the cavity transmission. Therefore, we constantly receive a high transmission signal because 
we probe at the resonance of the cavity. While this first tone is on, we start sending another microwave signal (labeled 
as BNC1 ) into the cavity.

We sweep the frequency of the probe tone BNC and monitor the cavity transmission as depicted in Figure 3.13. 
During the sweep, once the BNC frequency hits the qubit transition frequency (BNC= ωq), it excites the qubit 
therefore the state of the qubit is no longer in ground state (on average) and that causes a shift in the cavity 
frequency . Now, because the VNA frequency (which is fixed) is no longer resonant with the cavity, the transmitted 
power drops as depicted in Figure 3.13b.

 





Time domain measurement: basics

In this section, we will discuss the time domain measurement of the qubit. Time domain measurements require 
initialization, preparation and manipulation of the qubit state, and readout. In what follows, we briefly discuss these 
three steps.

Initialization– In our case the initialization is quite simple. The lifetime of the system is on the order of 
tens of microseconds, therefore all we need to do is leave the qubit for some amount of time ( 100 ∼
microseconds) to make sure it is in ground state with fairly high fidelity.

Preparation/Manipulation– Unlike the spectroscopy measurements where we constantly send signals 
and measure the scattering parameters, in time domain measurements we need to carefully send signals to the 
system with accurate timing and proper duration. This means we need to be able to switch the signals on and off 
with reasonable accuracy.

We use analog RF I/Q mixers to perform switching. Mixers can be used for modulating and demodulating. For switching 
purposes, we use mixers as a modulator. As depicted in Figure 3.14a, a typical I/Q mixer, ideally, multiplies the LO signal by 
signals in port I and Q with 90-degree phase difference. Therefore one can use an I/Q mixer in modulation mode to switch 
a continuous signal. For that, we send the continuous signal to LO port and we switch it by a DC pulse on port I or Q. The RF 
port output is only a segment of the continuous signal LO, as gated by the DC pulses depicted in Figure 3.14







Sideband modulation – NOT required 



Readout– We discussed how to manipulate the qubit state by sending signals with frequency ωq into the 
system to rotate the qubit. Here we discuss how to actually measure the qubit state by sending a signal at the 
cavity frequency ωc. As we discussed in the previous chapter, the frequency of the cavity depends on the state of 
the qubit. Therefore, the natural way to detect the state of the qubit is to measure the phase shift across the cavity 
by using homodyne measurement. We take two copies of a coherent signal that has the frequency of the cavity 
and whenever we decide to readout the state of the qubit, we send one to the copies to the cavity and take the 
transmitted (reflected) signal back and demodulate it with the other copy. The demodulation results in a DC 
signal corresponding to the phase difference between two copies. By reading the DC signal we can infer whether 
the cavity frequency shifted up or down. Figure 3.17 demonstrates the readout process. 



 

In order to measure the qubit state, we need to repeat the experiment N times (N > 100) and each time we detect the 
phase shift by a value in the Q quadrature. For positive (negative) values we assign −1 (+1), indicating that we have found 
the qubit in the excited (ground) state. After repeating the experiment N times, we gather these statistics and report the 
population for ground and excited state as 

 



Rabi measurements 

Now we are ready to discuss Rabi measurements. Once we know the qubit frequency from spectroscopy, then 
the first experiment in the time domain is to see Rabi oscillation, since this experiment doesn’t require any pulse 
calibration. The idea is to send a qubit signal (with duration t) to the system and right after that send the cavity 
readout pulse and readout the state of the qubit. Normally, we repeat this experiment for different durations t 
and for each timestep, we repeat the experiment N times. Figure 3.19 summarizes the Rabi experiment setup and 
procedure.

Normally we sweep t from 0 to 100 ns in 100 steps. In each step the experiment is repeated N 
 200 times to have a reasonably small binomial error so we can see clear Rabi oscillations∼

The reason we use a rather short Rabi time (100-200 ns) for Rabi measurement is because we will use this Rabi sequence 
to calibrate preparation pulses (π-pulse and π/2-pulse) which are normally short pulses . In this step, we may also tweak 
the readout power, frequency, and phase to maximize the oscillation contrast as depicted in Figure 3.20a



Rabi measurements 
Two pulses: Red to change the state of qubit, 2) Blue to read the state of qubit 





T1 Measurement 

One of the main characteristics of a qubit is its relaxation time. In order to measure the lifetime of the 
qubit we do the following sequence: 
1) We prepare the qubit in the excited state by sending a π-pulse to the qubit. 
2) We wait for time t, then 
3) we measure the qubit state by sending readout pulse to the cavity. 
Therefore we use the same setup that we had in for Rabi oscillation measurements (see Figure 3.19 for 
schematics) but we use a slightly different sequence from the AWG. Figure 3.21 summarizes the 
sequence and a result we get from a T1 measurement



 

 



 
Full state tomography

 

 

where superscripts (x) and (y) indicate that the readout 
has in-phase and out-of-phase rotation pulse respectively
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